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This report gives the result of running the computer algebra independent integration test.

The download section in the appendix contains links to download the problems in plain
text format used for all CAS systems.

The number of integrals in this report is [ 42 |. This is test number [ 44 |.

1.1 Listing of CAS systems tested

The following are the CAS systems tested:

1.
2.
3.
4.

Mathematica 13.1 (June 29, 2022) on windows 10.
Rubi 4.16.1 (Dec 19, 2018) on Mathematica 13.0.1 on windows 10.
Maple 2022.1 (June 1, 2022) on windows 10.

Maxima 5.46 (April 13, 2022) using Lisp SBCL 2.1.11.debian on Linux via sagemath
9.6.

5. Fricas 1.3.8 (June 21, 2022) based on sbcl 2.1.11.debian on Linux via sagemath 9.6.
6.

7. Sympy 1.10.1 (March 20, 2022) Using Python 3.10.4 on Linux.

8.

Giac/Xcas 1.9.0-13 (July 3, 2022) on Linux via sagemath 9.6.

Mupad using Matlab 2021a with Symbolic Math Toolbox Version 8.7 on windows 10.

Maxima and Fricas and Giac are called using Sagemath. This was done using Sagemath
integrate command by changing the name of the algorithm to use the different CAS
systems.

Sympy was called directly from Python.



1.2 Results

Important note: A number of problems in this test suite have no antiderivative in closed
form. This means the antiderivative of these integrals can not be expressed in terms of
elementary, special functions or Hypergeometric2F1 functions. RootSum and RootOf are
not allowed.

If a CAS returns the above integral unevaluated within the time limit, then the result is
counted as passed and assigned an A grade.

However, if CAS times out, then it is assigned an F grade even if the integral is not integrable,
as this implies CAS could not determine that the integral is not integrable in the time limit.

If a CAS returns an antiderivative to such an integral, it is assigned an A grade automatically
and this special result is listed in the introduction section of each individual test report to
make it easy to identify as this can be important result to investigate.

The results given in in the table below reflects the above.

System % solved % Failed
Rubi 100.00 (42) | 0.00 (0)
Mathematica | 95.24 ( 40 ) 476 (2)
Maple | 9524 (40) | 4.76 (2)
Fricas 2143 (9) | 78.57 (33)
Sympy 1429 (6) | 85.71 (36 )
Giac 11.90 (5) | 88.10 (37)
Mupad 238 (1) | 97.62 (41)
Maxima | 0.0 (0) | 100.00 ( 42)

Table 1.1: Percentage solved for each CAS

The table below gives additional break down of the grading of quality of the antiderivatives
generated by each CAS. The grading is given using the letters A,B,C and F with A being
the best quality. The grading is accomplished by comparing the antiderivative generated
with the optimal antiderivatives included in the test suite. The following table describes
the meaning of these grades.



grade | description

A Integral was solved and antiderivative is optimal in quality and leaf size.

B Integral was solved and antiderivative is optimal in quality but leaf size
is larger than twice the optimal antiderivatives leaf size.

C Integral was solved and antiderivative is non-optimal in quality. This
can be due to one or more of the following reasons
1. antiderivative contains a hypergeometric function and the optimal
antiderivative does not.
2. antiderivative contains a special function and the optimal an-
tiderivative does not.
3. antiderivative contains the imaginary unit and the optimal an-
tiderivative does not.

F Integral was not solved. Either the integral was returned unevaluated
within the time limit, or it timed out, or CAS hanged or crashed or an
exception was raised.

Table 1.2: Description of grading applied to integration result

Grading is implemented for all CAS systems. Based on the above, the following table
summarizes the grading for this test suite.

System % A grade | % B grade | % C grade | % F grade
Rubi 100.00 0.00 0.00 0.00
Maple 23.81 33.33 38.10 4.76

Mathematica 16.67 0.00 78.57 4.76

Fricas 14.29 7.14 0.00 78.57
Giac 9.52 2.38 0.00 88.10
Mupad N/A 2.38 0.00 97.62

Maxima, 0.00 0.00 0.00 100.00
Sympy 0.00 0.00 14.29 85.71

Table 1.3: Antiderivative Grade distribution of each CAS

The following is a Bar chart illustration of the data in the above table.



Antiderivative Grade distribution for each CAS

Numbers shown on bars are total percentage solved for each CAS
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The following table shows the distribution of the different types of failure for each CAS.
There are 3 types of reasons why it can fail. The first is when CAS returns back the input
within the time limit, which means it could not solve it. This the typical normal failure F .
The second is due to time out. CAS could not solve the integral within the 3 minutes time
limit which is assigned F(-1).

The third is due to an exception generated. Assigned F(-2). This most likely indicates an
interface problem between sagemath and the CAS (applicable only to FriCAS, Maxima and



Giac) or it could be an indication of an internal error in CAS. This type of error requires
more investigations to determine the cause.

System Number failed Percentage nor- | Percentage time- | Percentage ex-
mal failure out failure ception failure

Rubi 0 0.00 % 0.00 % 0.00 %
Mathematica | 2 100.00 % 0.00 % 0.00 %

Maple 2 100.00 % 0.00 % 0.00 %

Fricas 33 15.15 % 33.33 % 51.52 %

Giac 37 91.89 % 2.70 % 5.41 %

Maxima 42 85.71 % 0.00 % 14.29 %

Sympy 36 83.33 % 16.67 % 0.00 %

Mupad 41 100.00 % 0.00 % 0.00 %

Table 1.4: Failure statistics for each CAS




1.3 Time and leaf size Performance

The table below summarizes the performance of each CAS system in terms of time used
and leaf size of results.

Mean size is the average leaf size produced by the CAS (before any normalization). The
Normalized mean is relative to the mean size of the optimal anti-derivative given in the
input files.

For example, if CAS has Normalized mean of 3, then the mean size of its leaf size is 3
times as large as the mean size of the optimal leaf size.

Median size is value of leaf size where half the values are larger than this and half are
smaller (before any normalization). i.e. The Middle value.

Similarly the Normalized median is relative to the median leaf size of the optimal.

For example, if a CAS has Normalized median of 1.2, then its median is 1.2 as large as the
median leaf size of the optimal.

System Mean  time | Mean size | Normalized Median Normalized
(sec) mean size median
Rubi 0.53 576.24 1.08 396.50 1.00
Mathematica | 8.85 422.63 0.82 259.50 0.66
Maple 0.16 1063.33 1.72 450.00 1.33
Maxima 0.00 0.00 0.00 0.00 0.00
Fricas 0.85 617.44 2.59 669.00 2.70
Sympy 2.89 186.00 0.53 167.00 0.51
Giac 5.04 359.00 1.32 360.00 1.17
Mupad 1.85 397.00 3.75 397.00 3.75

Table 1.5: Time and leaf size performance for each CAS

The following are bar charts for the normalized leafsize and time used from the above table.
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Mean time used (seconds)

Normalized mean size of antiderivative

Lower is better

Lower is better




1.4
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list of integrals that has no closed form
antiderivative
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1.5 List of integrals solved by CAS but has
no known antiderivative

Rubi {}
Mathematica {}
Maple {}
Maxima {}
Fricas {}
Sympy {}

Giac {}

Mupad {}
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1.6 list of integrals solved by CAS but failed
verification

The following are integrals solved by CAS but the verification phase failed to verify the
anti-derivative produced is correct. This does not mean necessarily that the anti-derivative
is wrong, as additional methods of verification might be needed, or more time is needed (3
minutes time limit was used). These integrals are listed here to make it easier to do further
investigation to determine why it was not possible to verify the result produced.

Rubi {}

Mathematica {}

Maple Verification phase not implemented yet.
Maxima Verification phase not implemented yet.
Fricas Verification phase not implemented yet.
Sympy Verification phase not implemented yet.
Giac Verification phase not implemented yet.

Mupad Verification phase not implemented yet.

1.7 Timing

The command AbsoluteTiming[] was used in Mathematica to obtain the elapsed time for
each integrate call. In Maple, the command Usage was used as in the following example

cpu_time := Usage(assign (’result_of_int’,int(expr,x)),output=’realtime’

For all other CAS systems, the elapsed time to complete each integral was found by taking
the difference between the time after the call completed from the time before the call was
made. This was done using Python’s time.time() call.

All elapsed times shown are in seconds. A time limit of 3 CPU minutes was used for each
integral. If the integrate command did not complete within this time limit, the integral was
aborted and considered to have failed and assigned an F grade. The time used by failed
integrals due to time out was not counted in the final statistics.
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1.8 Verification

A verification phase was applied on the result of integration for Rubi and Mathematica.

Future version of this report will implement verification for the other CAS systems. For
the integrals whose result was not run through a verification phase, it is assumed that the
antiderivative was correct.

Verification phase also had 3 minutes time out. An integral whose result was not verified
could still be correct, but further investigation is needed on those integrals. These integrals
were marked in the summary table below and also in each integral separate section so they
are easy to identify and locate.

1.9 Important notes about some of the re-
sults

1.9.1 Important note about Maxima results

Since tests were run in a batch mode, and using an automated script, then any integral
where Maxima needed an interactive response from the user to answer a question during
the evaluation of the integral will fail.

The exception raised is ValueError. Therefore Maxima results is lower than what would
result if Maxima was run directly and each question was answered correctly.

The percentage of such failures were not counted for each test file, but for an example,
for the Timofeev test file, there were about 14 such integrals out of total 705, or about 2
percent. This percentage can be higher or lower depending on the specific input test file.

Such integrals can be identified by looking at the output of the integration in each section
for Maxima. The exception message will indicate the cause of error.

Maxima integrate was run using SageMath with the following settings set by default

'besselexpand : true'

'display2d : false'

'domain : complex'

'keepfloat : true'
'load(to_poly_solve)'
'load(simplify_sum)'
'load(abs_integrate)' 'load(diag)'

SageMath automatic loading of Maxima abs_integrate was found to cause some problems.
So the following code was added to disable this effect.

{ from sage.interfaces.maxima_lib import maxima_lib
| maxima_lib.set('extra_definite_integration_methods', '[1')
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L maxima_lib.set('extra_integration_methods', '[]') J

Seelhttps://ask.sagemath.org/question/43088/integrate-results-that-are-diffdrent-
[from-using-maxima/| for reference.

1.9.2 Important note about FriCAS result

There were few integrals which failed due to SageMath interface and not because FriCAS
system could not do the integration.

These will fail With error Exception raised: NotImplementedError.

The number of such cases seems to be very small. About 1 or 2 percent of all integrals.
These can be identified by looking at the exception message given in the result.

1.9.3 Important note about finding leaf size of antiderivative

For Mathematica, Rubi, and Maple, the builtin system function LeafSize was used to find
the leaf size of each antiderivative.

The other CAS systems (SageMath and Sympy) do not have special builtin function for this
purpose at this time. Therefore the leaf size for Fricas and Sympy antiderivative was deter-
mined using the following function, thanks to user slelievre at https://ask.sagemath|
lorg/question/57123/could-we-have-a-leaf count-function-in-base-sagemath/|

def tree_size(expr):
L
Return the tree size of this expression.
if expr not in SR:
# deal with lists, tuples, vectors
return 1 + sum(tree_size(a) for a in expr)
expr = SR(expr)
X, aa = expr.operator(), expr.operands|()
if x is None:
return 1
else:
return 1 + sum(tree_size(a) for a in aa)



https://ask.sagemath.org/question/43088/integrate-results-that-are-different-from-using-maxima/
https://ask.sagemath.org/question/43088/integrate-results-that-are-different-from-using-maxima/
https://ask.sagemath.org/question/57123/could-we-have-a-leaf_count-function-in-base-sagemath/
https://ask.sagemath.org/question/57123/could-we-have-a-leaf_count-function-in-base-sagemath/
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For Sympy, which was called directly from Python, the following code was used to obtain
the leafsize of its result

try:
# 1.7 is a fudge factor since it is low side from actual leaf count
leafCount = round(1.7+count_ ops(anti))

except Exception as ee:
leafCount =1

1.9.4 Important note about Mupad results

Matlab’s symbolic toolbox does not have a leaf count function to measure the size of
the antiderivative. Maple was used to determine the leaf size of Mupad output by post

processing Mupad result.

Currently no grading of the antiderivative for Mupad is implemented. If it can integrate
the problem, it was assigned a B grade automatically as a placeholder. In the future, when
grading function is implemented for Mupad, the tests will be rerun again.

The following is an example of using Matlab’s symbolic toolbox (Mupad) to solve an integral

‘ integrand = evalin(symengine, 'cos(x)*sin(x)"')
‘ the_variable = evalin(symengine, 'x')
‘ anti = int(integrand,the_variable)

Which gives sin(x)~2/2




1.10 Design of the test system

The following diagram gives a high level view of the current test build system.

[ Mathematica script + grading +verification ]
Sam Blake test file

[ Rubi script + grading + verification POST
PROCESSOR
PROGRAM
Test files from Albert : n b
T
8 Rich Rubi web site l aple script + grading
Waldek Hebisch - "
test file [ Python script to run sympy + grading
j\> . - Program that
b Latex repo
’ Matlab script for Mupad/Symbolic toolbox generates the p

Latex report
using input

from the ‘ HTML
result tables

™ Giac

SageMath/Python
script to test
Maxima, Fricas +

grading
Maxima —>

High level overview of the CAS
independent integration test

build system
One record (line) per one integral result. The line is CSV comma'separated. This is description of each record

! Fricas

pe

[ | SageMath

1. integer, the problem number.

2. integer. O for failed, 1 for passed, -1 for timeout, -2 for CAS specific exception. (this is not the grade field)
3. integer. Leaf size of result.

4. integer. Leaf size of the optimal antiderivative.

5. number. CPU time used to solve this integral. O if failed.

6. string. The integral in Latex format

7. string. The input used in CAS own syntax.

8. string. The result (antiderivative) produced by CAS in Latex format

9. string. The optimal antiderivative in Latex format.

10. integer. 0 or 1. Indicates if problem has known antiderivative or not
11. String. The result (antiderivative) in CAS own syntax.

12. String. The grade of the antiderivative. Can be “A”, “B”, “C”, or “F”
13. String. Small string description of why the grade was given.

14. integer. 1 if result was verified or 0 if not verified.

The following fields are present only in Rubi Table file

15. integer. Number of steps used.

16. integer. Number of rules used.

17. integer. Integrand leaf size.

18. real number. Ratio. Field 16 over field 17

19. String of form “{n,n,..}” which is list of the rules used by Rubi a1 A
20. String. The optimal antiderivative in Mathematica syntx August 26,2022
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2.1 List of integrals sorted by grade for each
CAS

Local contents

2.1.1
2.1.2
2.1.3
214
2.1.5
2.1.6
2.1.7
2.1.8

Rubi .

Mathematica . . . . . . . . . . e

Maple

Maxima . . . . . . o e e e e e

FriCAS
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2.1.1 Rubi

A grade: { [1,2,51/8 567 5,510, (1,12 7 15[, 20,21 22,23 2, 25 26,27
S, 29, 30, 31 52,3 3435, 36,37, 35, B9, 0, AT 13

B grade: { }
C grade: { }
F grade: { }

2.1.2 Mathematica
A grade: { 55,578, B9, A0, AT} 22 }

B grade: { }

C grade: { [1}[2, 3|4, 5}[6} [7}[8, 94 L0} [L1} [12,[13} 14 L6} 17} [18} 19} [20} 21} 22} 23, [24} 25} 26} 27} 28}
[29,[30} 31,32, 34,136] }

F grade: { }

2.1.3 Maple

A grade: { [20,[21} 30,31} [37, 38} [3%) [40} 4T} [42] }

B grade: { (715 19,22,25 24 252027, 25,29, B0 560 )
0 grode: { R BAEBABEOMBBILEE)

F grade: { }

2.1.4 Maxima
A grade: { }
B grade: { }
C grade: { }

F grade: { 112B/AF67 880
8,29, 30,31) 52133 54,35, 36, 57,38 B9} AL AT 12 )
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2.1.5 FriCAS

A grade: { [7)55) B3, A0, 22 )
B grade: { B3B3350 )

C grade: { }

F grade: { 1,23, 415 [6} 7, 8} % [10} [11} 12,13} 14} [15}[16} 17} [18} 19} 20} 21 [22, 23} [24} 2,26, 27
[28,2930,81}32,33] }

2.1.6 Sympy

A grade: { }

B grade: { }

C grade: { [BBBIO}

F grade: { [5,[6) 7,89} [12, 13} 14} [15} 16} 17}[18} 19} [20} 21} [22} 23} 24} 25,26}, 27} [28} [29} [30} 31} [32}
33,8435, 36} 37} 38} 39, 40, 4 1} 421 }

2.1.7 Giac

A grade: { }
B grade: {42/}
C grade: { }

F grade: { [T} 2}[3} 4[5} 6l 7, 8} 9} L0} [1 1} [12}[13} 14} 15} 16,17} [18} 19} 20} 21} 22} 23} 24} 25}, 26}, 27
36,3940 }

2.1.8 Mupad

A grade: { }

B grade: {34 }

C grade: { }

F grade: {@@EEL 10,11 [16}[17}[18} 19} [20} [21} 22} 23} 24} 25,26, 27
B7B3 B A0 AT }



23

2.2 Detailed conclusion table per each inte-
gral for all CAS systems

Detailed conclusion table per each integral is given by table below. The elapsed time is in
seconds. For failed result it is given as F(-1) if the failure was due to timeout. It is given as
F(-2) if the failure was due to an exception being raised, which could indicate a bug in the
system. If the failure was due to integral not being evaluated within the time limit, then it
is given just an F.

In this table,the column N.S. in the table below, which stands for normalized size is de-

_antiderivative leaf size help make the table fit, Mathematica was abbre-
optimal antiderivative leaf size

Problem 1 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupac

fined as

grade A A C C F F(-2) C F F
. verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
viated to MMA.
size 453 878 217 533 0 0 364 0 -1
N.S. 1 1.94 0.48 1.18 0.00 0.00 0.80 0.00 -0.00

time (sec) N/A 0.340 10.195 0.184  0.000 0.000 3.888 0.000  0.000

Problem 2 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade A A C C F F(-2) C F F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 367 706 159 403 0 0 262 0 -1
N.S. 1 1.92 043 1.10 0.00 0.00 0.71  0.00 -0.00
time (sec) N/A 0.253 10.116 0.146 0.000 0.000 2.877 0.000 0.000

Problem 3 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade A A C C F F(-2) C F F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 277 432 121 269 0 0 167 0 -1
N.S. 1 1.56 0.44 0.97 0.00 0.00 0.60 0.00 -0.00

time (sec) N/A 0.143 10.071 0.140 0.000 0.000 1.977 0.000 0.000
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A C C F F(-2) C F F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 226 226 7 169 0 0 78 0 -1
N.S. 1 1.00 0.34 0.75 0.00 0.00 0.35 0.00 -0.00
time (sec) N/A 0.046 10.037 0.123 0.000  0.000 0.927 0.000 0.000
Problem 5 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A C C F F(-1) F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 369 369 138 192 0 0 0 0 -1
N.S. 1 1.00  0.37 0.52 0.00 0.00 0.00 0.00  -0.00
time (sec) N/A 0.244 10.225 0.154 0.000  0.000 0.000 0.000 0.000
Problem 6 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A C C F F(-1) F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 641 641 297 679 0 0 0 0 -1
N.S. 1 1.00  0.46 1.06 0.00 0.00 0.00 0.00  -0.00
time (sec) N/A 0.763 10.582 0.161 0.000  0.000 0.000 0.000 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A C C F F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 875 875 453 1591 0 0 0 0 -1
N.S. 1 1.00  0.52 1.82 0.00 0.00 0.00 0.00  -0.00
time (sec) N/A 1.173 11.126 0.158 0.000  0.000 0.000 0.000 0.000
Problem 8 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A C C F F(-2) F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 912 912 222 588 0 0 0 0 -1
N.S. 1 1.00 0.24 0.64 0.00 0.00 0.00 0.00  -0.00
time (sec) N/A 0.450 10.201 0.195 0.000  0.000 0.000 0.000 0.000




25

Problem 9 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A C C F F(-2) F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 694 694 166 458 0 0 0 0 -1
N.S. 1 1.00 0.24 0.66 0.00 0.00 0.00 0.00 -0.00
time (sec) N/A 0.338 10.132 0.162 0.000  0.000 0.000 0.000 0.000
Problem 10 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A C C F F(-2) C F F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 395 395 126 320 0 0 167 0 -1
N.S. 1 1.00 0.32 0.81 0.00 0.00 0.42 0.00  -0.00
time (sec) N/A 0.211 10.087 0.139 0.000  0.000 4.912 0.000 0.000
Problem 11 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A C C F F(-2) C F F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 262 262 99 217 0 0 78 0 -1
N.S. 1 1.00 0.38 0.83 0.00 0.00 0.30 0.00 -0.00
time (sec) N/A 0.066 10.038 0.138 0.000  0.000 2.778 0.000 0.000
Problem 12 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A C C F F(-1) F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 732 732 432 564 0 0 0 0 -1
N.S. 1 1.00  0.59 0.77 0.00 0.00 0.00 0.00  -0.00
time (sec) N/A 0.531 10.535 0.171 0.000  0.000 0.000 0.000 0.000
Problem 13 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A C C F F(-1) F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 1494 1494 427 1384 0 0 0 0 -1
N.S. 1 1.00 0.29 0.93 0.00 0.00 0.00 0.00  -0.00
time (sec) N/A 1.362 10.851 0.169 0.000  0.000 0.000 0.000 0.000
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Problem 14 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A C C F F(-1) F(-1) F F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 2452 2452 630 2326 0 0 0 0 -1
N.S. 1 1.00  0.26 0.95 0.00 0.00 0.00 0.00 -0.00
time (sec) N/A 2.619 11.491 0.173 0.000  0.000 0.000 0.000 0.000
Problem 15 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A F F F F F(-1) F F
verified N/A Yes N/A TBD TBD TBD TBD TBD TBD
size 169 169 0 0 0 0 0 0 -1
N.S. 1 1.00 0.00 0.00 0.00 0.00 0.00 0.00 -0.01
time (sec) N/A 0.137 0.404 0.048 0.000  0.000 0.000 0.000 0.000
Problem 16 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A C C F F(-2) F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 48 48 9 81 0 0 0 0 -1
N.S. 1 1.00 1.96 1.69 0.00 0.00 0.00 0.00 -0.02
time (sec) N/A 0.018 10.097 0.161 0.000  0.000 0.000 0.000 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A C B F F(-2) F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 755 755 901 1708 0 0 0 0 -1
N.S. 1 1.00 1.19 2.26 0.00 0.00 0.00 0.00  -0.00
time (sec) N/A 0.853 14.311 0.133 0.000  0.000 0.000 0.000 0.000
Problem 18 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A C B F F(-2) F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 528 528 674 1201 0 0 0 0 -1
N.S. 1 1.00 1.28 2.27 0.00 0.00 0.00 0.00  -0.00
time (sec) N/A 0.465 12.739 0.183 0.000  0.000 0.000 0.000 0.000
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Problem 19 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A C B F F(-2) F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 368 368 521 759 0 0 0 0 -1
N.S. 1 1.00 1.42 2.06 0.00 0.00 0.00 0.00 -0.00
time (sec) N/A 0.164 11.311 0.039 0.000  0.000 0.000 0.000 0.000
Problem 20 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A C A F F(-2) F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 283 283 302 362 0 0 0 0 -1
N.S. 1 1.00 1.07 1.28 0.00 0.00 0.00 0.00  -0.00
time (sec) N/A 0.049 10.142 0.018 0.000  0.000 0.000 0.000 0.000
Problem 21 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A C A F F(-1) F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 436 436 298 359 0 0 0 0 -1
N.S. 1 1.00  0.68 0.82 0.00 0.00 0.00 0.00 -0.00
time (sec) N/A 0.269 10.340 0.158 0.000  0.000 0.000 0.000 0.000
Problem 22 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A C B F F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 782 782 1853 1495 0 0 0 0 -1
N.S. 1 1.00  2.37 1.91 0.00 0.00 0.00 0.00  -0.00
time (sec) N/A 0.959 12.001 0.153 0.000  0.000 0.000 0.000 0.000
Problem 23 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A C B F F(-1) F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 1125 1125 781 4476 0 0 0 0 -1
N.S. 1 1.00 0.69 3.98 0.00 0.00 0.00 0.00  -0.00
time (sec) N/A 2.270 13.309 0.146 0.000  0.000 0.000 0.000 0.000
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Problem 24 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A C B F F(-2) F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 859 859 1058 2445 0 0 0 0 -1
N.S. 1 1.00 1.23 2.85 0.00 0.00 0.00 0.00 -0.00
time (sec) N/A 0.890 14.740 0.164 0.000  0.000 0.000 0.000 0.000
Problem 25 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A C B F F(-2) F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 628 633 766 1891 0 0 0 0 -1
N.S. 1 1.01 1.22 3.01 0.00 0.00 0.00 0.00  -0.00
time (sec) N/A 0.376 12.978 0.162 0.000  0.000 0.000 0.000 0.000
Problem 26 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A C B F F(-2) F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 481 481 597 1390 0 0 0 0 -1
N.S. 1 1.00 1.24 2.89 0.00 0.00 0.00 0.00  -0.00
time (sec) N/A 0.238 11.694 0.039 0.000  0.000 0.000 0.000 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A C B F F(-2) F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 398 398 497 931 0 0 0 0 -1
N.S. 1 1.00 1.25 2.34 0.00 0.00 0.00 0.00  -0.00
time (sec) N/A 0.136 10.903 0.037 0.000  0.000 0.000 0.000 0.000
Problem 28 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A C B F F(-1) F(-1) F F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 867 1045 1736 3241 0 0 0 0 -1
N.S. 1 1.21  2.00 3.74 0.00 0.00 0.00 0.00  -0.00
time (sec) N/A 0.966 13.291 0.145 0.000  0.000 0.000 0.000 0.000
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Problem 29 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade A A C B F F(-1) F(-1) F F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 1301 2112 1116 8276 0 0 0 0 -1
N.S. 1 1.62  0.86 6.36 0.00 0.00 0.00 0.00 -0.00
time (sec) N/A 2.209 14939 0.204 0.000 0.000 0.000 0.000 0.000

Problem 30 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade A A C A F F(-1) F F(-1) F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 273 273 310 365 0 0 0 0 -1
N.S. 1 1.00 1.14 1.34 0.00 0.00 0.00 0.00 -0.00

time (sec) N/A 0.100 10.334 0.164 0.000 0.000  0.000 0.000 0.000

Problem 31 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade A A C A F F(-1) F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 271 271 312 369 0 0 0 0 -1
N.S. 1 1.00 1.15 1.36 0.00 0.00 0.00 0.00 -0.00
time (sec) N/A 0.123 10.299 0.158 0.000 0.000 0.000 0.000 0.000

Problem 32 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade A A C C F F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 106 106 74 93 0 0 0 0 -1
N.S. 1 1.00 0.70 0.88 0.00 0.00 0.00 0.00 -0.01
time (sec) N/A 0.066 10.137 0.136  0.000 0.000 0.000 0.000 0.000

Problem 33 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade A A F F F F F(-1) F F
verified N/A Yes N/A TBD TBD TBD TBD TBD TBD
size 218 218 0 0 0 0 0 0 -1
N.S. 1 1.00  0.00 0.00 0.00 0.00 0.00 0.00 -0.00

time (sec) N/A 0.230 0.429 0.036 0.000  0.000 0.000 0.000 0.000
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A C B F B F A B
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 106 106 81 296 0 279 0 80 397
N.S. 1 1.00 0.76 2.79 0.00 2.63 0.00 0.75 3.75
time (sec) N/A 0.090 0.090 0.373 0.000  0.407 0.000 4.106 1.845
Problem 35 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A B F B F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 145 145 139 222 0 603 0 0 -1
N.S. 1 1.00 0.96 1.53 0.00 4.16 0.00 0.00 -0.01
time (sec) N/A 0.141 0.540 0.132 0.000 1.798 0.000 0.000 0.000
Problem 36 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A C B F B F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 239 239 151 784 0 669 0 0 -1
N.S. 1 1.00 0.63 3.28 0.00 2.80 0.00 0.00  -0.00
time (sec) N/A 0.120 0.555 0.159 0.000 1.702  0.000 0.000 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A A F(-2) A F A F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 309 309 212 442 0 468 0 360 -1
N.S. 1 1.00 0.69 1.43 0.00 1.51 0.00 1.17  -0.00
time (sec) N/A 0.413 0.568 0.213 0.000  0.397 0.000 3.622 0.000
Problem 38 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A A F(-2) A F A F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 283 283 166 373 0 360 0 265 -1
N.S. 1 1.00 0.59 1.32 0.00 1.27 0.00 094 -0.00
time (sec) N/A 0.230 0.414 0.188 0.000  0.380 0.000 3.712 0.000
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Problem 39 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A A F(-2) A F F(-2) F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 286 286 174 251 0 771 0 0 -1
N.S. 1 1.00 0.61 0.88 0.00 2.70 0.00 0.00 -0.00
time (sec) N/A 0.497 0.489 0.203 0.000  0.838 0.000 0.000 0.000
Problem 40 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A A F(-2) A F F(-2) F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 294 294 169 288 0 767 0 0 -1
N.S. 1 1.00  0.57 0.98 0.00 2.61 0.00 0.00  -0.00
time (sec) N/A 0.536 0.625 0.219 0.000  0.708 0.000 0.000 0.000
Problem 41 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A A F(-2) A F A F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 288 288 173 330 0 797 0 370 -1
N.S. 1 1.00  0.60 1.15 0.00 2.77 0.00 1.28  -0.00
time (sec) N/A 0.542 0.612 0.202 0.000  0.740 0.000 7.319 0.000
Problem 42 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A A F(-2) A F(-1) B F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 294 294 186 412 0 843 0 720 -1
N.S. 1 1.00 0.63 1.40 0.00 2.87 0.00 2.45  -0.00
time (sec) N/A 0.511 0.768 0.202 0.000  0.700 0.000 6.430 0.000
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2.3 Detailed conclusion table specific for Rubi
results

The following table is specific to Rubi. It gives additional statistics for each integral. the
column steps is the number of steps used by Rubi to obtain the antiderivative. The rules
column is the number of unique rules used. The integrand size column is the leaf size of
number of rules
integrand size
the integral was to solve. In this test, problem number [30] had the largest ratio of [41]

the integrand. Finally the ratio is given. The larger this ratio is, the harder

Table 2.1: Rubi specific breakdown of results for each integral

number of numjber of no.rma?lize.d integrand number of rules
# | grade S;seep; uz;g:e antlf;“r:ifzzwe leaf size integrand leaf size
1 A 15 5 1.94 28 0.179
2 A 12 5 1.92 28 0.179
3 A 8 5 1.56 26 0.192
4 A 3 3 1.00 19 0.158
5! A 3 3 1.00 28 0.107
6 A 6 6 1.00 28 0.214
7 A 7 6 1.00 28 0.214
3 A 12 7 1.00 28 0.250
9 A 10 6 1.00 28 0.214
10 A 7 5 1.00 26 0.192
11 A 4 4 1.00 19 0.210
12 A 9 7 1.00 28 0.250
13 A 15 10 1.00 28 0.357
14 A 22 11 1.00 28 0.393
15 A 6 3 1.00 26 0.115
16 A 2 2 1.00 27 0.074
17, A 6 4 1.00 33 0.121
18 A 5 4 1.00 33 0.121
19 A 4 4 1.00 31 0.129
20 A 3 3 1.00 24 0.125
21] A 3 3 1.00 33 0.091
22 A 6 6 1.00 33 0.182
23] A 7 6 1.00 33 0.182
24 A 5 5 1.00 33 0.152
25) A 4 4 1.01 33 0.121
Continued on next page
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number of

number of

normalized

A o integrand b f rul
# | amade | st | Camie | anideriosive | | bl
26 A 4 4 1.00 31 0.129
27 A 4 4 1.00 24 0.167
28 A 9 7 1.21 33 0.212
29 A 15 10 1.62 33 0.303
30 A 1 1 1.00 41 0.024
31 A 1 1 1.00 41 0.024
32 A 4 4 1.00 31 0.129
33 A 6 3 1.00 31 0.097
34 A 11 7 1.00 28 0.250
35 A 4 3 1.00 30 0.100
36 A 1 1 1.00 30 0.033
37 A 6 6 1.00 38 0.158
38 A 6 6 1.00 37 0.162
39 A 8 7 1.00 40 0.175
40j A 8 7 1.00 40 0.175
41 A 8 7 1.00 40 0.175
42 A 8 7 1.00 40 0.175
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Chapter 3

Listing of integrals

Local contents

(A+Bz? )(d+eaf:2)
31 ST g

(A+Bgz? )(d+eac2)
R
3.3 f (A—i—Bm )(d+ex2) dx

\/m .................................

34 S AYBE g,
f va-+ cx4
3.5 A+Ba® AT .,
(d+ez?)Va -{2— cr?
3.6 A+Ba AT
(d+ex?)?Va + czt ’
3.7 A+Bo? AT

(d+ez?)®Va + czt
38 ("”(’jjclﬁ‘j:;”) dz
39 ("”(’jjclﬁ‘j:/i”) dz
310 | % dz
3.11 (ﬁﬁfx’fs AT

A+Bz?
312 [ d+m2)+(a+m4)3/2 AT ..

313 f (d+e£+(ficx4>3/2 AT .

3.14 | <d+e£+(ficx4>3/2 AT

3.05 [Pt G
3.16 240 AT
J (1+22)V2 + 322 + x4 o
A—i—Bz d+e:c )
3.17 AT .
f \/a—l—bm2+c:c4 o
.08 [ CARBRG@t) g

\/a+bm2 +czt



3.19
3.20
3.21
3.22
3.23

3.24

3.25

3.26
3.27
3.28
3.29

3.30

3.31
3.32

3.33
3.34

3.35

3.36
3.37
3.38

3.39
3.40
3.41
3.42

f (A+B:z:2) (d+ea:2)
va+bz? + cxt
A+Baz?

/ Va + bz? + czt
A+ Bz?

-d
J (d+ex2)vVa + bx? + cx?

A+Baz?

- d.
(d+ex2)2Va + bx? + cxt

A+Baz?

- d
(d+ex2)3va + bx? + cxt

f (A+Bm2) (d+em2)3 dx
(a+bz2+cxt)3/?
f (A+Bm2) (d+em2)2 dx
(a+bz2+cxt)3/?
f (A+Bz?) (d+ex?) dr
(a+bw2+cm4)3/2
f A+Bz?
(a+bx2+cxt)3/?
A+Bz? d
h
f (d+e3352)(a+bac2—|—<xc4)3/2
A+Bax? d
X
(d+ex2)?(a+bz2+cxt)3/?

J
f \/674-\/3352
J

- dzx
(d+ez?)V a + bx? + cx?

-d
(d+ex2)vVa + bx? + cx?

f 946431522

- d
(7+522)V/2 + 32 + x4

f (A+Bm2) (d+ex2)q dx

AT . . . s

a+bm2+cz4 ................................

f w(1+2:c2)
\/1 + .’E2‘(1+m2+z4)
[ va+ br?+ cxt di

ad_cdxgl ..............................

f va 4+ bx? — cxt dr

ad+cdx4 ..............................

[ zVe+ ex + dz? Va? + 2abz? + b2zt dx

[ Ve+ ex + dx? Va? + 2abz? + b2zt dx

i Ve + ex + dx? Va2 + 2abx? + b2zt dx

i Ve+ex + d:vz‘\/cgz + 2abz? 4 b2zt dx

i Vet ex + dxz‘\/(:zf + 2abz? + b22* dx

i Vetex + dmz‘\/ﬁz + 2abz? + b22* dx
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3
3.1 (A+Bx2) (d+ea:2) d
/ va+ cx* v

Optimal. Leaf size=453

e(21Bcd? + 21 Acde — 5aBe?) v a + cx* +62(3Bd + Ae)z3va + czt +Be3x5\/a + cxt N (5Bcd?® + 15A
21c? 5¢ Tc

[Out] 1/21*e*(21xAxcxd*e-5*Bxaxe”2+21*Bxcxd”2) *x* (cxx~4+a) ~(1/2)/c”~2+1/5%e~2x(A*e
+3*B*d) *x"3* (c*x~4+a) " (1/2) /c+1/7*B*e~3*x"5x(c*x~4+a) ~(1/2) /c+1/5* (-3*A*a*e
“3+15%A*c*d " 2xe-9*B*a*d*xe~2+5*B*xc*d~3) *x* (c*x~4+a) " (1/2)/c~(3/2) /(a~ (1/2) +x
~2xc”(1/2))-1/5*%a" (1/4) * (-3xA*xa*xe”3+15xAxc*xd " 2*e-9*Bxa*xd*e 2+5xBxc*d~3) * (co
s(2*arctan(c”~(1/4)*x/a~(1/4)))"2)"(1/2) /cos(2*xarctan(c~(1/4)*x/a~(1/4)))*E1l
lipticE(sin(2*arctan(c~(1/4)*x/a~(1/4))),1/2%27(1/2))*(a~(1/2)+x~2*c~(1/2))
*((c*x~4+a)/(a~(1/2)+x72%c~(1/2))"2)~(1/2) /c~(7/4) / (c*xx~4+a) " (1/2)+1/210%(c
os(2*xarctan(c~(1/4)*x/a~(1/4)))"2)~(1/2) /cos(2*xarctan(c~(1/4) *x/a~(1/4)) ) *E
1llipticF(sin(2*arctan(c™(1/4)*x/a~(1/4))),1/2*%27(1/2))*(105%Axc~2*d~3+25%a~
2xB*e~3-105*a*ckdxe* (A*e+B*d) +105*c™ (3/2) *d~2* (3*Axe+B*xd) *a~ (1/2)-63*a"~(3/2
)Y*xe" 2% (A*e+3*B*d) *c~ (1/2) ) *x(a~(1/2)+x~2*%c~(1/2) ) *((c*x"4+a) /(a~ (1/2) +x"2*c~
(1/2))"2)~(1/2)/a~(1/4)/c~(9/4) / (c*xx~4+a)~(1/2)

Rubi [A]
time = 0.34, antiderivative size = 878, normalized size of antiderivative = 1.94, number of
steps used = 15, number of rules used = 5, integrand size = 28 number of rules _ () 179

' integrand size ’
Rules used = {1735, 226, 311, 1210, 327}

Antiderivative was successfully verified.
[In] Int[((A + B*x"2)*(d + exx~2)"3)/Sqrtla + cxx~4],x]

[Out] (-5*axBxe~3*x*Sqrtl[a + c*x"4])/(21%c”2) + (dxe*x(Bxd + Axe)*x*Sqrt[a + cxx~4
1)/c + (e72%(3*%B*d + Axe)*x~3*Sqrt[a + c*x~4])/(6xc) + (Bxe"3*x~5*Sqrt[a +
c*x"4])/(Txc) - (3*axe™2x(3*Bxd + Axe)*x*Sqrt[a + cxx~4])/(5*c~(3/2)*(Sqrt[
al] + Sqrtlcl*x72)) + (d"2x(Bxd + 3*A*e)*x*Sqrtl[a + c*x~4])/(Sqrt[c]*(Sqrt[a
1 + Sqrtlcl*x~2)) + (3*a~(5/4)*e~2%(3*xB*d + Axe)*(Sqrt[a] + Sqrt[c]*x~2)*Sq
rt[(a + c*x"4)/(Sqrtla] + Sqrtlcl*x~2)~2]*EllipticE[2*ArcTan[(c~(1/4)*x)/a"
(1/4)]1, 1/21)/(5%c~(7/4)*Sqrt[a + c*x"4]) - (a~(1/4)*d"2x(B*d + 3*A*e)*(Sqr
t[a] + Sqrtlcl*x~2)*Sqrtl[(a + c*x~4)/(Sqrt[a] + Sqrt[c]*x~2)~2]*EllipticE[2
*ArcTan[(c™(1/4)*x)/a~(1/4)]1, 1/21)/(c”(3/4)*Sqrt[a + c*x"4]) + (A*xd~3*(Sqr
t[a] + Sqrtlcl*x~2)*Sqrt[(a + c*x~4)/(Sqrtla] + Sqrtlcl*x~2)~2]*EllipticF[2
xArcTan[(c~(1/4)*x)/a~(1/4)], 1/2]1)/(2*a~(1/4)*c~(1/4)*Sqrt[a + c*x~4]) + (
5%a”~(7/4)*Bxe~3x(Sqrt[al] + Sqrtlcl*x~2)*Sqrt[(a + c*x74)/(Sqrt[a]l + Sqrtl[c]
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*x~2) 2] *EllipticF [2*ArcTan[(c~(1/4)*x)/a~(1/4)], 1/2]1)/(42xc~(9/4)*Sqrt[a
+ cxx74]) - (a~(3/4)*d*e*x(B*d + Axe)*(Sqrt[a] + Sqrtlcl*x~2)*Sqrt[(a + c*x~
4)/(Sqrtl[al + Sqrtlcl*x~2)"2]*EllipticF[2*ArcTan[(c”(1/4)*x)/a~(1/4)], 1/2]
)/ (2xc™(5/4)*Sqrt[a + cxx~4]) - (3*a~(5/4)*e”2%(3*xBxd + Axe)*(Sqrt[a] + Sqr
t[c]*x"2)*Sqrt[(a + c*x~4)/(Sqrt[a] + Sqrtlcl*x~2)"2]*EllipticF[2*ArcTan[(c
~(1/4)*x)/a~(1/4)1, 1/2]1)/(10%c~(7/4)*Sqrt[a + c*x"4]) + (a~(1/4)*d"2x(Bxd
+ 3xAxe)*(Sqrt[al] + Sqrtlcl*x~2)*Sqrtl[(a + c*x74)/(Sqrt[a] + Sqrt[c]l*x~2)"2
1*EllipticF [2*ArcTan[(c™(1/4)*x)/a~(1/4)], 1/2]1)/(2%c~(3/4)*Sqrt[a + c*x~4]
)

Rule 226

Int[1/Sqrtl(a_) + (b_.)*(x_)"4], x_Symbol] :> With[{q = Rt[b/a, 4]}, Simpl[(
1 + q~2*x"2)*(Sqrt[(a + b*x"4)/(ax(1 + q~2%x"2)"2)]/(2*g*Sqrt[a + b*x~4]))*
EllipticF[2*ArcTan[q*x], 1/2], x]]1 /; FreeQ[{a, b}, x] && PosQ[b/al]

Rule 311

Int[(x_)"2/Sqrt[(a_) + (b_.)*(x_)"4], x_Symbol]l :> With[{q = Rt[b/a, 21}, D
ist[1/q, Int[1/Sqrt[a + b*x~4], x], x] - Dist[1/q, Int[(1 - g*x~2)/Sqrt[a +
bxx~4], x], x]] /; FreeQ[{a, b}, x] && PosQ[b/a]

Rule 327

Int[((c_)*(x_))"(@m_ )*((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> Simp[c~(n
- D*(c*x)"(m - n + D*((a + b*xx"n)"(p + 1)/(b*x(m + n*p + 1))), x] - Dist[
axcn*((m - n + 1)/(b*(m + nxp + 1))), Int[(c*x)"(m - n)*(a + b*x"n)"p, x],
x] /; FreeQ[{a, b, c, p}, x] && IGtQ[n, O] && GtQ[m, n - 1] && NeQ[m + n*p
+ 1, 0] & IntBinomialQ[a, b, ¢, n, m, p, x]

Rule 1210

Int[((d)) + (e_.)*(x_)"2)/Sqrtl[(a_) + (c_.)*(x_)"4], x_Symbol] :> With[{q =
Rtlc/a, 41}, Simp[(-d)*x*(Sqrt[a + c*x~4]/(ax(1 + q~2%x72))), x] + Simpl[d*
(1 + qg"2*%x"2)*(Sqrt[(a + c*x"4)/(ax(1 + q~2%x"2)"2)]/(q*Sqrt[a + c*xx"4]))*E
1lipticE[2*ArcTan[q*x], 1/2], x] /; EqQle + d*q~2, 0]] /; FreeQ[{a, c, d, e
}, x] && PosQ[c/al

Rule 1735

Int [(Px_)*((d_) + (e_.)*(x_)"2)"(q_.)*((a_) + (c_.)*(x_)"4)"(p_), x_Symboll]
:> Int[ExpandIntegrand[1/Sqrt[a + c*x~4], Px*(d + exx~2)"gx(a + c*x"4)"(p
+1/2), x]1, x] /; FreeQ[{a, c, d, e}, x] && PolyQ[Px, x~2] && NeQ[c*d"2 + a
xe~2, 0] && IntegerQ[p + 1/2] && IntegerQ[q]

Rubi steps
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(A+ Bz?) (d + ex?)’ dp — / ( Ad? N d?(Bd + 3Ae)z®  3de(Bd + Ae)z*  €?(3Bd + Ae)x®
va+ cxt va+ cx? va+ cx? Va+ cxt Va+ cxt
dz + (3de(Bd + Ae)) /

/
P

Va -

dz + (Be®

= () [ =t e

_ de(Bd + Ae)zva + cat N e?(3Bd + Ae)r3*Va + cxt N Be’z’Va+crt

c 5c Tc

S5aBe*rvVa+crt  de(Bd+ Ae)rva + cxt N e?(3Bd + Ae)z®*Va + ca

21¢2? + c 5c

5aBe3zvVa+ cxt  de(Bd+ Ae)xzva + cxt N e?(3Bd + Ae)r®*Va + ca
21¢? c 5¢

Mathematica [C] Result contains higher order function than in optimal. Order 5 vs. order
4 in optimal.
time = 10.19, size = 217, normalized size = 0.48

/. ezt 5 " czt "
ex(a+ ea) (~25aBe” + 21 Aco(5d + ea?) + 3Be(35d" + 21dea” + 5e°a*)) + 5(21 Aed(ed — ac?) + aBe(~2led +5aeh) w1+ ° - 2P (;. Ly 7%) +7e(5Bed" + 15AcdPe — 9aBde* — 3aAc®) 2*\[1+ °= ,Fy (g, 51 77)
105¢2va + czt

Antiderivative was successfully verified.

[In] Integrate[((A + B*x~2)*(d + e*x"2)"3)/Sqrtla + c*x~4],x]

[Out] (exx*(a + c*x"4)*(-26%a*Bxe”2 + 21*Axcxe*(5*d + e*xx~2) + 3*xB*xcx(35%d~2 + 21
xd*exx"2 + 5¥e"2xx74)) + 5x(21xAxckdx(cxd"2 - a*e”2) + axBxex(-21xc*d"2 + 5
*xaxe”~2))*x*Sqrt[1 + (c*x"4)/al*Hypergeometric2F1[1/4, 1/2, 5/4, -((c*x~4)/a

)] + Txcx(5xBkc*d~3 + 15xAxckd~2%e - Oka*Bxdxe”2 - 3xaxA*xe~3)*x~3*Sqrt[1 +
(c*x~4) /a] *Hypergeometric2F1[1/2, 3/4, 7/4, -((c*x~4)/a)])/(105%c~2*Sqrt [a

+ cxx74])

Maple [C] Result contains complex when optimal does not.
time = 0.18, size = 533, normalized size = 1.18

’ method ‘ result
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a<3Ade2+SB<
5 . Add———
liptic | Be'=*Veat+a' | (AetsBae)tVea +a (34de*3Bd?e— P o/ezt +a +
elliptic Tc + 5¢c 3c
i(63Auc e3-315A c2d2e+189Bacd €2 —105B 24
. ex(15B e2x*c+21Ace?22+63Bede £2+105cde A—25Ba e24+105Bc d? \/cx4 +a
risch —
105¢2
1 1
i\/C 22 iy/C 22 iy/C
5a24/1 — \/_ 1+ \/_ EllipticF | = \/_ i
a a a
default | Be? #vVert+a sazvVcxt + a
elau € e — 51c2 + \/_ ‘ + |
iy/C
21c2\/T Vert+a
a

Verification of antiderivative is not currently implemented for this CAS.

[In] int((B*x~2+A)*(exx~2+d) "3/ (c*x"4+a)~(1/2) ,x,method=_RETURNVERBOSE)

[Out] B*e~3%(1/7/c*x"5x(c*x~4+a)~(1/2)-5/21*a/c”2xx*(cxx"4+a) ~(1/2)+5/21%xa~2/c~2/

(I/7a~(1/2)*c~(1/2))~(1/2)*(1-I/a~(1/2) *c~ (1/2)*x~2) ~(1/2) *(1+I/a~(1/2)*c~ (1
/2)*x72)~(1/2) / (c*x"4+a) " (1/2) *EllipticF (x*(I/a~(1/2)*c~(1/2))~(1/2),1))+(A
*@~3+3*B*d*e~2) *(1/5/c*x~3* (c*x"4+a)~(1/2)-3/5*%I*xa~(3/2)/c~(3/2)/(1/a~(1/2)
xc~(1/2))"(1/2)*(1-I/a~(1/2) *c~(1/2)*x~2)~(1/2)*(1+I/a~ (1/2) *c~(1/2) *x~2) ~(
1/2) /(c*x~4+a)~(1/2) *(EllipticF (x*(I/a~(1/2)*c~(1/2))~(1/2),I)-EllipticE(x*
(I/a~(1/2)*c~(1/2))"(1/2),1)))+(3*Axd*xe”2+3*B*xd~2*e) * (1/3*x* (c*x"4+a) ~(1/2)
/c-1/3%a/c/(1/a~(1/2)*c~(1/2))~(1/2)*(1-I/a~(1/2) *c~ (1/2)*x~2) ~(1/2)*(1+I/a
~(1/2)*c”(1/2)*x72)~(1/2) / (c*x~4+a) " (1/2) *E1lipticF (x*(I/a~(1/2)*c~(1/2))~(
1/2) ,1))+I*(3%Axd"~2*xe+B*d~3)*a~(1/2)/(I/a~(1/2)*c~(1/2))~(1/2)*(1-I/a~(1/2)
*c~(1/2)*x72) " (1/2)*(1+I/a~(1/2) *c~ (1/2)*x~2) ~(1/2) / (c*x~4+a)~(1/2) /c~(1/2)
*(EllipticF (x*(I/a~(1/2)*c~(1/2))~(1/2),I)-EllipticE(x*(I/a~(1/2)*c~(1/2))"
(1/2) ,1))+A*d"3/(I/a~ (1/2)*c~(1/2))~(1/2)*(1-I/a~(1/2) *c~ (1/2)*x~2) " (1/2) *(
1+I/a~(1/2)*c~(1/2)*x~2)~(1/2) / (c*x~4+a) ~(1/2) *E1lipticF (xx(I/a~(1/2) *c~(1/
2))°(1/2),1)

Maxima [F]
time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((B*x~2+A)*(e*x~2+d)~3/(c*x"4+a)~(1/2),x, algorithm="maxima")
[Out] integrate((Bxx~2 + A)*(x"2%e + d)~3/sqrt(c*x”4 + a), x)
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Fricas [F(-2)]
time = 0.00, size = 0, normalized size = 0.00

Exception raised: TypeError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((B*x~2+A)*(e*x~2+d) 3/ (c*x"4+a)~(1/2),x, algorithm="fricas")

[Out] Exception raised: TypeError >> Symbolic function elliptic_ec takes exactly
1 arguments (2 given)

Sympy [C] Result contains complex when optimal does not.
time = 3.89, size = 364, normalized size = 0.80

11 L3 5 33| aprerr o 35| cgtetm \ 35| et 5 33 rer . 33| cgtetr \ 53| rerr
L‘;’") :sAd’nx‘F[%)zﬂ(z; e > 3A4c%sr(§)m(‘2“‘—*; ) Ae‘x’r(;)m(‘ﬂ“—"; ) na’ﬁr(g)z)r‘(‘z“—"; ) ;sndlaxﬁr(g);i«",(f; et ) Kl?ntczr‘l'(ﬁ);ﬂ(gu‘“—': ) Ee‘w“T‘(%);R(‘E“%)
i i i B i i B 3

AdaT(}) 2Ry (3’;
WaT () * WaT () * WaT () * WA (5) * WaT () * WaT () * AT () * AT (9)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((B*x**2+A)* (exx**2+d)**3/ (c*x**4+a)**(1/2) ,x)

[Out] Axd**3*x*gamma(1/4)*hyper((1/4, 1/2), (5/4,), cxxx*x4dxexp_polar(Ixpi)/a)/(4*
sqrt(a)*gamma (5/4)) + 3xAxd**2ke*xx**3xgamma(3/4)*hyper((1/2, 3/4), (7/4,),
ckx*x*4*xexp_polar(I*pi)/a)/(4*sqrt(a)*gamma(7/4)) + 3*Axdxex*2xx**x5xgamma (5/
4)xhyper ((1/2, 5/4), (9/4,), c*xx*4dxexp_polar (I*pi)/a)/(4*sqrt(a)*gamma(9/4
)) + Axe*x3xx*x7xgamma(7/4)*hyper((1/2, 7/4), (11/4,), cxxx*4dxexp_polar(I*p
i)/a)/(4*sqrt(a)*gamma(11/4)) + B*d**3*x**3*gamma(3/4)*hyper((1/2, 3/4), (7
/4,), c*x*x4xexp_polar(I*pi)/a)/(4*sqrt(a)*gamma(7/4)) + 3*Bkdx*2kxexx**5xga
mma (5/4) *hyper ((1/2, 5/4), (9/4,), cxxx*x4dxexp_polar(I*pi)/a)/(4*sqrt(a)*gam
ma(9/4)) + 3*Bkd*e**2xx*x*7*gamma (7/4)*hyper((1/2, 7/4), (11/4,), cxxx*4d*exp
_polar(Ixpi)/a)/(4*sqrt(a)*gamma(11/4)) + Bkex*3*x**9*kgamma (9/4)*hyper((1/2
, 9/4), (13/4,), c*x**4*exp_polar(I*pi)/a)/(4*sqrt(a)*gamma(13/4))

Giac [F|
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((B*x~2+A)*(e*x~2+d) 3/ (c*x"4+a)~(1/2),x, algorithm="giac")
[Out] integrate((B*x~2 + A)*(x"2%e + d)~3/sqrt(c*x”4 + a), x)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.00

dx

/ (Bz?+ A) (ex® +d)°
Vert+a



Verification of antiderivative is not currently implemented for this CAS.

[In] int(((A + B*xx~2)*(d + e*x"2)"3)/(a + c*xx~4)~(1/2) ,x)
[Out] int(((A + B*x~2)*(d + e*x"2)"3)/(a + c*xx~4)~(1/2), x)

42
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2
3.9 (A+Bx2) (d+ea:2) d
/ va+ cx* v

Optimal. Leaf size=367

Ya (5Bed? + 104
e(2Bd + Ae)zVa + cxt +Be2x3\/a +czt  (5Bcd? + 10Acde — 3aBe?) zva + cz?

3c 5c + 5¢3/2 (va' + /c'z?)

[Out] 1/3*e*(A*e+2xBxd) *x* (c*xx~4+a) " (1/2)/c+1/5*%B*e~2xx"3* (c*x~4+a) " (1/2) /c+1/5%(
10*%Axc*d*xe—-3*Bxa*xe 2+5%Bxc*d~2) *x* (c*xx~4+a) ~(1/2)/c~(3/2)/(a~(1/2)+x"2*xc~ (1
/2))-1/5*%a" (1/4) * (10*A*c*d*e-3*B*xa*e 2+5xBxc*d~2) * (cos (2*arctan(c” (1/4) *x/a
~(1/4)))"2)"(1/2) /cos(2*arctan(c~(1/4)*x/a~(1/4)) ) *EllipticE(sin(2*arctan(c
~(1/4)*x/a”~(1/4))) ,1/2%27(1/2))*(a~ (1/2)+x"2*%c~(1/2) ) * ((c*x~4+a) /(a~ (1/2) +x
~2%c”(1/2))"2)"(1/2)/c~(7/4) / (c*x~4+a) " (1/2)+1/30*(cos(2*xarctan(c~ (1/4) *x/a
~(1/4)))"2)"(1/2)/cos(2*arctan(c~(1/4)*x/a~(1/4)))*EllipticF(sin(2*arctan(c
~(1/4)*x/a~(1/4))) ,1/2x27(1/2) ) *(156*%Axc™ (3/2) *d~2-9*a~ (3/2) *Bxe~ 2+15*xc*d* (2
xAxe+Bxd) *a” (1/2) -5*axe* (Axe+2xBxd) *c~ (1/2) ) *(a~ (1/2)+x~2*xc~ (1/2) ) *((c*x"4+

a)/ (@~ (1/2)+x"2xc~(1/2))"2)~(1/2)/a~(1/4) /c~(7/4) / (cxx~4+a)~(1/2)

Rubi [A]
time = 0.25, antiderivative size = 706, normalized size of antiderivative = 1.92, number of

: number of rules _ j 17g
integrand size ’

steps used = 12, number of rules used = 5, integrand size = 28
Rules used = {1735, 226, 311, 1210, 327}

= () snem 4 o) [T () aenew o) [ () e v T ma () e o) [ ks mas{svma( ) ) i ver) [ e () 1) e

Antiderivative was successfully verified.
[In] Int[((A + B*x"2)*(d + exx"2)"2)/Sqrt[a + c*x74],x]

[Out] (e*x(2*%B*d + Axe)*x*Sqrtl[a + c*x74])/(3*c) + (Bxe"2*x"3*Sqrt[a + c*x~4])/(5*
c) - (3xaxBkxe~2xxxSqrt[a + c*x~4])/(5%c~(3/2)*(Sqrt[a] + Sqrtl[cl*x~2)) + (d
*x(Bxd + 2xA*e)*x*Sqrt[a + c*xx~4])/(Sqrtlcl*(Sqrtl[a] + Sqrtlcl*x~2)) + (3*a~
(6/4)*Bxe~2%(Sqrt[a] + Sqrtlcl*x~2)*Sqrt[(a + c*x~4)/(Sqrtla] + Sqrtlcl*x~2
)"2]1*EllipticE[2*ArcTan[(c™(1/4)*x)/a~(1/4)], 1/2]1)/(5*%c~(7/4)*Sqrt[a + c*x
~4]) - (a~(1/4)*d*(Bxd + 2xAxe)*(Sqrt[a] + Sqrt[cl*x~2)*Sqrtl[(a + c*x~4)/(S
qrt[a] + Sqrtlcl*x~2)~2]*EllipticE[2*ArcTan[(c~(1/4)*x)/a~(1/4)]1, 1/2]1)/(c~
(3/4)*Sqrt[a + c*x74]) + (Axd~2*(Sqrtl[a] + Sqrtlcl*x~2)*Sqrt[(a + c*x"4)/(S
qrt[a] + Sqrtlc]l*x~2)~2]*EllipticF[2*ArcTan[(c~(1/4)*x)/a~(1/4)], 1/2])/(2%
a~(1/4)*c~(1/4)*Sqrt[a + c*x~4]) - (3*a~(5/4)*B*xe~2*(Sqrt[a] + Sqrt[c]*x~2)
xSqrt[(a + cxx~4)/(Sqrtl[al + Sqrtlc]*x"2)~2]*EllipticF[2*ArcTan[(c~(1/4)*x)
/a~(1/4)]1, 1/2]1)/(10xc~(7/4)*Sqrt[a + c*x"4]) - (a~(3/4)*e*x(2xBxd + Axe)*(S
qrtla] + Sqrtlcl*x~2)*Sqrt[(a + c*x~4)/(Sqrt[a] + Sqrtlcl*x~2)~2]*EllipticF
[2%ArcTan[(c™(1/4)*x)/a~(1/4)]1, 1/2])/(6xc~(5/4)*Sqrt[a + c*x~4]) + (a~(1/4
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)*d* (Bxd + 2xAxe)*(Sqrt[a] + Sqrtlc]l*x~2)*Sqrt[(a + c*x~4)/(Sqrt[al + Sqrtl[
cl*x~2)"2]*EllipticF [2*ArcTan[(c~(1/4)*x)/a~(1/4)], 1/2]1)/(2xc~(3/4)*Sqrt[a
+ cxx~4])

Rule 226

Int[1/Sqrtl(a_) + (b_.)*(x_)"4], x_Symbol] :> With[{q = Rt[b/a, 4]}, Simp[(
1 + q~2*x"2)*(Sqrt[(a + b*x"4)/(ax(1 + q~2%x"2)"2)]/(2*g*Sqrt[a + b*x~4]))*
EllipticF[2*ArcTan[q*x], 1/2], x]] /; FreeQ[{a, b}, x] && PosQ[b/al

Rule 311

Int[(x_)"2/Sqrtl(a_) + (b_.)*(x_)"4], x_Symbol]l :> With[{q = Rt[b/a, 2]}, D
ist[1/q, Int[1/Sqrt[a + b*x~4], x], x] - Dist[1/q, Int[(1 - g*x~2)/Sqrtl[a +
b*x~4], x], x]] /; FreeQ[{a, b}, x] && PosQ[b/a]

Rule 327

Int [((c_.)*(x_))"(m_)*((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol]l :> Simp[c~(n

- D*(c*x)"(m - n + D*((a + b*xx"n)"(p + 1)/(b*(m + n*p + 1))), x] - Dist[
axcnk((m - n + 1)/(bx(m + n¥p + 1))), Int[(c*x)"(m - n)*(a + b*x"n) p, x],
x] /; FreeQ[{a, b, c, p}, x] && IGtQ[n, 0] && GtQ[m, n - 1] && NeQ[m + n*p
+ 1, 0] & IntBinomialQ[a, b, ¢, n, m, p, x]

Rule 1210

Int[((d)) + (e_.)*(x_)"2)/Sqrtl[(a_) + (c_.)*(x_)"4], x_Symbol] :> With[{q =
Rtlc/a, 41}, Simp[(-d)*x*(Sqrtla + c*x~4]/(ax(1 + q"2*x"2))), x] + Simp[d*
(1 + qg"2*%x72)*(Sqrt[(a + c*x"4)/(ax(1 + q~2%x"2)"2)]/(q*Sqrt[a + c*x~4]))*E
1llipticE[2*ArcTan[q*x], 1/2], x] /; EqQle + d*q~2, 0]] /; FreeQl[{a, c, d, e
}, x] && PosQ[c/al

Rule 1735

Int [(Px_)*((d_) + (e_.)*(x_)"2)"(q_.)*((a_) + (c_.)*(x_)"4)"(p_), x_Symbol]
:> Int[ExpandIntegrand[1/Sqrt[a + c*x~4], Px*(d + exx~2)"gx(a + c*x"4)"(p
+1/2), x], x] /; FreeQ[{a, c, d, e}, x] && PolyQ[Px, x"2] && NeQ[c*d"2 + a
xe~2, 0] &% IntegerQ[p + 1/2] && IntegerQ[ql]

Rubi steps
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/ (A + Ba?) (d + ex?)’ dp — / ( Ad? N d(Bd + 2Ae)z? N e(2Bd + Ae)z* N Be?z® ) i
va+ cr* va+ cxt va+ crt va+ crt va + cr?

dz + (e(2Bd + Ae)) /

xé

Va+

dz + (Be®

= (4) [ =t e

Ad?(Va + /' 2?)
_ e(2Bd+ Ae)zva + cxt N Be?z3va + cxt N (Va

3¢ 5c 2a’

_e(2Bd + Ae)zva + cat N Be?’z3va + cxt N d(Bd +2Ae)zva+czt
N 3c 5¢c Ve (Va +/ca?)

_e(2Bd + Ae)zva + cat N Be*z*Va+cxt  3aBe’zva+ cxt N d(E
B 3c 5S¢ 5¢3/2 (Va' + v/c'z?) \

Mathematica [C] Result contains higher order function than in optimal. Order 5 vs. order

4 in optimal.
time = 10.12, size = 159, normalized size = 0.43

1 1
ex(10Bd + 5Ae + 3Bex?) (a + cz*) — 5(—3Acd? + 2aBde + aAe?) z\/1 + % oFy (i, 15 —%4) + (5Bcd? + 10Acde — 3aBe?) 231 /1 + % oFy (%, 35 —%)
15¢va + cat

Antiderivative was successfully verified.

[In] Integrate[((A + B*x~2)*(d + e*x~2)"2)/Sqrt[a + c*x~4],x]

[Out] (exx*(10%B*d + 5xAke + 3*Bxe*x~2)*(a + c*x74) - 5x(-3xA*c*d™2 + 2%axBkd*e +
axAxe~2)*xxxSqrt[1 + (c*x"4)/al*Hypergeometric2F1[1/4, 1/2, 5/4, -((c*x~4)/

a)] + (5xBxc*d”2 + 10*Axcxdxe - 3*axBxe~2)*x"3*Sqrt[1 + (c*x~4)/al*Hypergeo
metric2F1[1/2, 3/4, 7/4, -((cxx~4)/a)])/(15*c*Sqrt[a + cxx~4])

Maple [C] Result contains complex when optimal does not.
time = 0.15, size = 403, normalized size = 1.10

method | result

B
8
[ %)
~—
+
3
8
[ V]
=
E

( 2 a(A e2+2Bde) > \/ i
Ad———r— )41 —
Be?z34/ C.’L'4 +a + (A62+2Bde)z \% cxt “+a + \/E

elliptic = 3
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z‘(SOcdeA—QBa e2+1530d2)\/5 \/1 _ \/C(:Tz? \/1 + i\\//c:Tz? (EllipticF (a;\/

[ Voo

ez(3Be zz+5Ae+IOBd) vV C$4 +a _

risch s
C
3ia3 \/ 1— iy/c a2 \/ 1+ iy/c a2 EllipticF | = ive i | ~EllipticE | = ive i
efau e s — : ‘ ‘
5c3 \/Z\\//_g Vezrt+a

Verification of antiderivative is not currently implemented for this CAS.

[In] int((B*x~2+A)*(exx~2+d) "2/ (c*x"4+a)~(1/2) ,x,method=_RETURNVERBOSE)
[Out] Bxe~2%(1/5/c*xx"3*(c*x~4+a)~(1/2)-3/5%I*a~(3/2)/c~(3/2)/(I/a~(1/2)*c~(1/2))"
(1/2)*(1-I/a~(1/2)*c~(1/2)*x~2) " (1/2) *(1+I/a~ (1/2) *c~(1/2)*x~2) ~(1/2) / (c*x~
4+a)~(1/2)*(EllipticF (x*(I/a~(1/2)*c~(1/2))~(1/2),I)-EllipticE(x*(I/a~(1/2)
*c~(1/2))7(1/2),1)))+(Axe~2+2xB*d*e) * (1/3*x* (c*x~4+a) ~(1/2) /c-1/3%a/c/(I/a~
(1/2)*c~(1/2))~(1/2)*x(1-I/a~ (1/2)*c~(1/2) *x~2) " (1/2) *(1+I/a~ (1/2) *c~ (1/2) *x
~2)7(1/2)/ (c*xx~4+a) ~(1/2)*EllipticF (x*(I/a~ (1/2)*c~(1/2))~(1/2) ,I) ) +I*(2*A*
dxe+B*d~2)*a~(1/2)/(I/a~(1/2)*c~(1/2))~(1/2)*(1-I/a~ (1/2)*c~(1/2)*x~2)~(1/2
Yx(1+I/a”(1/2)*c™(1/2)*x72)~(1/2) / (c*x~4+a) " (1/2) /¢~ (1/2) *(EllipticF (x*(I/a
~(1/2)*c~(1/2))~(1/2) ,I)-EllipticE(x*(I/a~(1/2)*c~(1/2))~(1/2) ,I))+A*d~2/(I
/a~(1/2)xc~(1/2))~(1/2)*(1-I/a~(1/2) *c~ (1/2)*x~2) ~(1/2) *(1+I/a~ (1/2) *c~(1/2
)*x72)7(1/2) / (c*xx~4+a) " (1/2) *E1llipticF (x*(I/a~(1/2)*c~(1/2))~(1/2),1I)
Maxima [F]

time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((B*x~2+A)*(e*x~2+d)~2/(c*x"4+a)~(1/2),x, algorithm="maxima")
[Out] integrate((B*x~2 + A)*(x"2%e + d)~2/sqrt(c*x”4 + a), x)

Fricas [F(-2)]
time = 0.00, size = 0, normalized size = 0.00

Exception raised: TypeError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((B*x~2+A)*(e*x~2+d) "2/ (c*x"4+a)~(1/2),x, algorithm="fricas")
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[Out] Exception raised: TypeError >> Symbolic function elliptic_ec takes exactly
1 arguments (2 given)

Sympy [C] Result contains complex when optimal does not.
time = 2.88, size = 262, normalized size = 0.71

13

13 15
AdaT (1) o Fy (“;2 —J“) Adez®T (3) 2 Fy (2’1“ —J“) AT (3) . Fy (2’2“
4 4 4 4
4/aT () * 2/aT () - 4/aT () N 4/aT (] * 2/aT (9

o

11

IS

17
cxdei™ 2 T (T 20 4| epdeim
=25 BET()) k| L

4 4

- INANCY

15
—) Bdez®T'(8) »Fy (23

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((B*x**2+A)* (exx**2+d)**2/ (c*x**x4+a)**(1/2) ,x)

[Out] Axd**2*x*gamma(1/4)*hyper((1/4, 1/2), (5/4,), cxxx*x4dxexp_polar(Ixpi)/a)/(4*
sqrt(a) *gamma (5/4)) + Axd*xexxx*3xgamma(3/4)*hyper((1/2, 3/4), (7/4,), cxx*x*
4xexp_polar(Ixpi)/a)/(2*sqrt(a)*gamma(7/4)) + Axe*x2*x*x5*gamma(5/4)*hyper (

(1/2, 5/4), (9/4,), cxxx*4d*xexp_polar(I*pi)/a)/(4*sqrt(a)*gamma(9/4)) + B*d*
*x2xx**x3xgamma (3/4) *hyper ((1/2, 3/4), (7/4,), cxx*xdxexp_polar(I*pi)/a)/(4*s
qrt(a)*gamma(7/4)) + Bxd*e*x**5*gamma(5/4)*hyper((1/2, 5/4), (9/4,), c*x*x*4
xexp_polar(Ixpi)/a)/(2*sqrt(a)*gamma(9/4)) + Bxex*2xx*x7xgamma (7/4)*hyper ((

1/2, 7/4), (11/4,), cxxx*xdxexp_polar(Ixpi)/a)/(4*sqrt(a)*gamma(11/4))

Giac [F]

time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((Bxx~2+A)*(exx~2+d) "2/ (c*x"4+a)~(1/2),x, algorithm="giac")
[Out] integrate((B*x~2 + A)*(x"2%e + d)~2/sqrt(c*x”4 + a), x)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.00

dz

/ (Bz2 + A) (ex?® +d)’
Vert+a

Verification of antiderivative is not currently implemented for this CAS.

[In] int(((A + B*x~2)*(d + e*x"2)"2)/(a + c*xx~4)~(1/2) ,x)
[Out] int(((A + Bxx"2)*(d + exx~2)"2)/(a + c*xx~4)~(1/2), x)
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(A+Bz?) (d+ex?) da

va+ cx?

Optimal. Leaf size=277

33 [

a+ cx?t | :
va' (Bd + Ae) (va c z? E(2tan™!(
BezVa + cxt +(Bd+Ae)x\/m Vo (Bi+de) (Va + e )\/(ﬁ+ﬁx2)2 ( (i

3¢ Ve (Va +vea?) W

[Out] 1/3*%Bkexx*(c*xx~4+a)~(1/2)/c+(Axe+B*xd)*x*(c*x~4+a)~(1/2)/c~(1/2)/ (@~ (1/2)+x~
2%c~(1/2))-a~(1/4)*(A*e+B*d) *(cos (2*arctan(c”(1/4)*x/a~(1/4)))~2)~(1/2) /cos
(2xarctan(c~(1/4)*x/a~(1/4)))*EllipticE(sin(2*arctan(c~(1/4)*x/a~(1/4))),1/
2x27(1/2))*(a~ (1/2)+x"2*c~(1/2) ) *((c*x~4+a) /(a~ (1/2)+x~2*xc~(1/2))~2)~(1/2)/
c~(3/4)/(c*x"4+a)~(1/2)+1/6*a~(1/4)*(cos(2*arctan(c~(1/4)*x/a~(1/4)))"2)" (1
/2)/cos(2*arctan(c™(1/4)*x/a~(1/4)))*EllipticF(sin(2*arctan(c~(1/4)*x/a~(1/

4))),1/2x27(1/2) ) * ((3*Axc*d-Bxa*e) /a~ (1/2) +3x (Axe+B*d) xc~ (1/2) ) *(a~ (1/2) +x~
2xc”(1/2))*((cxx~4+a)/(a~(1/2)+x"2xc~(1/2))"2)~(1/2) /c~(5/4) / (c*xx~4+a) "~ (1/2

)

Rubi [A]
time = 0.14, antiderivative size = 432, normalized size of antiderivative = 1.56, number of

number of r1_11es — 0.192
’ integrand size ’

steps used = 8, number of rules used = 5, integrand size = 26
Rules used = {1735, 226, 311, 1210, 327}

@Be(Va + V) »% b'(z.mm(i:%) H) V& (V@ +VEe) \s‘s[\/:Tﬂ::/ZFlw‘ (Ae + BA)F (ZAI("l'an({%) H) ) V@ (Va + V) \“;“NT“:‘;F‘#‘, (.4(+Hd]E(ZArrhm<%> H) (VT + Ve \ﬁ F(zmanm(%) g) e p—
Vat et N 20 Vat o EREr—y N 2Va Ve vat et Ve (a Vo) T s

Antiderivative was successfully verified.
[In] Int[((A + Bxx~2)*(d + exx~2))/Sqrtl[a + c*xx~4],x]

[Out] (B*exx*Sqrtl[a + c*x"4])/(3xc) + ((B*d + A*e)*xxSqrt[a + c*x74])/(Sqrt[cI*(S
qrtla] + Sqrtlcl*x~2)) - (a~(1/4)*(B*d + Axe)*(Sqrt[a] + Sqrtlc]l*x~2)*Sqrtl[

(a + c*x74)/(Sqrt[a] + Sqrtlcl*x~2)~2]*EllipticE[2*ArcTan[(c~(1/4)*x)/a~(1/

4)1, 1/21)/(c~(3/4)*Sqrt[a + c*x~4]) + (A*d*(Sqrtl[a] + Sqrtlcl*x~2)*Sqrtl[(a

+ cxx~4)/(Sqrt[al + Sqrtlcl*x~2)~2]*EllipticF[2*xArcTan[(c~(1/4)*x)/a~(1/4)

1, 1/2]1)/(2*a~(1/4)*c~(1/4)*Sqrt[a + c*x"4]) - (a~(3/4)*B*ex(Sqrt[a] + Sqrt
[c]*x~2)*Sqrt[(a + c*x~4)/(Sqrt[al + Sqrtl[cl*x~2)~2]*EllipticF[2*ArcTan[(c~
(1/4)*x)/a~(1/4)]1, 1/2]1)/(6%c~(5/4)*Sqrt[a + c*xx"4]) + (a~(1/4)*(Bxd + Axe)
*x(Sqrt[a] + Sqrtlcl*x~2)*Sqrt[(a + c*x74)/(Sqrt[al + Sqrt[cl*x~2)~2]*Ellipt
icF[2*ArcTan[(c™(1/4)*x)/a~(1/4)]1, 1/2]1)/(2*c~(3/4)*Sqrt[a + c*x~4])

Rule 226

Int[1/Sqrt[(a_) + (b_.)*(x_)"4], x_Symbol] :> With[{q = Rt[b/a, 41}, Simp[(
1 + q72*%x72)*(Sqrt[(a + b*xx"4)/(a*x(1 + q~2*x"2)"2)]/(2*q*Sqrt[a + b*x~4]))*
EllipticF[2*ArcTan([q*x], 1/2], x]] /; FreeQ[{a, b}, x] && PosQ[b/al
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Rule 311

Int[(x_)"2/Sqrtl[(a_) + (b_.)*(x_)"4], x_Symbol] :> With[{q = Rt[b/a, 2]}, D
ist[1/q, Int[1/Sqrt[a + b*x~4], x], x] - Dist[1/q, Int[(1 - g*x~2)/Sqrt[a +
b*xx~4], x], x]] /; FreeQ[{a, b}, x] && PosQ[b/a]

Rule 327

Int[((c_.)*(x_)) " (m_)*((a_) + (b_)*(x_)"(n_))"(p_), x_Symbol] :> Simp[c~(n
- D*x(c*xx)"(m - n + 1)*((a + bxx™n)"(p + 1)/(bx(m + nxp + 1))), x] - Distl[
axc™nx((m - n + 1)/(b*(m + n*xp + 1))), Int[(c*x)"(m - n)*(a + b*x"n)”p, x],
x] /; FreeQ[{a, b, c, p}, x] && IGtQ[n, 0] && GtQ[m, n - 1] && NeQ[m + n*p
+ 1, 0] & IntBinomialQ[a, b, ¢, n, m, p, xI]

Rule 1210

Int[((d_) + (e_.)*(x_)"2)/Sqrtl[(a_) + (c_.)*(x_)"4], x_Symbol] :> With[{q =
Rt[c/a, 41}, Simp[(-d)*x*(Sqrtla + c*x~4]/(ax(1 + q72*x~2))), x] + Simp[dx*
(1 + qg~2*%x"2)*(Sqrt[(a + c*x"4)/(ax(1 + q~2%x72)"2)]/(q*Sqrt[a + c*x~4]))*E
1llipticE[2*ArcTan[q*x], 1/2], x] /; EqQle + d*q~2, 0]] /; FreeQ[{a, c, d, e
}, x] && PosQ[c/al

Rule 1735

Int [(Px_)*((d_) + (e_.)*(x_)"2)"(q_.)*((a_) + (c_.)*(x_)"4)"(p_), x_Symbol]
:> Int[ExpandIntegrand[1/Sqrt[a + c*x74], Px*(d + exx~2)"gx(a + c*x"4) " (p
+ 1/2), x], x] /; FreeQ[{a, c, d, e}, x] && PolyQ[Px, x~2] && NeQ[c*d~2 + a
xe~2, 0] && IntegerQ[p + 1/2] && IntegerQ[q]

Rubi steps
/ (A + Bx?) (d + ex?) i — / ( Ad N (Bd + Ae)x? N Bex! ) i
va+ crt va + cx? va+ cxt va + czt

=(Ad)/ﬁdx+(36)/\/% dz + (Bd + Ae) /

\/a+cx4

o 2o

_ Bezva+cxt N (Va + +/c z? 2
3c 2v/a’ /e Va+ cxt

Va' (Bd + Ae) (Va' + ve'2?)

Bezxva + czt +(Bd+Ae)x\/a—|—cw4 B

|

3 Ve (Va +e?)

c3
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Mathematica [C] Result contains higher order function than in optimal. Order 5 vs. order

4 in optimal.
time = 10.07, size = 121, normalized size = 0.44

4
Bexz(a+ cz*) + (3Acd—aBe)x\/1+— gFl(}l,;,% - > + ¢(Bd + Ae)z? \/1+% 2F1(%,%;£;—%)

3cva + czt

Antiderivative was successfully verified.

[In] Integrate[((A + B*x~2)*(d + e*x~2))/Sqrt[a + c*x"4],x]

[Out] (Bxe*xx(a + c*xx”4) + (3xAxc*d - axBke)*x*Sqrt[1 + (cxx~4)/al*Hypergeometric
2F1[1/4, 1/2, 5/4, -((c*x"4)/a)] + cx(Bxd + Axe)*x~3*Sqrt[1 + (c*x74)/al+*Hy
pergeometric2F1[1/2, 3/4, 7/4, -((cxx"4)/a)])/(3xc*Sqrt[a + cxx~4])

Maple [C] Result contains complex when optimal does not.
time = 0.14, size = 269, normalized size = 0.97

method | result

\/E:ﬂ ‘ \/E 2 ‘ z\/g
—aBe — 1+ ipticF | = i i(Ae —
(Ad ) 1 Ja EllipticF Vo (Ae+Bd)v/a +/1
+

BezVcxt +a n

elliptic c

’ \/ \/\/: Vert +a

\/ -l- EllipticF (z z\\//—ag ,i) i(Ae+Bd) \/CT
1
default | Be| 2¥€Z_ta _ -
\/ \\//: Vert+a
z(3Ace+SBcd)f \/ f \/1 + : \;Exz (EllipticF (m 'Lx\//—f ,i) —EllipticE (z Z\/\/az
\/ crt+a

risch Bexz/ 031:4 +a ve

Verification of antiderivative is not currently implemented for this CAS.

[In] int((B*x~2+A)*(exx~2+d)/(cxx"4+a)~(1/2) ,x,method=_RETURNVERBOSE)

[Out] Bxex(1/3*x*(c*x"4+a)~(1/2)/c-1/3*a/c/(1/a~(1/2)*c~(1/2))~(1/2)*(1-I/a~(1/2)
*xc™(1/2)*x72)~(1/2)*(1+I/a~(1/2) *c~(1/2)*x~2) " (1/2) / (c*x~4+a) ~(1/2) *E11lipti
cF(x*(I/a~(1/2)*c™(1/2))~(1/2) ,I))+I*(Axe+Bxd)*a~(1/2) /(I/a~(1/2)*c~(1/2))~
(1/2)*(1-I/a~(1/2)*c™ (1/2)*x72) ~(1/2) *(1+I/a~ (1/2) *c~ (1/2) *x~2) " (1/2) / (c*x~
4+a)~(1/2)/c~(1/2)*(EllipticF (x*(I/a~(1/2)*c~(1/2))~(1/2) ,I)-EllipticE(x*(I
/a~(1/2)*c~(1/2))~(1/2) ,I))+A*d/(I/a~ (1/2)*c~(1/2))~(1/2)*(1-I/a~(1/2) *c~ (1
/2)*x72)~(1/2)*(1+I/a~(1/2)*c~(1/2)*x~2) " (1/2) / (c*x~4+a) ~(1/2) *E11lipticF (x*
(I/a~(1/2)*c~(1/2))~(1/2),1)
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Maxima [F]
time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((B*x~2+A)*(e*x~2+d)/(c*x"4+a)~(1/2),x, algorithm="maxima")
[Out] integrate((B*x~2 + A)*(x"2%e + d)/sqrt(c*x"4 + a), x)
Fricas [F(-2)]

time = 0.00, size = 0, normalized size = 0.00

Exception raised: TypeError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((B*x~2+A)*(e*x~2+d)/(c*x"4+a)~(1/2),x, algorithm="fricas")

[Out] Exception raised: TypeError >> Symbolic function elliptic_ec takes exactly
1 arguments (2 given)

Sympy [C] Result contains complex when optimal does not.
time = 1.98, size = 167, normalized size = 0.60

13 13
f‘) Aez®T (3) o Fy (2’4““;’”) Bdm3r(j)2F1<2’4

15
”Zei") Bez’T'(3) o Fy (2;4

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((B*x**2+A)* (exx**2+d)/(c*xx**4+a)**(1/2),x)

[Out] Axd*x*gamma(1/4)*hyper((1/4, 1/2), (5/4,), cxx**x4xexp_polar(Ixpi)/a)/(4*sqr
t(a)*gamma (5/4)) + Axe*x**3*gamma(3/4)*hyper((1/2, 3/4), (7/4,), c*x**4d*exp
_polar(Ixpi)/a)/(4*sqrt(a)*gamma(7/4)) + Bxd*x**3*gamma(3/4)*hyper((1/2, 3/

4), (7/4,), cxx¥xx4dxexp_polar(Ixpi)/a)/(4*sqrt(a)*gamma(7/4)) + Bxe*x**5*gam
ma(5/4)*hyper ((1/2, 5/4), (9/4,), c*x*x4*exp_polar(I*pi)/a)/(4*sqrt(a)*gamm
a(9/4))

Giac [F]

time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((B*x~2+A)*(e*x~2+d)/(c*x"4+a)~(1/2),x, algorithm="giac")



[Out] integrate((B*x~2 + A)*(x"2%e + d)/sqrt(c*x"4 + a), x)
Mupad [F]
time = 0.00, size = -1, normalized size = -0.00

/ (Bx?+ A) (ex? +d)

dz
Vert+a

Verification of antiderivative is not currently implemented for this CAS.

[In] int(((A + Bxx~2)*(d + e*x"2))/(a + c*xx~4)~(1/2) ,x)
[Out] int(((A + Bxx"2)*(d + exx~2))/(a + c*xx~4)~(1/2), x)

52
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3.4  [ABE_ g

va+ cx?*

Optimal. Leaf size=226

va B(v/a' + +/c'z?) \/ atcat )2E<2tan‘1 ({*{1//%) |§) {*/E(B+

Bzva+ cxt B (\/E ++/c a2 N
Ve (Va + o) SN

[Out] Bxx*x(c*x~4+a)~(1/2)/c~(1/2)/(a~(1/2)+x"2*xc~(1/2))-a~(1/4) *B*x(cos(2*arctan(c
~(1/4)*x/a~(1/4)))"2)~(1/2) /cos(2*arctan(c~(1/4)*x/a~(1/4)))*E1llipticE(sin(
2%arctan(c~(1/4)*x/a~(1/4))),1/2%2"(1/2))*x(a~(1/2)+x~2*xc~(1/2) ) *((c*xx"4+a) /
(a~(1/2)+x72*xc~(1/2))72)"(1/2) /c~(3/4) / (c*x~4+a) " (1/2)+1/2*a" (1/4) * (cos (2*a
rctan(c”(1/4)*x/a~(1/4)))~2)~(1/2)/cos(2*arctan(c”(1/4)*x/a~(1/4)))*Ellipti
cF(sin(2*arctan(c™(1/4)*x/a~(1/4))),1/2x2~(1/2))*(a~ (1/2)+x"2*%c~(1/2) ) *(B+A
xc~(1/2)/a~(1/2))*((c*x"4+a) /(a~(1/2)+x~2%c~(1/2))~2)~(1/2) /c~(3/4) / (c*x~4+
a)~(1/2)

Rubi [A]
time = 0.05, antiderivative size = 226, normalized size of antiderivative = 1.00, number of

number of rules _
' integrand size 0.158,

steps used = 3, number of rules used = 3, integrand size = 19
Rules used = {1212, 226, 1210}

Va (V& + e 2?) (ﬁa:;‘;zz)? (%+B)F(2ArcT&n<\Z\/‘%> I%) i VaB(Va + c'z?) (ﬁa:\c/?zz)z E(2AT0THH<<{\/EEZ) \%) s
263/4va + cat Ava+ cat Ve (Vo +e'a?)

Antiderivative was successfully verified.
[In] Int[(A + B*x"2)/Sqrtl[a + c*xx~4],x]

[Out] (B*x*Sqrtla + c*x~4])/(Sqrtlcl*(Sqrtla] + Sqrtlcl*x~2)) - (a~(1/4)*B*(Sqrt[

a] + Sqrtlcl*x~2)*Sqrtl[(a + c*x74)/(Sqrt[a]l + Sqrt[cl*x~2) 2]*EllipticE[2*A

rcTan[(c~(1/4)*x)/a~(1/4)]1, 1/2]1)/(c"(3/4)*Sqrtla + c*x~4]) + (a~(1/4)*(B +
(AxSqrt[c])/Sqrt[al)*(Sqrt[a]l + Sqrtlcl*x~2)*Sqrtl[(a + c*x74)/(Sqrtlal + S

qrt [c]*x~2)"2]*EllipticF [2*xArcTan[(c”~(1/4)*x)/a~(1/4)]1, 1/2]1)/(2*c~(3/4)*Sq

rt[a + cxx~4])

Rule 226

Int[1/Sqrtl(a_) + (b_.)*(x_)"4], x_Symbol] :> With[{q = Rt[b/a, 41}, Simpl[(
1 + q72*xx"2)*(Sqrt[(a + b*x"4)/(ax(1 + q~2%x~2)"2)]/(2*xg*Sqrt[a + b*x"4]))*
EllipticF[2*ArcTan[q*x], 1/2], x]] /; FreeQ[{a, b}, x] && PosQ[b/a]

Rule 1210

Int[((d)) + (e_.)*(x_)"2)/Sqrtl[(a_) + (c_.)*(x_)"4], x_Symbol] :> With[{q =
Rt[c/a, 41}, Simp[(-d)*x*(Sqrtla + c*x~4]1/(ax(1 + q~2*x~2))), x] + Simpl[d*
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(1 + qg~2*%x"2)*(Sqrt[(a + c*x"4)/(ax(1 + q~2%x72)"2)]/(q*Sqrt[a + c*xx~4]))*E
1llipticE[2*ArcTan[q*x], 1/2], x] /; EqQle + d*q~2, 0]] /; FreeQ[{a, c, d, e
}, x] && PosQ[c/al

Rule 1212

Int[((d_) + (e_.)*(x_)"2)/Sqrtl[(a_) + (c_.)*(x_)"4], x_Symbol] :> With[{q =
Rt[c/a, 2]}, Dist[(e + d*q)/q, Int[1/Sqrtl[a + c*x~4], x], x] - Distl[e/q, I
nt[(1 - q*x~2)/Sqrtla + c*xx~4], x], x] /; NeQ[e + dxq, 0]] /; FreeQ[{a, c,
d, e}, x] && PosQ[c/a]

Rubi steps
1_\/\;}2
/—A+Bx2 dm—( fB) (\/CTB)I\/CL—i-Zac‘l dz
va+ cx? B \/a+cx4 Ve
va a c z? a+ex! | an—L Va1
_ Bzva+cat _fB(f+f >\/(\/E+\/Ex2)2 E(2t (%)b
A (Va' + +/c'z?) c3/4va + cxt

Mathematica [C] Result contains higher order function than in optimal. Order 5 vs. order
4 in optimal.
time = 10.04, size = 77, normalized size = 0.34

4
\/1+ ﬂ <3szF1(i, 5 —‘””74> + Bz? 2F1<%, Tt —%))

Antiderivative was successfully verified.

[In] Integrate[(A + B*x~2)/Sqrtl[a + c*x~4],x]

[Out] (Sqrtl[l + (c*x"4)/al*(3*A*x*Hypergeometric2F1[1/4, 1/2, 5/4, -((c*x~4)/a)]
+ Bxx~3*Hypergeometric2F1[1/2, 3/4, 7/4, -((c*x~4)/a)]))/(3*Sqrt[a + c*x"4]

)

Maple [C] Result contains complex when optimal does not.
time = 0.12, size = 169, normalized size = 0.75

’ method ‘ result




default

wﬁm\/z
v 1= i Va Vo v

55
Vva
elliptic . ‘
\/ ive Vert+a /¢

iBr\/a \/ 1-— i\/\/ga_ﬁ | \/ 1+ i\\//Ea_ﬁ | (EllipticF (z\/g z) —EllipticE (z i\\//g z)) . A1 - i\/\/Ea
i/C o (EllipticF (z ive z) —EllipticE (z ive z)) A1 — iv/e
ve +
V&T

Verification of antiderivative is not currently implemented for this CAS.

[In] int((B*x~2+A)/(c*x"4+a)~(1/2),x,method=_RETURNVERBOSE)

[Out] I*Bxa~(1/2)/(I/a~(1/2)*c~(1/2))~(1/2)*(1-I/a~(1/2)*c”(1/2)*x~2)~(1/2)*(1+I/
a~(1/2)*c”(1/2)*x~2)~(1/2) / (c*x~4+a) " (1/2) /c~(1/2) *(E1lipticF (x*(I/a~ (1/2) *
c~(1/2))~(1/2),I)-EllipticE(x*(I/a~(1/2)*c~(1/2))~(1/2),1))+A/(I/a~(1/2)*c™
(1/2))~(1/2)*(1-I/a~(1/2)*c~ (1/2)*x~2) " (1/2) *(1+I/a~ (1/2) *c~ (1/2) *x~2) " (1/2

)/ (c*x~4+a) "~ (1/2)*EllipticF (xx(I/a~(1/2)*c~(1/2))~(1/2),1)

Maxima [F]
time = 0.00, size = 0, normalized size = 0.00

Failed to integrate
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((B*x~2+A)/(c*x"4+a)~(1/2),x, algorithm="maxima")
[Out] integrate((B*x~2 + A)/sqrt(c*x~4 + a), x)

Fricas [F(-2)]
time = 0.00, size = 0, normalized size = 0.00

Exception raised: TypeError
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((B*x~2+A)/(c*x~4+a)~(1/2),x, algorithm="fricas")
[Out] Exception raised: TypeError >> Symbolic function elliptic_ec takes exactly
1 arguments (2 given)

Sympy [C] Result contains complex when optimal does not.
time = 0.93, size = 78, normalized size = 0.35
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((Bxx**2+A)/(c*x**4+a)**x(1/2),x)

[Out] A*x*gamma(1/4)*hyper((1/4, 1/2), (5/4,), cxxx*4dxexp_polar(Ixpi)/a)/(4*sqrt(
a)*gamma(5/4)) + Bxx**3*xgamma(3/4)*hyper((1/2, 3/4), (7/4,), c*x**x4dxexp_pol
ar(I*pi)/a)/(4*sqrt(a)*gamma(7/4))

Giac [F|
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((B*x~2+A)/(c*x"4+a)~(1/2),x, algorithm="giac")

[Out] integrate((B*x~2 + A)/sqrt(c*x"4 + a), x)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.00
Bz’ + A
Tt dx

Vezt+a
Verification of antiderivative is not currently implemented for this CAS.

[In] int((A + B*x"2)/(a + c*x~4)"(1/2),x%)
[Out] int((A + Bxx"2)/(a + c*x~4)~(1/2), x)
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3.5 A+Bz” dz

(d+ez?) vV a + C$4‘

Optimal. Leaf size=369

-1 cd? + ae? » a B— A+ a c z? a+t ezt ‘F 2tan
i At (PRI ) (VTB-AVE) (VE >¢(ﬁ+m2)2 (24
2vd /e Ved? + ae? 2v/a v/c' (Vc'd—+/a'e) Va+ cz

[Out] -1/2*%(-A*e+Bxd)*arctan(x*(axe~2+c*xd~2)~(1/2)/d~(1/2)/e~(1/2)/(c*x~4+a)~(1/2
))/da"(1/2) /e~ (1/2) /(axe~2+c*d"2) ~(1/2)-1/2*(cos(2*arctan(c~(1/4) *x/a~(1/4))
)~2)~(1/2) /cos(2*arctan(c~(1/4)*x/a~(1/4)))*EllipticF(sin(2*arctan(c~(1/4)*
x/a”~(1/4))),1/2%x27(1/2))*(B*xa~ (1/2)-A*c~(1/2) ) *(a~ (1/2) +x~2*%c~(1/2) ) * ((c*x~
4+a)/(a~(1/2)+x"2%c~(1/2))"2)"(1/2)/a~(1/4) /c~(1/4) / (—exa~(1/2)+d*c~(1/2))/
(c*xx"4+a)~(1/2)+1/4*a~(3/4) * (~A*e+B*xd) * (cos (2*xarctan(c” (1/4)*x/a"~(1/4)))"2)
~(1/2)/cos(2xarctan(c~(1/4)*x/a~(1/4)))*EllipticPi(sin(2*arctan(c”(1/4)*x/a
~(1/4))),-1/4*x(-exa~(1/2)+d*c~(1/2))"2/d/e/a~(1/2)/c~(1/2) ,1/2*2"(1/2)) *x(a~
(1/2)+x72xc~(1/2) ) *(e+d*xc~(1/2) /a~(1/2)) ~2*% ((c*xx~4+a) /(a~ (1/2) +x"2%c~(1/2))
~2)~(1/2)/c~(1/4)/d/e/ (-~axe~2+c*xd~2) / (c*x"4+a)~(1/2)

Rubi [A]
time = 0.24, antiderivative size = 369, normalized size of antiderivative = 1.00, number of

number of rules __
' integrand size 0.107,

steps used = 3, number of rules used = 3, integrand size = 28
Rules used = {1723, 226, 1721}

. 2 [_atest PR (Vesvae) AW [a¥ed /e
@ (Va + Ve \/f’(ﬁ ., (%H) (Bdeem(,(i . \/E‘) ;2ArcTuxl<%) \5> (Bd’AE)A"“T““<\/§m4> (Va + vEe?) Vj 7 :\fﬁz?)z (\/;B,A\/;W(ZAMM,(%) ‘%)
4/c deva+ cz* (cd? — ae?) - 2Vd e Vae® + cd B 2Va /e Va+eat (Ved—ae)

Antiderivative was successfully verified.
[In] Int[(A + B*x~2)/((d + e*x”2)*Sqrt[a + c*x~4]),x]

[Out] -1/2%((B*d - Axe)*ArcTan[(Sqrt[c*d~2 + a*e”2]*x)/(Sqrt[d]*Sqrt[e]l*Sqrt[a +
c*x~4]1)])/(Sqrt [d]*Sqrt [e] *Sqrt [cxd"2 + axe”2]) - ((Sqrt[al*B - A*Sqrtl[c])*
(Sqrt[a]l + Sqrtlcl*x~2)*Sqrt[(a + c*x"4)/(Sqrtla] + Sqrtlcl*x~2)~2]*Ellipti
cF[2*ArcTan[(c~(1/4)*x)/a~(1/4)]1, 1/2]1)/(2*xa~(1/4)*c~(1/4)*(Sqrt[cl*d - Sqr
t[al*e)*Sqrt[a + cxx~4]) + (a~(3/4)*((Sqrtlcl*d)/Sqrtl[al + e)~2x(B*d - Axe)
*(Sqrt[a] + Sqrtlcl*x~2)*Sqrt[(a + c*x~4)/(Sqrt[a] + Sqrt[c]l*x~2)~2]*Ellipt
icPi[-1/4*(Sqrt[c]*d - Sqrt[al*e)~2/(Sqrt[a]*Sqrt[c]l*d*e), 2*ArcTan[(c~(1/4
)xx)/a”~(1/4)1, 1/2]1)/(4*c™(1/4)*d*ex(cxd"2 - a*xe”2)*Sqrt[a + c*x74])

Rule 226

Int[1/Sqrt[(a_) + (b_.)*(x_)"4], x_Symbol] :> With[{q = Rt([b/a, 4]}, Simp[(
1 + q72*%x72)*(Sqrt[(a + b*xx"4)/(a*x(1 + q~2*x"2)"2)]/(2*q*Sqrt[a + b*x"4]))*
EllipticF[2*ArcTan([q*x], 1/2], x]] /; FreeQ[{a, b}, x] && PosQ[b/al
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Rule 1721

Int[((AD) + (B_.)*(x_)72)/(((d)) + (e_.)*(x_)"2)*Sqrtl(a_) + (c_.)*(x_)"4])
, x_Symbol] :> With[{q = Rt[B/A, 2]}, Simp[(-(B*d - Axe))*(ArcTan[Rt[c*(d/e
) + ax(e/d), 2]*(x/Sqrtla + c*x74]1)]/(2*dxe*xRt[cx(d/e) + ax(e/d), 2])), xI]
+ Simp[(Bxd + A*e)*(A + B*x"2)*(Sqrt[A~2x((a + cxx~4)/(ax(A + B*x~2)72))]1/(
4xdxexA*q*Sqrt[a + c*x"4]))*EllipticPi[Cancel[-(B*d - Axe)~2/(4*d*exAxB)],
2xArcTan[q*x], 1/2]1, x]] /; FreeQ[{a, c, d, e, A, B}, x] && NeQ[c*d™2 + axe
"2, 0] &% NeQ[c*d~2 - a*e”2, 0] && PosQ[c/al && EqQ[c*A~2 - axB~2, 0]

Rule 1723

Int[(C(A_.) + (B_.)*(x_)"2)/(((d.) + (e_.)*(x_)~"2)*Sqrtl(a_) + (c_.)*(x_)"4]
), x_Symbol] :> With[{q = Rtlc/a, 2]}, Dist[(A*x(c*d + axe*q) - a*Bx(e + dxq
))/(c*d”2 - a*e”2), Int[1/Sqrtl[a + c*xx~4], x], x] + Dist[ax(Bxd - Axe)*((e
+ dxq)/(c*d”2 - a*e”2)), Int[(1 + g*x~2)/((d + exx~2)*Sqrt[a + c*x~4]), x],
x]1 /; FreeQl{a, c, d, e, A, B}, x] && NeQ[c*d"2 + a*e~2, 0] && NeQ[c*d~2
- a*e”2, 0] && PosQ[c/al && NeQ[c*A~2 - a*xB~2, 0]

Rubi steps
1+\/E””2
1 \/a d
— S S Bd—- A - dx
A+ B’ dxz_(ﬁB A\/E)f\/a+cx4 dx+ <\/E( e))f(d+eac2)\/a+calc4
(d+ ex?) Va+ cx* Ved—+/a'e Ved—yae

(Bd—Ae)tan‘l(ﬁV%;%) (Va'B-AVe) (Va + Vea?)

2vd /e Ved® + ae? 2v/a /e (v

Mathematica [C] Result contains complex when optimal does not.
time = 10.22, size = 138, normalized size = 0.37

] %4  sinh ™! Z\/Ex — — e —@'isin -1 ﬂx
M/l—i—a (BdF(zsmh ( Ve )‘ 1)+( Bd—I—A)H( Vel h ( Ve )

ive deva + cz?
va

)

Antiderivative was successfully verified.

[In] Integrate[(A + B*x~2)/((d + e*x~2)*Sqrtl[a + c*x~4]),x]
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[Out] ((-I)*Sqrt[1 + (c*x~4)/al*(B*d*EllipticF[I*ArcSinh[Sqrt[(I*Sqrt[c])/Sqrt[al
1xx], -11 + (-(B*d) + Axe)*EllipticPi[((-I)*Sqrt[al*e)/(Sqrtl[c]l*d), IxArcSi
nh[Sqrt [(I*Sqrt[c]l)/Sqrtlall*x], -11))/(Sqrt[(I*Sqrt([cl)/Sqrt[a]]*d*e*xSqrt[

a + cxx~4])

Mabple [C] Result contains complex when optimal does not.
time = 0.15, size = 192, normalized size = 0.52

method | result
. z\/g 2 | z\/E 22 ‘ o
1-— \/E z? \/ EllipticF (x \/? ,i) (Ae—Bd) \/ 1 Ja 1+ NG Ellipt;
a
default . _ ‘
4 —
cx —|— a § \/ \/E -
\/ ‘|‘ x EllipticF (:1: Z\/\/E ,i) \/1 \/CT 1+ \/E EllipticPi| = \/
a
elliptic \/_ . _
4 — X
Ja Yere 0[S Vers

Verification of antiderivative is not currently implemented for this CAS.

[In] int((B*x~2+A)/(e*xx~2+d)/(c*x"4+a)~(1/2),x,method=_RETURNVERBOSE)

[Out] B/e/(I/a~(1/2)*c~(1/2))~(1/2)*(1-I/a~(1/2)*c~(1/2)*x~2)~(1/2)*(1+I/a~(1/2)*
c~(1/2)*x~2)~(1/2) / (c*x~4+a) " (1/2)*E1lipticF (x*(I/a~(1/2)*c~(1/2))~(1/2),I)
+(Axe-Bxd) /e/d/(I/a~(1/2)*c~(1/2))~(1/2)*(1-I/a~(1/2)*c~(1/2)*x~2) " (1/2)* (1
+I/a”~(1/2)*c~(1/2)*x~2)~(1/2) / (c*x~4+a) " (1/2) *E1llipticPi (x*(I/a~(1/2) *c~(1/
2))°(1/2),I*xa~(1/2)/c~(1/2)*e/d, (-I/a~(1/2)*c~(1/2))~(1/2)/(I/a~(1/2)*c~(1/
2))7(1/2))

Maxima [F]

time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((B*x~2+A)/(e*x~2+d)/(c*x"4+a)~(1/2),x, algorithm="maxima")
[Out] integrate((B*x~2 + A)/(sqrt(c*x™4 + a)*(x"2*e + d)), x)

Fricas [F(-1)] Timed out
time = 0.00, size = 0, normalized size = 0.00

Timed out
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Verification of antiderivative is not currently implemented for this CAS.
[In] integrate((B*x~2+A)/(e*x”2+d)/(c*x"4+a)~(1/2),x, algorithm="fricas")

[Out] Timed out

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

2
A+ Bz dx

Va+czt (d+ ex?)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((B*x**2+A)/(exx**2+d)/(c*x**4+a)**x(1/2) ,%x)
[Out] Integral((A + B*x**2)/(sqrt(a + cxx*x4)*(d + exx**2)), x)

Giac [F|
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.
[In] integrate((B*x~2+A)/(e*x~2+d)/(c*x"4+a)~(1/2),x, algorithm="giac")
[Out] integrate((Bxx~2 + A)/(sqrt(c*x~4 + a)*(x"2%e + d)), x)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.00

2
Bz + A dx

Vert+a (ex?+d)

Verification of antiderivative is not currently implemented for this CAS.

[In] int((A + B*xx"2)/((a + c*x~4)~(1/2)*(d + e*x"2)),x)
[Out] int((A + B*x"2)/((a + c*x74)"(1/2)*(d + e*x"2)), x)
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3.6 A+Ba” dz

(dree?)>Va + cz®

Optimal. Leaf size=641

(Bed® — 3Acd*e — aBde? — aAe®) tan™ ( Ve

V' (Bd — Ae)zVa + cxt _e(Bd— Ae)zva+czt fT\/
2d (cd? + ae?) (vVa' + Vc'z?) 2d(cd® + ae?) (d + ex?) Ad3/2\/E (cd? + ae?)?/?

[Out] -1/4*(-A*axe~3-3*%A*c*d~2xe-B*a*d*e~2+Bxc*d~3)*arctan(x*(axe~2+c*d~2)~(1/2)/
d~(1/2)/e~(1/2) / (c*x~4+a)~(1/2)) /d~(3/2) / (a*e™2+c*d"2) ~(3/2) /e~ (1/2) -1/2*ex
(—Axe+B*d) *x* (cxx"4+a) " (1/2) /d/ (a*e~2+c*d"2) / (e*x~2+d) +1/2* (—A*e+B*xd) *x*c™ (
1/2)*x(cxx~4+a)~(1/2)/d/(axe”2+c*xd~2) /(a~(1/2)+x"2*%c~(1/2))-1/2*a"~(1/4)*c~ (1
/4) * (~A*xe+Bxd) * (cos (2*arctan(c”(1/4)*x/a~(1/4)))"2)~(1/2) /cos(2*arctan(c” (1
/4)*x/a~(1/4)))*EllipticE(sin(2*arctan(c~(1/4)*x/a~(1/4))),1/2x2~(1/2))*(a~
(1/2)+x72%c~(1/2) ) *((c*x"4+a) /(a~ (1/2)+x"2%c~(1/2))"2)~(1/2) /d/ (a*e™2+c*xd"2
)/ (c*x~4+a)~(1/2)+1/2xAxc” (1/4) *(cos(2*arctan(c~(1/4)*x/a~(1/4)))"2)~(1/2)/
cos(2xarctan(c~(1/4)*x/a~(1/4)))*EllipticF(sin(2*arctan(c”(1/4)*x/a"~(1/4)))
,1/2%27(1/2) )% (= (1/2)+x72%c™(1/2) ) * ((c*xx~4+a) /(a~ (1/2)+x~2xc~(1/2))~2)~(1/
2)/a~(1/4)/d/(-exa~(1/2)+d*c”(1/2))/(c*x"4+a) ~(1/2)+1/8* (—Axaxe~3-3xAxcxd"~2
xe-Bxa*xd*e 2+Bxc*d~3) * (cos(2*arctan(c~(1/4)*x/a~(1/4)))"2)~(1/2) /cos(2*arct
an(c”(1/4)*x/a~(1/4)))*EllipticPi(sin(2*arctan(c”(1/4)*x/a~(1/4))) ,-1/4*(-e
*a~(1/2)+d*c~(1/2))~2/d/e/a~(1/2)/c”(1/2) ,1/2*%27(1/2) ) *(exa” (1/2)+d*c~ (1/2)
Y*x(a~(1/2)+x72xc~(1/2) ) *((c*x~4+a) /(a~ (1/2)+x"2%c~(1/2))~2)~(1/2) /a~(1/4) /c
~(1/4)/d"2/e/(a*e~2+c*d~2) / (—exa~ (1/2)+d*c~(1/2)) / (c*x"4+a) ~(1/2)

Rubi [A]

time = (.76, antiderivative size = 641, normalized size of antiderivative = 1.00, number of

number of rules _
8, integrand size 0.214,

steps used = 6, number of rules used = 6, integrand size = 2
Rules used = {1711, 1729, 1210, 1723, 226, 1721}

T P P ara [ (VEu-va)

VTR (V4 vEr) [—E g agp(aancTan($E2)12) (VA +vER L (VEe+ VEd) (~ade - aBde? - Acke + Be) I — 2areTan(Y22) 13 . N o (T VE (T 4 Ve 2T poareran( 4E2) 1)
VAR V) [ e (B Ade (et () ) (V4 VE) e ot e et "( i \7"’/“) (ot e s o) st BT ) AR+ (e (#)Y o o) coVaT e (Bl A

Ve s vewr v )
Wt e (ot o) W Ve et e (Ved— Ve @+ o) Ve e WadVar e (Ved—vae]

Antiderivative was successfully verified.
[In] Int[(A + Bxx"2)/((d + exx"2)"2xSqrt[a + c*x~4]),x]

[Out] (Sqrtlc]l*(B*d - Axe)*xxSqrtl[a + c*x~4])/(2*d*x(c*d"2 + a*e~2)*(Sqrt[a] + Sqr
tlcl*x72)) - (ex(Bxd - Axe)#*x*Sqrtl[a + c*xx"4])/(2*d*(c*d”™2 + axe”2)*(d + ex
x72)) - ((Bxcxd™3 - 3*Axcxd"2%e - axBxd*e”2 - axA*e”3)*ArcTan[(Sqrt([c*d~2 +
axe”2] *x)/(Sqrt [d] *Sqrt [e]*Sqrt[a + c*xx~4])])/(4*d"(3/2)*Sqrt[e]*(cxd"2 +
axe”2)7(3/2)) - (a~(1/4)*c”(1/4)*(Bxd - Axe)*(Sqrt[a]l + Sqrt[cl*x"2)*Sqrt[(
a + cxx"4)/(Sqrt[al + Sqrtlcl*x"2)"2]*EllipticE[2*ArcTan[(c~(1/4)*x)/a"~(1/4
)1, 1/21)/(2%d*(cxd”2 + a*e”~2)*Sqrt[a + c*xx~4]) + (A*c~(1/4)*(Sqrt[a] + Sqr
tlcl*x~2)*Sqrt[(a + c*x~4)/(Sqrtla] + Sqrtlcl*x~2)~2]*EllipticF[2*ArcTan[(c
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~(1/4)*x)/a~(1/4)], 1/2])/(2*a~(1/4)*d*(Sqrt[cl*d - Sqrt[al*e)*Sqrt[a + c*x
~4]) + ((Sqrtlcl*d + Sqrt[al*e)*(Bxc*d™3 - 3xAxc*d"2%e - a*B*xd*e”2 - a*A*xe”
3)*(Sqrt[a] + Sqrtlcl*x~2)*Sqrt[(a + c*x"4)/(Sqrt[a]l + Sqrtlcl*x"2)~"2]*E1li
pticPi[-1/4*(Sqrt[cl*d - Sqrtl[al*e)~2/(Sqrt[al*Sqrt[c]l*d*e), 2*ArcTan[(c~(1
/8)*x)/a~(1/4)], 1/2])/(8*a”(1/4)*c™(1/4)*d"2%ex(Sqrt [c]*d - Sqrt[al*e)*(cx*
d~2 + a*e”2)*Sqrt[a + cxx"4])

Rule 226

Int[1/Sqrt[(a_) + (b_.)*(x_)"4], x_Symbol] :> With[{q = Rt[b/a, 41}, Simp[(
1 + q72*x"2)*(Sqrt[(a + b*x"4)/(ax(1 + q~2%x"2)"2)]1/(2*g*Sqrt[a + b*x~4]))*
EllipticF[2*ArcTan[q*x], 1/2], x]]1 /; FreeQ[{a, b}, x] && PosQ[b/al]

Rule 1210

Int[((d)) + (e_.)*(x_)"2)/Sqrtl[(a_) + (c_.)*(x_)"4], x_Symbol] :> With[{q =

Rt[c/a, 41}, Simp[(-d)*x*(Sqrtla + c*x~4]/(ax(1 + q72*x~2))), x] + Simp[dx*
(1 + qg"2*%x"2)*(Sqrt[(a + c*x"4)/(ax(1 + q~2%x72)"2)]/(q*Sqrt[a + c*xx"4]))*E
1llipticE[2*ArcTan[q*x], 1/2], x] /; EqQle + d*q~2, 0]] /; FreeQ[{a, c, d, e
}, x] && PosQ[c/al

Rule 1711

Int [((P4x_)*((d_) + (e_.)*(x_)"2)"(q_))/Sqrt[(a_) + (c_.)*(x_)"4], x_Symbol
] :> With[{A = Coeff[P4x, x, 0], B = Coeff[P4x, x, 2], C = Coeff[P4x, x, 4]
}, Simp[(-(Cxd~2 - Bxd*e + Axe”2))*x*(d + e*x"2)"(q + 1)*(Sqrt[a + c*xx"4]/(
2xd*(q + 1)*(cxd”2 + axe”2))), x] + Dist[1/(2*d*(q + 1)*(cxd"2 + a*xe”2)), I
nt[((d + exx"2)"(q + 1)/Sqrtla + c*x~4])+*Simp[a*d*(C*d - Bxe) + Ax(axe”2x%(2
xq + 3) + 2%ckd"2x(q + 1)) + 2xdx(Bkcxd - A*xcke + axCxe)*(q + 1)*x"2 + c*x(C
*d~2 - Bkdxe + A*e~2)*(2%q + 5)*x~4, x], x], x]] /; FreeQ[{a, c, d, e}, x]
&& PolyQ[P4x, x~2] && LeQ[Expon[P4x, x], 4] && NeQ[c*d™2 + axe”2, 0] && ILt
Qlq, -1]

Rule 1721

Int[((AD) + (B_.)*(x_)"2)/(((d_) + (e_.)*(x_)"2)*Sqrt[(a_) + (c_.)*(x_)"4]1)
, x_Symbol] :> With[{q = Rt[B/A, 2]}, Simp[(-(B*d - Axe))*(ArcTan[Rt[c*(d/e
) + ax(e/d), 2]*(x/Sqrtla + c*xx~4])]/(2xdxexRt[cx(d/e) + ax(e/d), 2])), x]
+ Simp[(B*d + A*e)*(A + B*x"2)*(Sqrt[A~2x((a + c*xx"4)/(ax(A + B*x~2)"2))]1/(
4xdxexA*q*Sqrt[a + c*x"4]))*EllipticPi[Cancel[-(B*d - Axe)~2/(4*d*exAxB)],
2xArcTan[q*x], 1/2], x]1] /; FreeQ[{a, c, d, e, A, B}, x] && NeQ[cxd~2 + axe
=2, 0] &% NeQ[c*d~2 - a*e”™2, 0] && PosQ[c/al && EqQ[c*A~2 - axB~2, 0]

Rule 1723

Int[((A_.) + (B_.)*(x_)72)/(((d_) + (e_.)*(x_)"2)*Sqrt[(a_) + (c_.)*(x_)"4]
), x_Symbol] :> With[{q = Rt[c/a, 2]}, Dist[(A*(c*d + axe*q) - a*Bx(e + d*q
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))/(c*d”2 - a*e”2), Int[1/Sqrt[a + c*xx~4], x], x] + Dist[ax(Bxd - Axe)*((e
+ dxq)/(c*d”2 - a*e”2)), Int[(1 + g*x~2)/((d + exx~2)*Sqrt[a + c*x~4]), x],
x]] /; FreeQ[{a, c, d, e, A, B}, x] && NeQ[c*d"2 + a*xe”2, 0] && NeQ[c*xd"2
- a*e”2, 0] && PosQ[c/al && NeQ[c*A~2 - a*xB~2, 0]

Rule 1729

Int[(P4x_)/(((d_ ) + (e_.)*(x_)"2)*Sqrtl(a_) + (c_.)*(x_)"4]), x_Symbol] :>

With[{q = Rt[c/a, 2], A = Coeff[P4x, x, 0], B = Coeff[P4x, x, 2], C = Coeff
[P4x, x, 4]}, Dist[-C/(exq), Int[(1 - q*x~2)/Sqrt[a + c*x~4], x], x] + Dist
[1/(cxe), Int[(A*c*e + a*xCxd*q + (Bkcke - Ckx(cxd - axexq))*x"2)/((d + e*x"2
)xSqrt[a + c*x~4]), x]1, x]1] /; FreeQ[{a, c, d, e}, x] && PolyQ[P4x, x~2, 2]
&& NeQ[cxd™2 + axe”2, 0] && NeQ[cxd™2 - axe™2, 0] && PosQ[c/al

Rubi steps
f —2Acd?—aBde—aAe?—2cd(Bd— Ae)x? —ce(Bd—Ae)x* dz
A+ Bzx? e(Bd — Ae)zva + cxt (d+ez?)Va + cxt
T =— —

(d + em2)2 va-+ cxt 2d (Cd2 + aeQ) (d + 6.’1)2) 2d (Cd2 + ae2)
- \/CT c3/2de(Bd—Ae)+ce(—2Acd®>—aBde—aAe?)+ (—202d
. _e(Bd — Ae)zva + cxt B J (d+ez2)Va + ¢
"~ 2d(cd? + ae?) (d + ex?) 2cde (ed? + ¢

va' /c (Bd — .
Vc' (Bd — Ae)zVa + cz* e(Bd — Ae)zvVa + cz* (

" 2d(cd? +ae?) (va + e z?)  2d(cd? + ae?) (d+ ex?)

Bed? — 3Acd?
V¢ (Bd — Ae)xvVa + cxt e(Bd — Ae)zVa + cz* (Be o

~ 2 (cd? + ae?) (vVa + v/ z2)  2d(cd? + ae?) (d + ex?)

Mathematica [C] Result contains complex when optimal does not.
time = 10.58, size = 297, normalized size = 0.46

n - -
i1+ @ iv/@' \/C de(Bd—Ae)E | isinh—! e z||-1 +\/E‘d(\/zd71\/€e>(3d7Ae)F ssmnet | | S,
de(—Ba+Ac)s(atert) a NG N
>

P +ae?)(d+ez
(cd®+ae?)(d+ex?) ive
— = (cd?etac?)
Va
2d2Va + ca*

ivc
71) +(—Bed*+3Acd?e+aBde? +aAe?)TT (7 xﬁe;tsinh” ( :c) -
ca

Antiderivative was successfully verified.

[In] Integrate[(A + B*x~2)/((d + e*x~2)~2xSqrt[a + c*x~4]),x]
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[Out] ((d*ex(-(Bxd) + Axe)*xx(a + c*x74))/((c*xd"2 + axe”2)*(d + exx"2)) - (I*Sqrt
[1 + (c*x"4)/al*(IxSqrt[al*Sqrt[c]*d*ex(Bxd - A*e)*EllipticE[I*ArcSinh[Sqrt
[(I*Sqrt[c]l)/Sqrt[all*x], -1] + Sqrt[cl*d*(Sqrt[cl*d - I*Sqrt[al*e)*(Bxd -
Axe)*EllipticF [I*ArcSinh[Sqrt [(I*Sqrt[c])/Sqrt[all*x], -1]1 + (-(Bxc*d~3) +
3kA*ckd"2*e + a*Bkxd*e”2 + a*A*xe”3)*EllipticPi[((-I)*Sqrt[al*e)/(Sqrtlc]*d),
I*ArcSinh[Sqrt [(I*Sqrt[c])/Sqrtlall*x], -11))/(Sqrt[(I*Sqrt[cl)/Sqrt[all*(
c*d"2xe + a*e”3)))/(2%d"2*xSqrt[a + c*x74])

Maple [C] Result contains complex when optimal does not.
time = 0.16, size = 679, normalized size = 1.06

method | result

(Ac—Bad) 2/ cxt+a

Zd(a 62+C d2) (e m2+d)

B\/l - i\\//za—ﬂ | \/1 + i\/\/c;ﬂ | EllipticPi m\/@’i\%g:’ \/_z\/E ‘

B

I

va_ )

default

elliptic | Expression too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int((B*x~2+A)/(exx~2+d)~2/(c*x"4+a)~(1/2) ,x,method=_RETURNVERBOSE)

[Out] B/e/d/(I/a~(1/2)*c~(1/2))"(1/2)*(1-I/a~(1/2)*c~(1/2)*x~2)~(1/2)*(1+I/a"~(1/2
)*c™(1/2)*x~2)~(1/2) / (c*x~4+a) " (1/2)*E11lipticPi(x*(I/a~ (1/2)*c~(1/2))~(1/2)
,I¥a~(1/2)/c~(1/2)*e/d, (-I1/a~(1/2)*c~(1/2))~(1/2)/(I/a~(1/2)*c~(1/2))~(1/2)
)+(Axe-B*d) /e* (1/2*%e"2*xx* (c*xx~4+a) "~ (1/2)/d/ (a*e”2+c*d"2) / (exx~2+d)-1/2*c/(a
xe~2+c*d”2)/(I/a~(1/2)*c~(1/2))~(1/2)*(1-I/a~(1/2)*c~(1/2)*x~2) ~(1/2)*(1+I/
a~(1/2)*c”(1/2)*x~2)~(1/2) / (c*x~4+a) " (1/2)*E1lipticF (x*(I/a~(1/2)*c~(1/2))~
(1/2),1)-1/2%I*c~(1/2)*e/d/(a*e~2+c*d~2)*a~(1/2) /(I/a~(1/2)*c~(1/2))~(1/2) *
(1-I/a~(1/2)*c~(1/2)*x~2) " (1/2) *(1+I/a”~ (1/2) *c~ (1/2) *x~2) ~(1/2) / (c*xx~4+a) ~ (
1/2)*E1lipticF (x*(I/a~(1/2)*c~(1/2))~(1/2),1)+1/2*%Ixc~(1/2)*e/d/ (a*e~2+c*d~
2)*xa~(1/2)/(I/a~(1/2)*c~(1/2))~(1/2)*(1-I/a~(1/2) *c~(1/2)*x~2)~(1/2)*(1+I/a
~(1/2)*%c”(1/2)*x~2)~(1/2) / (c*x~4+a) " (1/2) *E1lipticE(x*(I/a~(1/2)*c~(1/2))~(
1/2),I1)+1/2/d"2/ (axe"2+c*d"2)*e~2/(1/a~ (1/2)*c~(1/2))~(1/2)*(1-I/a~(1/2) *c~
(1/2)*x72)~(1/2)*(1+1/a”~ (1/2)*c~(1/2) *x~2) ~(1/2) / (c*x~4+a) ~(1/2) *E1lipticPi
(x*(I/a~(1/2)*c~(1/2))~(1/2) ,I*xa~(1/2)/c~(1/2)*e/d, (-I/a~(1/2)*c~(1/2))~(1/
2)/(I/a~(1/2)*c~(1/2))~(1/2))*a+3/2/ (axe~2+cxd~2) /(I/a~ (1/2)*c~(1/2))~(1/2)
*(1-I/a"(1/2)*c~(1/2)*x~2)~(1/2) *(1+I/a~ (1/2)*c~(1/2)*x~2)~(1/2) / (c*x"4+a) "~
(1/2)*E1lipticPi(x*(I/a~(1/2)*c~(1/2))~(1/2),I*xa~(1/2)/c~(1/2)*e/d,(-I/a~ (1
/2)xc~(1/2))~(1/2)/(I/a~(1/2)*c~(1/2))~(1/2) ) *c)
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Maxima [F]
time = 0.00, size = 0, normalized size = 0.00

Failed to integrate
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((B*x~2+A)/(e*x~2+d)~2/(c*x"4+a)~(1/2),x, algorithm="maxima")
[Out] integrate((B*xx~2 + A)/(sqrt(c*x”4 + a)*(x"2*e + d)~2), x)

Fricas [F(-1)] Timed out
time = 0.00, size = 0, normalized size = 0.00

Timed out
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((B*x~2+A)/(e*x~2+d)~2/(c*x"4+a)~(1/2),x, algorithm="fricas")
[Out] Timed out

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

A+ Bz?
Va +czt (d+ ex?)’

Verification of antiderivative is not currently implemented for this CAS.

dz

[In] integrate((B*x**2+A)/(exx**2+d)**2/ (c*x**4+a)**(1/2) ,x)

[Out] Integral((A + Bxx**2)/(sqrt(a + ckx**4)*(d + e*x**2)**2), x)
Giac [F]

time = 0.00, size = 0, normalized size = 0.00

could not integrate
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((B*x~2+A)/(e*x~2+d)~2/(c*x"4+a)~(1/2),x, algorithm="giac")
[Out] integrate((B*x~2 + A)/(sqrt(c*x™4 + a)*(x"2*e + d)~2), x)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.00

Bz + A
Vert+a (ex? +d)°

Verification of antiderivative is not currently implemented for this CAS.

dz

[In] int((A + Bxx~2)/((a + c*x"4)~(1/2)*(d + exx~2)"2),x)
[Out] int((A + Bxx~2)/((a + c*x"4)~(1/2)*(d + exx~2)"2), x)



66

3.7 A+Ba” dx

(d+ex2)3 vVa -+ C$4‘

Optimal. Leaf size=875

Ve (5Bcd® — 9Acd’e — aBde® — 3aAe®) xvVa+cxt  e(Bd — Ae)zVa+cat  e(5Bcd® —9Acd’e — aBd
82 (cd? + ae?)? (Va' + +/c z?) 4d (cd? + ae?) (d + ex?)? 842 (cd? + ae?

[Out] 1/16%(3xA*xex(a”2xe”4+2xa*xc*xd~2*e~2+5%c"2+%d~4)-Bx(-a~2xd*e~4-10*a*c*d " 3*e~2+
3*%c~2xd"5) ) *arctan(x* (a*e”2+cxd~2) ~(1/2)/d~(1/2) /e~ (1/2) / (c*x~4+a)~(1/2))/d
~(5/2)/(a*e~2+cxd”2) " (5/2) /e~ (1/2) -1/4*e*x (~A*e+B*d) *x* (cxx~4+a) ~ (1/2) /d/ (a*
e~ 2+c*d”2) / (exx"2+d) "2-1/8*e*x (-3xA*a*xe”3-9xA*c*d~2*e-Bra*d*xe 2+5xB*cxd"3) *x
*x(cxx~4+a)~(1/2)/d"2/ (axe™2+c*xd"2) "2/ (exx~2+d) +1/8% (-3*A*a*xe”~3-9*Axc*d~2xe-
Bxaxdxe 2+5xBxcxd"3) *x*xc~(1/2) * (c*x”~4+a) ~(1/2)/d"2/ (a*e”2+c*d~2) "2/ (a~ (1/2)
+x72%c”(1/2))-1/8*a” (1/4) *c~ (1/4) * (-3*Axa*e~3-9*Axc*d~2*e-Bxa*dxe”2+5xB*cxd
~3)*(cos(2*arctan(c”~(1/4)*x/a~(1/4)))"2)~(1/2) /cos(2*arctan(c~(1/4) *x/a~(1/
4)))*EllipticE(sin(2*arctan(c™(1/4)*x/a~(1/4))),1/2%27(1/2))*(a~ (1/2)+x"2*c
~(1/2))*x((c*xx~4+a) /(a~(1/2)+x"2*xc~(1/2))"2)~(1/2) /d"2/ (axe~2+c*xd~2) ~2/ (c*xx~
4+a)~ (1/2)-1/32% (3xA*e* (a~2%e 4+2*axc*xd~2*e~2+5xc~2%d~4) -B* (-a~2+d*e”~4-10*a
*cxd"3*%e”2+3*xc"2*d"5) ) * (cos (2*arctan(c~(1/4)*x/a~(1/4)))"2)~(1/2) /cos(2*arc
tan(c~(1/4)*x/a~(1/4)))*EllipticPi(sin(2*arctan(c~(1/4)*x/a~(1/4))) ,-1/4x(-
exa”~ (1/2)+d*xc~(1/2))"2/d/e/a~(1/2)/c~(1/2),1/2%2~(1/2)) *(exa~ (1/2)+d*c~(1/2
) *x(a”(1/2)+x72%c™(1/2) ) *((c*x"4+a) /(a~(1/2)+x"2xc~(1/2))"2)~(1/2)/a~(1/4)/
c~(1/4)/d"3/e/(axe”2+c*d~2) "2/ (~exa~ (1/2)+d*c~(1/2)) /(c*x"4+a)~(1/2)+1/8*c”
(1/4)*(cos(2*arctan(c™(1/4)*x/a~(1/4)))"2)~(1/2) /cos(2xarctan(c~(1/4) *x/a"~(
1/4)))*EllipticF(sin(2*arctan(c~(1/4)*x/a~(1/4))),1/2x2~(1/2))*(a~(1/2)+x"2
*C” (1/2)) * (dxA*xcxd™2+axe* (3kA*xe+B*d) +d* (~Axe+Bxd) *a~ (1/2) *c~ (1/2) ) *((c*x"4+
a)/(a~(1/2)+x"2%c~(1/2))"2)~(1/2)/a~(1/4) /d"2/ (axe~2+c*d~2) / (—exa~ (1/2) +d*c
~(1/2))/(c*x~4+a)~(1/2)

Rubi [A]

time = 1.17, antiderivative size = 875, normalized size of antiderivative = 1.00, number of

number of rules _
integrand size 0.214,

steps used = 7, number of rules used = 6, integrand size = 28,
Rules used = {1711, 1729, 1210, 1723, 226, 1721}

vl ) TRt =t 72 It ) 7kt T s 40 7+ 3) [ e (SE) VR T s st s 7)o LR e )

Antiderivative was successfully verified.
[In] Int[(A + Bxx"2)/((d + exx~2)"3xSqrt[a + c*x~4]),x]

[Out] (Sqrtlc]*(5*Bkcxd~3 - 9*Axc*d~2%e - a*Bkxdxe”2 - 3*axA*e”3)*x*Sqrt[a + c*xx"4
1)/(8%d"2%(c*d~2 + axe~2)~2x(Sqrt[al + Sqrtlcl*x72)) - (ex(B*d - Axe)*x*Sqr
tla + cxx™4])/(4*d*(c*d™2 + a*e”2)*(d + e*x72)72) - (ex(5*B*c*d~3 - 9xAxcxd



67

“2xe - a*Bxdxe~2 - 3kxaxAxe”3)xx*Sqrtla + c*x"4])/(8xd"2*(c*d"2 + axe”2) 2x(
d + e*xx72)) + ((3xAxe*x(5*c”™2%d"4 + 2%a*xcxd"2*%e”2 + a~2%e”4) - Bx(3%c”2xd"5
- 10*a*xcxd"3*e”2 - a~2xd*e”4))*ArcTan[(Sqrt[cxd~2 + a*e~2]*x)/(Sqrt[d]*Sqrt
[el*Sqrt[a + c*x~4]1)]1)/(16*d~(5/2)*Sqrt[e]l*(cxd"2 + a*e~2)~(5/2)) - (a~(1/4
)*c”(1/4) *(5xBxc*d"3 - 9xAxc*d”"2*e - a*Bxd*e”2 - 3*a*Axe~3)*(Sqrt[a] + Sqrt
[c]*x~2)*Sqrt[(a + c*x"4)/(Sqrtl[al + Sqrtl[cl*x~2)~2]*EllipticE[2*ArcTan[(c~
(1/4)*x)/a~(1/4)]1, 1/2]1)/(8*d"2*(cxd"2 + a*xe~2) "2xSqrt[a + c*x~4]) + (c~(1/
4)*(4xAxcxd™2 + Sqrtlal*Sqrt[c]l*d*(Bxd - Axe) + ake*x(Bxd + 3xAxe))*(Sqrt[al
+ Sqrtlcl*x~2)*Sqrt[(a + c*xx~4)/(Sqrt[a] + Sqrtlcl*x~2) 2]*EllipticF[2*Arc
Tan[(c™(1/4)*x)/a~(1/4)], 1/2])/(8*a”~(1/4)*d"2*(Sqrt [c]*d - Sqrt[al*e)*(c*d
~2 + a*e”2)*Sqrt[a + c*xx"4]) - ((Sqrtlcl*d + Sqrt[al*e)*(3*A*ex(5xc~2xd~4 +
2kaxcxd"2%e”2 + a"2%e”4) - B*(3*%c"2xd"5 - 10%a*c*d"3xe”2 - a~2xdxe”4))*(Sq
rt[al] + Sqrtlcl*x~2)*Sqrt[(a + c*x74)/(Sqrt[a] + Sqrtl[c]l*x~2)~2]*EllipticPi
[-1/4%(Sqrt[cl*d - Sqrt[al*e)~2/(Sqrt[al*Sqrt[c]l*d*e), 2*ArcTan[(c~(1/4)*x)
/a~(1/4)1, 1/21)/(32xa~(1/4)*c”~(1/4)*d"3*ex(Sqrt [c]*d - Sqrt[al*e)*(cxd~2 +
axe~2)"2xSqrt[a + c*x74])

Rule 226

Int[1/Sqrt[(a_) + (b_.)*(x_)"4], x_Symbol] :> With[{q = Rt([b/a, 41}, Simp[(
1 + q~2*x"2)*(Sqrt[(a + b*x"4)/(ax(1 + q~2%x"2)"2)]/(2*g*Sqrt[a + b*x~4]))*
EllipticF[2*ArcTan[q*x], 1/2], x]]1 /; FreeQ[{a, b}, x] && PosQ[b/al

Rule 1210

Int[((d)) + (e_.)*(x_)"2)/Sqrtl[(a_) + (c_.)*(x_)"4], x_Symbol] :> With[{q =

Rt[c/a, 41}, Simp[(-d)*x*(Sqrtla + c*x~4]/(ax(1 + q72*x~2))), x] + Simp[dx*
(1 + qg"2*%x"2)*(Sqrt[(a + c*x"4)/(ax(1 + q~2%x72)"2)]/(q*Sqrt[a + c*xx"4]))*E
1lipticE[2*ArcTan[q*x], 1/2], x] /; EqQle + d*q~2, 0]] /; FreeQl{a, c, d, e
}, x] &% PosQlc/al

Rule 1711

Int [((P4x_)*((d_) + (e_.)*(x_)"2)"(q_))/Sqrt[(a_) + (c_.)*(x_)"4], x_Symbol
] :> With[{A = Coeff[P4x, x, 0], B = Coeff[P4x, x, 2], C = Coeff[P4x, x, 4]
}, Simp[(-(C*d"2 - Bxdxe + A*e~2))*x*(d + e*x"2)"(q + 1)*(Sqrt[a + c*x"4]/(
2xdx(q + 1)*(c*d™2 + axe”2))), x] + Dist[1/(2xd*x(q + 1)*(c*d"2 + axe”2)), I
nt[((d + e*x"2)"(q + 1)/Sqrtla + c*x~4])*Simp[a*d*(C*d - Bxe) + Ax(axe”2x%(2
xq + 3) + 2%ckd"2x(q + 1)) + 2xdx(Bkcxd - A*xckxe + axCxe)*(q + 1)*x"2 + c*x(C
*d~2 - Bkdxe + A*e~2)*(2%q + 5)*x~4, x], x], x]] /; FreeQ[{a, c, d, e}, x]
&& PolyQ[P4x, x~2] && LeQ[Expon[P4x, x], 4] && NeQ[c*d"2 + axe”2, 0] && ILt
Qlq, -1]

Rule 1721

Int [((AD) + (B_.)*(x_)72)/(((d)) + (e_.)*(x_)"2)*Sqrtl(a_) + (c_.)*(x_)"4])
, Xx_Symbol] :> With[{q = Rt[B/A, 2]}, Simp[(-(B*d - Axe))*(ArcTan[Rt[c*(d/e
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) + ax(e/d), 2]*(x/Sqrtla + c*x~4])]/(2xdxexRt[cx(d/e) + ax(e/d), 2])), x]
+ Simp[(B*d + Axe)*(A + B*x"2)*(Sqrt[A~2x((a + c*xx~4)/(ax(A + Bxx~2)"2))]/(
4xdxexA*q*Sqrt[a + c*x”4]))*EllipticPi[Cancel[-(B*d - Axe)~2/(4*d*exAxB)],
2xArcTan[q*x], 1/2], x]1] /; FreeQ[{a, c, d, e, A, B}, x] && NeQ[cxd~2 + axe
=2, 0] && NeQ[c*d~2 - axe”2, 0] && PosQ[c/al && EqQ[c*A~2 - a*B~2, 0]

Rule 1723

Int[((A_.) + (B_.)*(x_)"2)/(((d) + (e_.)*(x_)"2)*Sqrtl[(a_) + (c_.)*(x_)"4]
), x_Symbol] :> With[{q = Rtlc/a, 2]}, Dist[(A*(c*d + axexq) - a*Bx(e + d*q
))/(c*d™2 - a*e”2), Int[1/Sqrtl[a + c*x~4], x], x] + Dist[ax(Bxd - Axe)*((e

+ dxq)/(cxd”2 - a*e”2)), Int[(1 + g*x~2)/((d + exx"2)*Sqrt[a + c*x~4]), x],
x]] /; FreeQ[{a, c, d, e, A, B}, x] && NeQ[c*xd~2 + a*e~2, 0] && NeQ[c*d~2

- axe”2, 0] && PosQ[c/al && NeQ[c*A~2 - axB~2, 0]

Rule 1729

Int [(P4x_)/(((d_) + (e_.)*(x_)"2)*Sqrtl(a_) + (c_.)*(x_)"4]), x_Symbol] :>

With[{q = Rt[c/a, 2], A = Coeff[P4x, x, 0], B = Coeff[P4x, x, 2], C = Coeff
[P4x, x, 4]}, Dist[-C/(e*q), Int[(1 - g*x~2)/Sqrtl[a + c*x~4], x], x] + Dist
[1/(c*e), Int[(Axcxe + a*Cxdxq + (Bxcxe — Cx(c*d - axe*q))*x"2)/((d + e*x"2
)*xSqrt[a + c*x~4]1), x], x]] /; FreeQl[{a, c, d, e}, x] && PolyQ[P4x, x~2, 2]
&& NeQ[cxd"2 + axe”2, 0] && NeQ[c*d"2 - axe™2, 0] && PosQ[c/al

Rubi steps
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f —4Acd?—aBde—3aAe?—4cd(Bd— Ae)x?+ce(Bd—Ae)x* dx
A+ Bz? dr — — e(Bd — Ae)wv a + cxt _ (d+ex2)? \/a + cxt
(d + ex?)® Va + cz? 4d (cd? + ae?) (d + ex?)” 4d (cd? + ae?)

__e(Bd—Ae)zva+crt  e(5Bcd® — 9Acd’e — aBde? — 3aAe®) xva +

4d (cd? + ae?) (d + ex?)? 8d2 (cd? + ae?)* (d + ex?)

_e(Bd—Ae)zVa+czt  e(5Bcd® — 9Acd’e — aBde® — 3aAe’) xvVa +

4d (cd? + ae?) (d + ex?)? 8d2 (cd? + ae?)® (d + ex?)

V' (5Bcd® — 9Acd?’e — aBde? — 3aAe?) xvVa+cxt  e(Bd — Ae)zVa +

842 (cd? + ae?)’ (Va' + vc'x?) 4d (cd? + ae?) (d +

V¢ (5Bed® — 9Acd®e — aBde? — 3aAe’) zVa+cat  e(Bd — Ae)zva+
842 (cd? + ae?)? (Va' + +/c z?) 4d (cd? + ae?) (d + e

Mathematica [C] Result contains complex when optimal does not.
time = 11.13, size = 453, normalized size = 0.52

Antiderivative was successfully verified.

[In] Integrate[(A + B*x~2)/((d + e*x~2)"3*Sqrt[a + c*x~4]),x]

[Out] (-((d*e"2*x*(a + c*x"4)*(2*d*(B*d - A*e)*(c*d"2 + a*e”2) + (5*Bkc*d™3 - 9%A
xcxd"2%e - a*Bxd*e"2 - 3kaxA*e"3)x(d + e*x"2)))/(d + e*x72)72) - (I*Sqrt[1

+ (c*x~4)/al*((-I)*Sqrt[a] *Sqrt [c]*d*e*x (-5*xB*c*d~3 + 9*A*c*d 2xe + a*Bkxdxe~

2 + 3xaxA*e”3)*EllipticE[I*ArcSinh[Sqrt[(I*Sqrt[c])/Sqrt[all*x], -1] + Sqrt
[c]*d*(Sqrt[cl*d - IxSqrt[al*e)*(A*ex(-7xc*d"2 + (2*I)*Sqrt[a]l*Sqrt[c]*d*e

- 3*axe”2) + B*d*x(3*%c*d"2 - (2xI)*Sqrt[al*Sqrt[c]*d*e - axe~2))*EllipticF[I
*ArcSinh [Sqrt [(I*Sqrt[c])/Sqrt[all*x], -1] + (3xAxex(5*c™2*d"4 + 2%akckd™ 2%

e”2 + a"2%e”4) + Bx(-3%c”2*%d"5 + 10*axc*d~3*%e”2 + a~2*d*e~4))*EllipticPi[((
-I)*Sqrt[al*e)/(Sqrt[cl*d), I*ArcSinh[Sqrt[(I*Sqrtl[c])/Sqrtlall*x], -11))/S

qrt [(I*Sqrt[cl)/Sqrt[all)/(8*d"3*e*(c*xd~2 + axe~2) 2xSqrt[a + c*x"4])

Maple [C] Result contains complex when optimal does not.
time = 0.16, size = 1591, normalized size = 1.82
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method | result size
default | Expression too large to display | 1591

elliptic | Expression too large to display | 1982

Verification of antiderivative is not currently implemented for this CAS.

[In] int((B*x~2+A)/(exx~2+d)~3/(c*x"4+a)~(1/2) ,x,method=_RETURNVERBOSE)

[Out] (A*e-Bxd)/ex(1/4xe”~2*x*(c*x~4+a)~(1/2)/d/(axe”2+c*d~2)/(e*x~2+d) ~2+3/8%e~2%
(a*e™2+3%c*xd™2) *x* (cxx~4+a) " (1/2) /d"2/ (axe”2+c*d~2) "2/ (exx~2+d) -1/8*c/d/ (a*
e"2+cxd”2)"2/(I/a”(1/2)*c~(1/2))~(1/2)*(1-I/a~ (1/2)*c~(1/2) *x72) " (1/2) * (1+1
/a~(1/2)*c~(1/2)*x~2)~(1/2) / (c*xx~4+a) ~(1/2) *EllipticF (x*(I/a~(1/2)*c~(1/2))
~(1/2) ,I)*a*xe”2-7/8%c~2*d/ (a*e"2+c*d~2)~2/(I/a"~(1/2)*c~(1/2))~(1/2)*(1-I/a"
(1/2)*c~(1/2)*x~2)~(1/2)*(1+I/a~(1/2) *c~(1/2) *x~2) ~(1/2) / (c*x~4+a) ~(1/2) *E1
lipticF(x*(I/a~(1/2)*c~(1/2))~(1/2),I)+9/8%Ixc~(3/2)*e/(a*e"2+c*d~2) ~2*a~ (1
/2)/(T/a~(1/2)*c~(1/2))~(1/2)*(1-I/a~(1/2)*c~(1/2)*x~2) " (1/2) *(1+I/a~ (1/2) *
c~(1/2)*x72)~(1/2) / (c*x~4+a) " (1/2) *EllipticE(x*(I/a~(1/2)*c~(1/2))~(1/2),I)
+3/8%I*c~(1/2)*e~3/d~2/(a*e”~2+c*d™2) "2*xa~(3/2) /(I/a~(1/2)*c~(1/2))~(1/2)*(1
-I/a”(1/2)*c~(1/2)*x~2)~(1/2)*(1+I/a~ (1/2)*c~(1/2)*x~2)~(1/2) / (c*x~4+a) ~(1/
2)*E1llipticE(x*(I/a~(1/2)*c~(1/2))~(1/2),1)-9/8*I*c~(3/2)*e/(a*xe”2+c*d~2) "2
*a~(1/2)/(I1/a~(1/2)*c~(1/2))~(1/2)*(1-I/a~(1/2) *c~(1/2) *x~2) " (1/2) * (1+I/a" (
1/2)*c”(1/2)*x~2)~(1/2) / (c*x"4+a) = (1/2) *E1lipticF (x*(I/a”~(1/2)*c~(1/2))~(1/
2),1)-3/8%I*xc”(1/2)*e~3/d"2/(axe"2+c*xd~2) "2*a~(3/2)/(I/a~(1/2)*c~(1/2))~(1/
2)*x(1-I/a~(1/2)*c~(1/2)*x~2)~(1/2)*(1+I/a~(1/2) *c~(1/2)*x~2) " (1/2) / (c*x~4+a
)~ (1/2)*EllipticF (x*(I/a~(1/2)*c~(1/2))~(1/2),1)+3/8/d"3/ (axe™2+c*d~2) "2xe”
4/(1/a~(1/2)*c~(1/2))~(1/2)*(1-I/a~(1/2)*c~(1/2)*x~2) ~(1/2) *(1+I/a~(1/2) *c~
(1/2)*x~2)~(1/2) / (c*x~4+a) " (1/2) *E1llipticPi(x*(I/a~(1/2)*c~(1/2))~(1/2) ,I*a
~(1/2)/c~(1/2)*e/d, (-I/a~(1/2)*c™(1/2))~(1/2)/(I/a~(1/2)*c~(1/2))~(1/2) ) *a"
2+3/4/ (axe~2+cxd~2)"2/d*e”2/(I/a~ (1/2)*c”~(1/2))~(1/2)*(1-I/a~ (1/2) *c~(1/2) *
x72)7(1/2)*(1+I/a”~ (1/2)*c~(1/2)*x~2) ~(1/2) / (c*x"4+a) ~(1/2) *E11lipticPi (x*(I/
a~(1/2)*c~(1/2))~(1/2) ,I1*a~(1/2)/c~(1/2)*e/d, (-1/a”~(1/2)*c~(1/2))~(1/2) /(1/
a~(1/2)*c~(1/2))~(1/2) ) *a*c+15/8*d/ (a*e~2+c*d~2) "2/ (I/a~(1/2)*c~(1/2))~(1/2
)*(1-I/a”(1/2)*c™(1/2)*x72) " (1/2) *(1+1/a" (1/2) *c™(1/2) *x72) " (1/2) / (c*x~4+a)
~(1/2)*EllipticPi(x*(I/a~(1/2)*c~(1/2))~(1/2) ,I*xa~(1/2)/c~(1/2)*e/d, (-I/a"(
1/2)*c~(1/2))°(1/2)/(I/a~(1/2)*c~(1/2))~(1/2) ) *c~2) +B/e* (1/2xe”2xx* (c*x~4+a
)~ (1/2)/d/ (a*e™2+c*d"2) / (e*x~2+d) -1/2*c/ (a*e™2+c*d~2) / (I/a~(1/2)*c~(1/2) )~ (
1/2)*(1-I/a”~(1/2)*c~(1/2)*x~2) ~(1/2)*(1+I/a~(1/2)*c~ (1/2)*x~2) ~(1/2) / (c*x~4
+a)~(1/2)*EllipticF(x*(I/a~(1/2)*c~(1/2))~(1/2),I)-1/2xIxc~(1/2)*e/d/(a*e~2
+cxd™2)*a”~ (1/2) /(I/a~(1/2)*c™(1/2))~(1/2)*(1-I/a~ (1/2) *c~(1/2)*x~2) ~(1/2) *(
1+I/a~(1/2)*c~(1/2)*x~2) " (1/2) / (c*x~4+a) " (1/2)*E1lipticF (x*(I/a~ (1/2) *c~ (1/
2))"(1/2),1)+1/2xIxc~(1/2)*e/d/ (a*e 2+c*d~2)*a~ (1/2) /(I/a~(1/2)*c~(1/2))~ (1
/2)*(1-I/a~(1/2)*c~(1/2)*x~2) " (1/2) *(1+I/a" (1/2)*c~ (1/2)*x~2) ~(1/2) / (c*x~4+
a)~(1/2)*EllipticE(x*(I/a~(1/2)*c~(1/2))~(1/2),I)+1/2/d"2/(a*e"2+c*d~2) *e"2
/(I/a~(1/2)*c~(1/2))~(1/2)*(1-I/a~(1/2) *c~(1/2)*x~2) " (1/2) *(1+I/a"~ (1/2) *c~(
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1/2)*x72)~(1/2) / (c*x~4+a) " (1/2) *E1lipticPi (x*x(I/a"~(1/2)*c~(1/2))~(1/2) ,I*a"
(1/2)/c~(1/2)*e/d, (-I/a~(1/2)*c~(1/2))~(1/2)/(I/a~(1/2)*c~(1/2))~(1/2))*a+3
/2/ (axe~2+c*xd~2) /(I/a~(1/2)*c~(1/2))~(1/2)*(1-I/a~(1/2)*c~ (1/2)*x~2) " (1/2) *
(1+I/a~(1/2)*c~(1/2)*x~2)~(1/2) / (c*x~4+a) ~(1/2) *E11lipticPi (x*(I/a~ (1/2) *c~(
1/2))°(1/2) ,I*xa~(1/2)/c~(1/2)*e/d, (-I/a~(1/2)*c~(1/2))~(1/2)/(I/a~(1/2) *c~(
1/2))~(1/2))*c)

Maxima [F]

time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((B*x~2+A)/(e*x~2+d) 3/ (c*x"4+a)~(1/2),x, algorithm="maxima")
[Out] integrate((B*x~2 + A)/(sqrt(c*x”4 + a)*(x"2*e + d)73), x)
Fricas [F]

time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((B*x~2+A)/(e*x~2+d)~3/(c*x"4+a)~(1/2),x, algorithm="fricas")
[Out] integral(sqrt(c*x~4 + a)*(B*x~2 + A)/(c*d"3*x"4 + a*d™3 + (c*x~10 + a*x"6)*
€73 + 3x(cxd*x"8 + axd*x"4)*e”2 + 3*k(c*kd"2*x"6 + axd"2*x"2)*e), Xx)

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00
A+ Bzx?

dz
Va +czt (d+ ex?)®

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((B*x**2+A)/(exx**2+d)**3/ (c*x**4+a)**(1/2) ,x)
[Out] Integral((A + Bxxx*2)/(sqrt(a + c*x**4)x(d + e*xx**x2)**3), x)

Giac [F|
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((B*x~2+A)/(e*x~2+d) 3/ (c*x"4+a)~(1/2),x, algorithm="giac")



[Out] integrate((B*x~2 + A)/(sqrt(c*x”4 + a)*(x"2*e + d)~3), x)
Mupad [F]
time = 0.00, size = -1, normalized size = -0.00

Bz + A

dz
Vezt+a (ex? +d)°

Verification of antiderivative is not currently implemented for this CAS.

[In] int((A + B*x"2)/((a + c*x"4)~(1/2)*(d + e*xx~2)"3),x)
[Out] int((A + Bxx"2)/((a + c*xx~4)~(1/2)*(d + e*x~2)"3), x)

72
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A+Bz?) (d+ex? 3
3.8 f( +(a+cl(4)j’>_/2 ) dx

Optimal. Leaf size=912

z(Acd(cd® — 3ae?) — aBe(3cd® — ae?®) + ¢(Bed® + 3Acd*e — 3aBde? — aAe?) ?) +Be3x\/a + cz? +62(3l
2ac2vVa + cr? 3c? c3

[Out] 1/2*x*(Axc*d*x(-3*axe”2+c*d~2)-a*Bxe* (—axe 2+3*cxd”~2)+ck (—~Axa*xe 3+3*Axckd ™ 2%
e-3xBxaxd*e 2+Bxcxd~3) *x"2) /a/c”2/ (c*x~4+a) " (1/2)+1/3*B*xe~3*x* (cxx"4+a) "~ (1/
2)/c”2+e” 2% (Axe+3*B*d) *x* (cxx~4+a) " (1/2) /c~(3/2) /(a~(1/2)+x"2*c~(1/2) ) -1/2*
(A*xaxe”3+3*xA*cxd”2*xe-3*Bxaxd*e” 2+Bxc*d~3) *x* (c*x~4+a) ~(1/2)/a/c~(3/2)/(a~(
1/2)+x"2*xc~(1/2))-a~ (1/4) *e~ 2% (Axe+3*B*d) * (cos (2*arctan(c~(1/4) *x/a"~(1/4)))
~2)~(1/2)/cos(2*arctan(c~(1/4)*x/a~(1/4)))*EllipticE(sin(2*arctan(c~(1/4)*x
/a~(1/4))),1/2x27(1/2) ) *(a~(1/2)+x~2xc~ (1/2) ) *((c*x~4+a) / (a~ (1/2) +x~2xc~ (1/
2))°2)7(1/2)/c”(7/4) / (cxx~4+a) " (1/2) +1/2* (—A*a*xe”3+3*xA*xc*d~2*e-3*B*axd*e~2+
Bxc*d~3)*(cos(2*arctan(c”~(1/4)*x/a~(1/4)))"2)~(1/2) /cos(2*arctan(c”~(1/4) *x/
a~(1/4)))*EllipticE(sin(2*arctan(c~(1/4)*x/a~(1/4))),1/2%2-(1/2))*(a~(1/2)+
x"2xc”(1/2) ) *((c*x~4+a) /(a~ (1/2)+x~2*c~(1/2))~2)~(1/2) /a~(3/4) /c~(7/4) / (c*x
~4+a)~(1/2)-1/6*a" (3/4)*Bxe”~3*(cos(2*arctan(c”(1/4)*x/a~(1/4)))~2)~(1/2)/co
s(2xarctan(c~(1/4)*x/a~(1/4)))*EllipticF(sin(2*arctan(c~(1/4)*x/a~(1/4))),1
/2%x27(1/2) ) *(a~(1/2)+x"2xc”~(1/2) ) *((c*x~4+a) /(2= (1/2)+x~2xc~(1/2))"2)~(1/2)
/c”(9/4) /(cxx~4+a)~(1/2)+1/2*a~ (1/4) *e~2*x (A*xe+3*B*d) * (cos (2*arctan(c~(1/4) *
x/a~(1/4)))"2)~(1/2) /cos(2*arctan(c~(1/4)*x/a~(1/4)))*EllipticF(sin(2*arcta
n(c~(1/4)*x/a~(1/4))),1/2%x27(1/2))*(a”~ (1/2)+x~2*%c~(1/2) ) *((c*x~4+a) /(a~(1/2
)+x72xc”(1/2))72)"(1/2) /c~(7/4) / (c*xx"4+a) " (1/2) +1/2*xe* (3xA*cxd*ke-Bxa*xe~2+3*
B*xc*d~2)*(cos(2*arctan(c”~(1/4)*x/a~(1/4)))"2)~(1/2) /cos(2*arctan(c”~(1/4) *x/
a~(1/4)))*EllipticF(sin(2*arctan(c~(1/4)*x/a~(1/4))),1/2%27(1/2))*(a~(1/2)+
x"2xc”(1/2) ) *((c*xx~4+a) /(a~ (1/2)+x"2xc~(1/2))~2)~(1/2) /a~(1/4) /c~(9/4) / (c*x
~4+a)~(1/2)+1/4*(cos(2*xarctan(c~(1/4)*x/a~(1/4)))~2)~(1/2) /cos(2*arctan(c~(
1/4)*x/a~(1/4)))*EllipticF(sin(2*arctan(c”~(1/4)*x/a~(1/4))),1/2%x2~(1/2))*(A
*C~2%d"3+a"2*B*e”~3-3*axc*dxe* (Axe+Bxd) -c~(3/2) *d"2* (3*A*xe+B*d) *a~ (1/2)+a" (3
/2)*e”2x (A*e+3*Bxd) *c~(1/2) ) *(a~(1/2)+x72*%c”~(1/2) ) *((c*x~4+a) / (a~ (1/2) +x~2%
c~(1/2))"2)"(1/2)/a~(6/4)/c~(9/4) / (cxx~4+a)~(1/2)

Rubi [A]

time = 0.45, antiderivative size = 912, normalized size of antiderivative = 1.00, number of

number of rules _
' integrand size 0.250,

steps used = 12, number of rules used = 7, integrand size = 28
Rules used = {1735, 1193, 1212, 226, 1210, 311, 327}

Antiderivative was successfully verified.
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[In] Int[((A + B*xx~2)*(d + e*x"2)"3)/(a + c*xx~4)~(3/2),x]

[Out] (x*(A*ckd*(c*d™2 - 3*a*xe~2) - axBke*x(3*c*kd™2 - a*e”2) + c*(Bkc*d™3 + 3*Axcx
d~2%e - 3*%axBkd*e”2 - a*Axe”3)*x72))/(2*axc”2xSqrt[a + c*x"4]) + (B*e”3*x*S
qrtla + c*x74])/(3*xc”2) + (e"2x(3%B*d + Axe)*x*Sqrt[a + cxx~4])/(c”(3/2)*(S
qrtla] + Sqrtlcl*x~2)) - ((Bkc*xd~3 + 3*%Axcxd"2%e - 3*axBxd*e”™2 - axA*e”3)*x
xSqrt[a + c*x74])/(2xaxc~(3/2)*(Sqrt[a] + Sqrtlcl*x~2)) - (a~(1/4)*e~2*(3+B
*d + Axe)*(Sqrt[a]l + Sqrtlcl*x~2)*Sqrt[(a + c*x~4)/(Sqrtl[a] + Sqrtlc]l*x~2)~
2] *E1llipticE[2*%ArcTan[(c~(1/4)*x)/a~(1/4)], 1/2])/(c~(7/4)*Sqrt[a + c*xx~4])
+ ((Bxc*d™3 + 3*%Axc*d"2%e - 3*axBxd*e”2 - axA*e~3)*(Sqrt[a] + Sqrt[c]*x"2)
xSqrt[(a + c*xx~4)/(Sqrt[al + Sqrtlc]*x"2)~2]*EllipticE[2*ArcTan[(c~(1/4)*x)
/a~(1/4)]1, 1/21)/(2*a~(3/4)*c~(7/4)*Sqrt[a + c*x~4]) - (a~(3/4)*B*e~3x(Sqrt
[a] + Sqrtlcl*x~2)*Sqrt[(a + c*x~4)/(Sqrt[al + Sqrtlcl*x~2)~2]*EllipticF[2x*
ArcTan[(c™(1/4)*x)/a~(1/4)], 1/2]1)/(6%c~(9/4)*Sqrt[a + c*x"4]) + (a~(1/4)*e
~2x(3*Bxd + A*xe)*(Sqrt[a] + Sqrtl[c]l*x"2)*Sqrt[(a + c*x~4)/(Sqrt[a] + Sqrtlc
1*x~2) 2] *E1llipticF [2*ArcTan[(c~(1/4)*x)/a~(1/4)]1, 1/2]1)/(2*c~(7/4)*Sqrt[a
+ cxx74]) + (ex(3*%Bkcxd™2 + 3*A*xcxdxe - a*Bxe~2)*(Sqrt[a] + Sqrt[c]*x~2)*Sq
rt[(a + c*xx"4)/(Sqrt[a] + Sqrtlc]l*x~2)~2]*EllipticF[2*ArcTan[(c~(1/4)*x)/a"
(1/4)1, 1/2]1)/(2*xa~(1/4)*c~(9/4)*Sqrt[a + c*x~4]) + ((A*c™2xd"3 + a~2xB*e~3
- 3xaxcxd*e*x(Bxd + Axe) + a~(3/2)*Sqrtlcl*e”2*x(3*%B*d + Axe) - Sqrt[al*c~(3
/2)*d"2%(Bxd + 3*A*xe))*(Sqrt[al + Sqrtl[cl*x~2)*Sqrtl[(a + c*x~4)/(Sqrt[a] +
Sqrt[c]*x~2) "2] *EllipticF [2¥ArcTan[(c~(1/4)*x)/a~(1/4)]1, 1/2])/(4*a~(5/4)*c
~(9/4)*Sqrt[a + cxx~4])

Rule 226
Int[1/Sqrtl(a_) + (b_.)*(x_)"4], x_Symbol] :> With[{q = Rt[b/a, 41}, Simpl[(

1 + q72*x"2)*(Sqrt[(a + b*x"4)/(ax(1 + q~2%x~2)"2)]/(2*xq*Sqrt[a + b*x"4]))*
EllipticF[2*ArcTan[q*x], 1/2], x]1] /; FreeQ[{a, b}, x] && PosQ[b/a]

Rule 311

Int[(x_)~2/Sqrt[(a_) + (b_.)*(x_)"4], x_Symbol] :> With[{q = Rt[b/a, 2]}, D
ist[1/q, Int[1/Sqrt[a + b*x~4], x], x] - Dist[1/q, Int[(1 - g*x~2)/Sqrtl[a +
bxx~4], x], x]] /; FreeQ[{a, b}, x] &% PosQ[b/al

Rule 327

Int[((c_.)*(x_))"(@m_ )*((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> Simp[c~(n
- D*(c*x)"(m - n + D*((a + b*xx"n)"(p + 1)/(b*(m + n*p + 1))), x] - Dist[
axcnk((m - n + 1)/(bx(m + n¥p + 1))), Int[(c*x)"(m - n)*(a + b*x"n) p, x],
x] /; FreeQ[{a, b, c, p}, x] && IGtQ[n, 0] && GtQ[m, n - 1] && NeQ[m + n*p
+ 1, 0] & IntBinomialQ[a, b, ¢, n, m, p, x]

Rule 1193

Int[((d)) + (e_.)*x(x_)"2)*((a_) + (c_.)*(x_)"4)"(p_), x_Symbol] :> Simp[(-x
Yx(d + exx”™2)*((a + c*xx"4)~(p + 1)/(4*ax(p + 1))), x] + Dist[1/(4*ax(p + 1)
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), Int[Simp[d*(4*p + 5) + ex(4*p + 7)*x"2, x]*(a + c*x"4)"(p + 1), x], x] /
; FreeQ[{a, c, d, e}, x] && NeQ[c*d™2 + axe”2, 0] && LtQ[p, -1] && IntegerQ
[2*p]

Rule 1210

Int [((d_) + (e_.)*(x_)"2)/Sqrtl(a_) + (c_.)*(x_)"4], x_Symbol] :> With[{q =

Rt[c/a, 41}, Simp[(-d)*x*(Sqrtla + c*x~4]/(a*x(1 + q72*x~2))), x] + Simp[dx*
(1 + qg"2*x"2)*(Sqrt[(a + c*x"4)/(ax(1 + q~2%x72)"2)]/(q*Sqrt[a + c*xx~4]))*E
1llipticE[2*ArcTan[q*x], 1/2], x] /; EqQle + d*q~2, 0]] /; FreeQ[{a, c, d, e
}, x] && PosQ[c/al

Rule 1212

Int[((d)) + (e_.)*(x_)"2)/Sqrtl[(a_) + (c_.)*(x_)"4], x_Symbol] :> With[{q =
Rt[c/a, 2]}, Dist[(e + d*q)/q, Int[1/Sqrtl[a + c*x~4], x], x] - Distl[e/q, I
nt[(1 - q*x~2)/Sqrt[a + c*xx~4], x], x] /; NeQ[e + dxq, 0]] /; FreeQ[{a, c,
d, e}, x] && PosQ[c/al

Rule 1735

Int[(Px_)*((d_) + (e_.)*(x_)"2)"(q_.)*((a_) + (c_.)*(x_)"4)"(p_), x_Symbol]
:> Int[ExpandIntegrand[1/Sqrt[a + c*x74], Px*(d + exx~2)"gx(a + c*x~4)"(p
+ 1/2), x], x] /; FreeQ[{a, c, d, e}, x] && PolyQ[Px, x~2] && NeQ[cxd"2 + a

*e"2, 0] && IntegerQ[p + 1/2] && IntegerQ[ql

Rubi steps
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(A + Baz?) (d + ex?)’
(a+ czt)*?

g — / Acd(cd? — 3ae?) — aBe(3cd? — ae?) + ¢(Bed® + 3Acd®e — 3aBde? — a A
e (a + czt)*?
Acd(cd?—3ae?)—aBe(3cd?—ae?)+c(Bed3+3Acd?e—3aBde? —aAe3) x2
f Amteost-amt -t =
= 02 —+

B Jats

_ x(Acd(cd® — 3ae?) — aBe(3cd® — ae?®) 4 c(Bcd® 4 3Acd’e — 3aBde® — aAe®)

2ac2vVa + cx?

_ x(Acd(cd® — 3ae?) — aBe(3cd® — ae?®) 4 c(Bcd® + 3Acd’e — 3aBde® — aAe®)

2ac?vVa + cr?

_ z(Acd(cd?® — 3ae?) — aBe(3cd? — ae?) + c(Bcd® + 3Acd®e — 3aBde* — aAe®)
2ac?Va + czt

Mathematica [C] Result contains higher order function than in optimal. Order 5 vs. order
4 in optimal.
time = 10.20, size = 222, normalized size = 0.24

czt " ozt 3 3 4
3Acz(cd® + ae*(—3d + 2ez?)) + aBex(5ae? + c(—9d? + 18dex? + 2¢%z%)) + (aBe(9cd? — 5ae?) + 3Acd(cd® + 3ae?)) x \/1 + 7 2F (,%, 3% —%) +2¢(Bed® + 3Acd®e — 9aBde? — 30A63)J:3\/1 +o ok (%, (I8 -%)
6ac?Va + czt

Antiderivative was successfully verified.

[In] Integrate[((A + B*x~2)*(d + e*x~2)"3)/(a + c*x~4)~(3/2),x]

[Out] (3*A*c*x*(c*d™3 + a*xe™2%(-3*%d + 2%e*x~2)) + a*Bke*x*(5xaxe”2 + cx(-9*d~2 +
18*d*e*x”2 + 2%e”2%x74)) + (a*Bke*x(9*c*d~2 - bxaxe”2) + 3kAkxckd*(cxd”2 + 3%
axe~2))*x*Sqrt[1 + (c*x~4)/al*Hypergeometric2F1[1/4, 1/2, 5/4, -((c*xx~4)/a)

1 + 2%ck(Bxcxd™3 + 3xAxcxd"2xe - 9*axBxd*e”2 - 3*axAxe~3)*x"3xSqrt[l + (c*x

~4) /al *Hypergeometric2F1[3/4, 3/2, 7/4, -((c*x~4)/a)])/(6%axc™2*Sqrt[a + c*
x~4])

Maple [C] Result contains complex when optimal does not.

time = 0.20, size = 588, normalized size = 0.64 Too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int((B*xx~2+A)*(exx~2+d) "3/ (c*x"4+a)~(3/2) ,x,method=_RETURNVERBOSE)

[Out] Bxe~3x(1/2/c”2*x*a/((x"4+a/c)*c)~(1/2)+1/3/c”2*x*(c*x"4+a) " (1/2)-5/6*a/c~2/
(I/7a~(1/2)*c~(1/2))"(1/2)*(1-I/a~ (1/2) *c~(1/2)*x~2) " (1/2) *(1+I/a~ (1/2)*c~ (1
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/2)*x72)~(1/2) / (c*x"4+a) " (1/2) *E1lipticF (x*(I/a~(1/2)*c~(1/2))~(1/2),1))+(A
*@~3+3%Bxd*e~2) *x(-1/2/cxx"3/ ((x~4+a/c)*c)~(1/2)+3/2%I/c~(3/2)*a~(1/2)/(I/a"
(1/2)*c~(1/2))~(1/2)*(1-I/a~ (1/2)*c~(1/2)*x~2) " (1/2) *(1+I/a~ (1/2) *c~ (1/2) *x
~2)7(1/2)/(c*x"4+a) " (1/2)* (EllipticF (x*(I/a~(1/2)*c~(1/2))~(1/2),I)-Ellipti
CE(xx(I/a~(1/2)*c~(1/2))"(1/2),1)))+(3*%A*d*e”2+3*%B*d"2%e) * (-1/2/c*x/ ((x"4+a
/c)*xc)~(1/2)+1/2/c/(1/a~(1/2)*c~(1/2))~(1/2)*(1-I/a~(1/2) *c™ (1/2)*x~2)~(1/2
)*(1+I/a~(1/2)*c~(1/2)*x~2)~(1/2) / (c*xx~4+a) ~(1/2) *E1llipticF (x*(I/a~ (1/2) *c~
(1/2))°(1/2) ,1))+(3%A*d"2*e+B*d~3) *(1/2*x~3/a/ ((x"~4+a/c)*c)~(1/2)-1/2*%I/a" (
1/2)/(1/a~(1/2)*c~(1/2))~(1/2)*(1-I/a~(1/2) *c~(1/2)*x~2) " (1/2) *(1+I/a”~ (1/2)
*xc™(1/2)*x72)~(1/2) /(c*x"4+a) ~(1/2) /c~(1/2) *(E1lipticF (x*(I/a~(1/2)*c~(1/2)
)~ (1/2) ,I)-EllipticE(x*(I/a~(1/2)*c~(1/2))~(1/2),1)))+A*d"3*(1/2*x/a/ ((x~4+
a/c)*c)~(1/2)+1/2/a/(I/a~(1/2)*c~(1/2))~(1/2)*(1-I/a"~ (1/2)*c~(1/2)*x~2)~(1/
2)*(1+I/a~(1/2)*c~(1/2)*x~2)~(1/2) / (c*x~4+a) ~(1/2)*E1llipticF (x*(I/a~ (1/2) *c
~(1/2))"(1/2),1))

Maxima [F]

time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((B*x~2+A)*(e*x~2+d) 3/ (c*x"4+a)~(3/2),x, algorithm="maxima")
[Out] integrate((B*x~2 + A)*(x"2%e + d)~3/(c*x"4 + a)~(3/2), x)
Fricas [F(-2)]

time = 0.00, size = 0, normalized size = 0.00

Exception raised: TypeError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((B*x~2+A)*(e*x~2+d) "3/ (c*x"4+a)~(3/2),x, algorithm="fricas")

[Out] Exception raised: TypeError >> Symbolic function elliptic_ec takes exactly
1 arguments (2 given)

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

/ (A+ Bz?) (d —}; ex?)? e
(a + cx*)?

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((B*x**2+A)* (exx**2+d)**3/ (c*x**x4+a)**(3/2) ,x)
[Out] Integral((A + Bxxx*2)*(d + e*x**2)**3/(a + cxx*x*4)*x(3/2), x)
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Giac [F|
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((B*x~2+A)*(e*x~2+d) 3/ (c*x"4+a)~(3/2),x, algorithm="giac")
[Out] integrate((B*x"2 + A)*(x"2xe + d)~3/(c*xx~4 + a)~(3/2), x)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.00

/(B:c2+A) (ez® +d)° i

(czt + a)*/?
Verification of antiderivative is not currently implemented for this CAS.

[In] int(((A + B*x~2)*(d + e*x"2)"3)/(a + c*x~4)~(3/2) ,x)
[Out] int(((A + B*x~2)*(d + e*x~2)"3)/(a + c*xx~4)~(3/2), x)
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A+Bz?) (d+ex? 2
3.9 f( +(a+cl(4)j’>_/2 ) dx

Optimal. Leaf size=694

z(Acd? — 2aBde — aAe® + (Bcd? + 2Acde — aBe?) x?)  Be’zvVa + cxt (Bed? + 2Acde — aBe?)

+
2acvVa + cxt A2 (Va' + +/c'z?) 2ac3/? (v/a' + /¢ x

[Out] 1/2*x*(Axc*d~2-2*a*B*dxe-a*Axe 2+ (2*Axckd*e-B*xaxe 2+Bxc*d~2)*x"2)/a/c/ (c*x~
4+a)~ (1/2)+B*xe~2*x* (c*xx"4+a)~(1/2)/c~(3/2)/(a~(1/2)+x~2xc~(1/2) ) -1/2* (2*A*c
*d*e-Bxaxe~2+Bxc*xd~2) *x* (c*x~4+a) ~(1/2) /a/c~(3/2)/(a~(1/2)+x"2*c~(1/2))-a"(
1/4)*Bxe~2*x(cos(2*arctan(c”(1/4)*x/a~(1/4)))~2)~(1/2) /cos(2*arctan(c”(1/4)*
x/a~(1/4)))*EllipticE(sin(2*arctan(c”(1/4)*x/a~(1/4))),1/2*2~(1/2))*(a"~(1/2
)+x"2%c™(1/2) ) *((c*xx~4+a) /(a”~ (1/2)+x~2%c~(1/2))"2)~(1/2) /c~(7/4) / (c*x~4+a) =
(1/2)+1/2% (2*%A*c*d*e-B*xaxe~2+Bxcxd~2) * (cos (2*arctan(c”(1/4)*x/a~(1/4)))"2)"
(1/2) /cos(2*arctan(c”(1/4)*x/a~(1/4)))*EllipticE(sin(2*arctan(c”~(1/4)*x/a"(
1/4))),1/2%27(1/2))*(a~(1/2)+x~2%c~(1/2) ) *((c*x"4+a) /(a~ (1/2)+x"2%c~(1/2))~
2)°(1/2)/a~(3/4)/c”(7/4) / (cxx~4+a) " (1/2)+1/2*a~ (1/4) *Bxe~2* (cos (2*arctan(c”
(1/4)*x/a~(1/4)))"2)~(1/2) /cos(2*arctan(c~(1/4)*x/a~(1/4)))*EllipticF(sin(2
xarctan(c”(1/4)*x/a~(1/4))),1/2%2~(1/2))*(a~(1/2)+x~2*c~(1/2) ) *((c*x~4+a) / (
a”~(1/2)+x72%c~(1/2))72)~(1/2) /c~(7/4) / (cxx~4+a) ~(1/2) +1/2*e* (A*e+2*B*d) * (co
s(2*arctan(c~(1/4)*x/a~(1/4)))~2)~(1/2) /cos(2*arctan(c~(1/4)*x/a~(1/4)))*El
lipticF(sin(2*arctan(c~(1/4)*x/a~(1/4))),1/2x2~(1/2))*(a~(1/2)+x"2xc~(1/2))
*((cxx~4+a)/(a~(1/2)+x"2xc~(1/2))"2)~(1/2)/a~(1/4) /c~(56/4) / (cxx~4+a)~(1/2) -
1/4x(cos(2*xarctan(c~(1/4)*x/a~(1/4)))"2)~(1/2)/cos(2*arctan(c”(1/4)*x/a"~(1/
4)))*EllipticF(sin(2*arctan(c”(1/4)*x/a~(1/4))),1/2x2~(1/2))*(a~(1/2)+x"2*c
~(1/2) ) * (Bxcxd~2+2*Axcxd*e—-a*Bxe”~2- (—A*xaxe”2+Axcxd~2-2*Bxaxd*e) *xc~ (1/2) /a~(
1/2))*((cxx~4+a)/(a~(1/2)+x"2xc~(1/2))~2)~(1/2)/a~(3/4) /c~(7/4) / (c*xx~4+a) " (
1/2)

Rubi [A]
time = 0.34, antiderivative size = 694, normalized size of antiderivative = 1.00, number of

number of rules _
' integrand size 0.214,

steps used = 10, number of rules used = 6, integrand size = 28
Rules used = {1735, 1193, 1212, 226, 1210, 311}

Antiderivative was successfully verified.
[In] Int[((A + B*x"2)*(d + e*x"2)"2)/(a + c*x74)~(3/2),x]

[Out] (x*(A*cxd~2 - 2*axBxd*e - axAxe”2 + (Bkc*d™2 + 2%A*xckdxe — a*B*xe~2)*x"2))/(
2xaxcxSqrt[a + c*x"4]) + (Bxe~2*x*Sqrtl[a + c*x74])/(c”(3/2)*(Sqrt[al] + Sqrt
[c]*x72)) - ((B*c*d™2 + 2xA*c*d*e - a*xB*xe”2)*x*Sqrt[a + cxx~4])/(2*a*c”(3/2
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)*(Sqrt[a] + Sqrtlcl*x~2)) - (a~(1/4)*Bxe~2x(Sqrt[al + Sqrt[cl*x~2)*Sqrt[(a
+ cxx~4)/(Sqrt[al + Sqrtlcl*x~2)~2]*EllipticE[2*ArcTan[(c~(1/4)*x)/a~(1/4)
1, 1/21)/(c”(7/4)*Sqrt[a + c*x~4]) + ((Bxcxd™2 + 2xAxcxd*e - axBxe~2)*(Sqrt
[a]l + Sqrtlcl*x~2)*Sqrtl(a + c*x74)/(Sqrtl[a] + Sqrtlc]l*x~2)~"2]*EllipticE[2x%
ArcTan[(c™(1/4)*x)/a~(1/4)], 1/2])/(2%a~(3/4)*c~(7/4)*Sqrt[a + cxx~4]) + (a
~(1/4)*Bxe~2x(Sqrt[al] + Sqrtlcl*x~2)*Sqrtl[(a + c*x74)/(Sqrt[a] + Sqrt[c]l*x~
2)"2]*EllipticF[2*ArcTan[(c~(1/4)*x)/a~(1/4)]1, 1/2]1)/(2xc~(7/4)*Sqrt[a + c*
x~4]) + (ex(2+Bxd + Axe)*(Sqrt[a]l + Sqrtlcl*x~2)*Sqrt[(a + c*x~4)/(Sqrt[a]
+ Sqrt[c]*x~2)~2]*EllipticF[2*ArcTan[(c~(1/4)*x)/a~(1/4)], 1/2])/(2*xa~(1/4)
xc~(5/4)*Sqrt[a + c*xx"4]) - ((B*c*d™2 + 2xA*ckd*e - a*B*e™2 - (Sqrt[cl*(Axc
*d~2 - 2*%axBxd*e - axAxe”2))/Sqrt[al)*(Sqrtl[al] + Sqrtlc]*x~2)*Sqrt[(a + c*x
~4)/(Sqrt[a] + Sqrtlcl*x~2)~2]*EllipticF[2*ArcTan[(c~(1/4)*x)/a~(1/4)], 1/2
1)/ (4%a~(3/4)*c~(7/4)*Sqrt[a + c*x~4])

Rule 226

Int[1/Sqrtl(a_) + (b_.)*(x_)"4], x_Symbol] :> With[{q = Rt[b/a, 41}, Simpl[(
1 + q72*xx"2)*(Sqrt[(a + b*x"4)/(ax(1 + q~2%xx~2)"2)]/(2*xq*Sqrt[a + b*x~4]))*
EllipticF[2*ArcTan[q*x], 1/2], x]1] /; FreeQ[{a, b}, x] && PosQ[b/a]

Rule 311

Int[(x_)~2/Sqrt[(a_) + (b_.)*(x_)"4], x_Symbol] :> With[{q = Rt[b/a, 2]}, D
ist[1/q, Int[1/Sqrt[a + b*x~4], x], x] - Dist[1/q, Int[(1 - g*x~2)/Sqrtl[a +
bxx~4], x], x]] /; FreeQ[{a, b}, x] &% PosQ[b/al

Rule 1193

Int[((d)) + (e_.)*x(x_)"2)*((a_) + (c_.)*(x_)"4)"(p_), x_Symbol] :> Simp[(-x
)*x(d + exx”2)*((a + c*xx"4)"(p + 1)/(4*xax(p + 1))), x] + Dist[1/(4xax(p + 1)
), Int[Simp[d*(4*p + 5) + ex(4*p + 7)*x"2, x]*(a + c*xx"4)"(p + 1), x], x] /
; FreeQ[{a, c, d, e}, x] && NeQ[cxd™2 + axe”2, 0] && LtQ[p, -1] && IntegerQ
[2*p]

Rule 1210

Int[((d)) + (e_.)*(x_)"2)/Sqrtl[(a_) + (c_.)*(x_)"4], x_Symbol] :> With[{q =

Rt[c/a, 41}, Simp[(-d)*x*(Sqrtla + c*x~4]/(a*x(1 + q"2*x~2))), x] + Simp[dx*
(1 + g~2xx"2)*(Sqrt[(a + c*xx"4)/(ax(1 + q~2%xx~2)72)]/(g*Sqrt[a + c*x"4]))*E
1llipticE[2*ArcTan[q*x], 1/2], x] /; EqQle + d*q~2, 0]] /; FreeQ[{a, c, d, e
}, x] && PosQ[c/al

Rule 1212

Int[((d_) + (e_.)*(x_)"2)/Sqrtl[(a_) + (c_.)*(x_)"4], x_Symbol] :> With[{q =
Rt[c/a, 2]}, Dist[(e + d*q)/q, Int[1/Sqrtl[a + c*x~4], x], x] - Dist[e/q, I
nt[(1 - q*x~2)/Sqrt[a + c*xx~4], x], x] /; NeQ[e + dxq, 0]] /; FreeQ[{a, c,
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d, e}, x] && PosQ[c/al

Rule 1735

Int[(Px_)*((d_) + (e_.)*(x_)"2)"(q_.)*((a_) + (c_.)*x(x_)"4)"(p_), x_Symbol]
:> Int[ExpandIntegrand[1/Sqrt[a + c*x74], Px*(d + exx~2)"gx(a + c*x"4)~(p
+1/2), x], x] /; FreeQ[{a, c, d, e}, x] && PolyQ[Px, x"2] && NeQ[c*d"2 + a

*xe~2, 0] &% IntegerQ[p + 1/2] && IntegerQ[ql]

Rubi steps

(A+ Bz?) (d + ex?)’ Acd? — 2aBde — aAe® + (Bcd? + 2Acde — aBe?) x?  e(2Bd + Ae)
=72 dz = 375 + +
(a+ cz)® c(a+ czt)¥/ cva+ cxt

f Ac¢12—QtzBde—aAeQ-l-(Bt:(12+2Acde—aBez)z2 d.’L' (BeZ) f z2 d.’E (6(2Bd

_ (atczt)®/? + va + cxt +
C C

e(2Bd + Ae) (v«
_ z(Acd® — 2aBde — aAe? 4+ (Bed? 4+ 2Acde — aBe?) z?) N

2acvVa + cxt

z(Acd?® — 2aBde — aAe? + (Bcd? + 2Acde — aBe?) z?) N Be?zvVa + cxt
2acvVa + cxt A2 (Va + /¢

z(Acd?® — 2aBde — aAe? + (Bcd? + 2Acde — aBe?) z?) N Be?’zvVa + cxt
2acvVa + cxt A2 (Va + /¢

Mathematica [C] Result contains higher order function than in optimal. Order 5 vs. order
4 in optimal.
time = 10.13, size = 166, normalized size = 0.24

1 1
3A(cd? — ae?) z + 6aBex(—d + ex?) + 3(Acd? + 2aBde + aAe?) x4/ 1+ % o F (i, 38 —“74) + 2(Bed? + 2Acde — 3aBe?) 2%/ 1 + CZT 2 F (%, 3,1 —%)
6acva + czt

Antiderivative was successfully verified.

[In] Integrate[((A + B*x"2)*(d + e*xx~2)72)/(a + c*x74)~(3/2),x]

[Out] (3*A*(c*d™2 - a*e™2)*x + 6¥a*Bxexx*(-d + e*x"2) + 3*(Axc*d™2 + 2%a*Bxd*e +
axAxe~2)*xxxSqrt[1 + (c*x"4)/al]*Hypergeometric2F1[1/4, 1/2, 5/4, -((c*x"4)/a
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)] + 2% (Bxc*d~2 + 2xAxc*d*e - 3xaxB*xe”2)*x"3*Sqrt[1 + (c*x~4)/al*Hypergeome
tric2F1([3/4, 3/2, 7/4, -((c*x"4)/a)])/(6xa*xc*Sqrt[a + c*xx~4])

Maple [C] Result contains complex when optimal does not.
time = 0.16, size = 458, normalized size = 0.66

method | result
cdeA—Bac®+Bed?)z we?— Acd®+2adeB) e e(Ae+2Bd) _ Aae®—Acd?+2adeB 1 — ¢ 2 1+ z\_ﬁ
26(_(2dA BC2a+Bd) +(A Ac¢12a+2dB) > ( - cd )\/ \/a_ \/ y
elliptic | — ! ‘ : + : ]
\/(x‘l-l-%)c \/Z\/E Vert+a
Vva
3in/a \/ 1-— i\(/EExQ \/ 1+ i‘(/gafz (EllipticF (zw / i\\//_f z) —_EllipticE (z\/;
default | Be?| — 2’ -+ :
2C\/(x4+%)c 25 Z\/\/E vert+a
a

Verification of antiderivative is not currently implemented for this CAS.

[In] int((B*x~2+A)*(e*x~2+d)~2/(cxx"4+a)~(3/2) ,x,method=_RETURNVERBOSE)

[Out] Bxe~2*(-1/2/c*x~3/((x~4+a/c)*c)~(1/2)+3/2%I/c~(3/2)*a~(1/2)/(I/a~(1/2)*c~(1
/2))"(1/2)*(1-I1/a~(1/2)*c~(1/2)*x~2) " (1/2) *(1+I/a~(1/2)*c~(1/2)*x~2)~(1/2) /
(c*xx™4+a)~(1/2)* (E1lipticF (x*(I/a~(1/2)*c~(1/2))~(1/2),I1)-EllipticE(x*(I/a"
(1/2)*%c~(1/2))°(1/2),1)))+(A*e"2+2xBxd*e) * (-1/2/c*xx/ ((x~4+a/c)*c) ~(1/2)+1/2
/c/(I/a~(1/2)*c~(1/2))~(1/2)*(1-I/a~(1/2)*c~ (1/2)*x~2) ~(1/2)*(1+I/a~(1/2) *c
~(1/2)*x72)~(1/2) / (c*x~4+a) " (1/2) *E1lipticF (x*(I/a~ (1/2)*c~(1/2))~(1/2),1))
+(2xA*d*e+B*xd~2) *(1/2*x~3/a/ ((x~4+a/c)*c)~(1/2)-1/2%I/a~(1/2)/(I/a~(1/2)*c~
(1/2))"(1/2)*x(1-I/a~(1/2)*c~ (1/2)*x~2) ~(1/2) *(1+I/a~ (1/2) *c~ (1/2) *x~2) ~(1/2
)/ (c*x~4+a)~(1/2) /c~(1/2)*(EllipticF (xx(I/a~(1/2)*c~(1/2))~(1/2),I)-Ellipti
cE(xx(I/a~(1/2)*c~(1/2))~(1/2),1)))+A*d~2*(1/2*x/a/((x"4+a/c)*c)~(1/2)+1/2/
a/(I/a~(1/2)*c~(1/2))~(1/2)*(1-I/a~(1/2)*c~(1/2)*x~2) " (1/2) *(1+I/a~ (1/2) *c~
(1/2)*x~2)~(1/2) / (c*x~4+a) ~(1/2) *E1lipticF (x*x(I/a~(1/2)*c~(1/2))~(1/2),1))

Maxima [F]
time = 0.00, size = 0, normalized size = 0.00

Failed to integrate
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((B*x~2+A)*(exx~2+d) "2/ (c*x"4+a)~(3/2),x, algorithm="maxima")
[Out] integrate((B*x~2 + A)*(x"2xe + d)~2/(c*xx"4 + a)~(3/2), x)

Fricas [F(-2)]
time = 0.00, size = 0, normalized size = 0.00

Exception raised: TypeError
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((B*x~2+A)*(e*x~2+d) 2/ (c*x"4+a)~(3/2),x, algorithm="fricas")
[Out] Exception raised: TypeError >> Symbolic function elliptic_ec takes exactly
1 arguments (2 given)

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

/(A+Bf5u+eﬁfdt

(a+ cx4)%

Verification of antiderivative is not currently implemented for this CAS.
[In] integrate((B*x**2+A)* (exx**2+d)**2/ (c*xx**4+a)**(3/2) ,x)

[Out] Integral((A + Bxxx*2)*(d + e*x**2)**2/(a + cxx*x*4)*x(3/2), x)

Giac [F|
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.
[In] integrate((B*x~2+A)*(e*x~2+d)~2/(c*x"4+a)”~(3/2),x, algorithm="giac")
[Out] integrate((B*x~2 + A)*(x"2%e + d)~2/(c*x"4 + a)~(3/2), x)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.00

(Bﬁ+mwﬁ+®z
(cat + a)*? ’

Verification of antiderivative is not currently implemented for this CAS.

[In] int(((A + B*xx~2)*(d + e*x~2)"2)/(a + c*x74)~(3/2),x)
[Out] int(((A + B*xx"2)*(d + exx~2)"2)/(a + c*x4)~(3/2), x)
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(A+Bz?) (d+ez?) d
(a—%cx4)3/2

3.10 |

Optimal. Leaf size=395

Bd + Ae) (Va c z? atczl E
z(Acd — aBe + ¢(Bd + Ae)z?) (Bd+ Ae)zvVa+ cxt (Ba+de) (Va + Vo) \/(\/CT + \/Ex2)2

- +
2acVa + cxt 2av/c (Va' + +/c z?) 2a3/4c3/*Va + cxt

[Out] 1/2*x*(A*c*d-a*Bxe+c* (Axe+Bxd)*x~2)/a/c/(c*xx"4+a)~ (1/2)-1/2* (A*e+B*d) *xx* (c*
x"4+a)~(1/2)/a/c”(1/2)/(a~(1/2)+x"2xc~(1/2) ) +1/2* (A*e+B*d) * (cos (2*xarctan(c”
(1/4)*x/a~(1/4)))"2)~(1/2) /cos(2*arctan(c~(1/4)*x/a~(1/4)))*EllipticE(sin(2
xarctan(c”~(1/4)*x/a~(1/4))),1/2x2~(1/2))*(a”~(1/2)+x~2*xc~(1/2) ) * ((c*x"4+a) / (
a~(1/2)+x"2%c~(1/2))"2)"(1/2)/a~(3/4) /c~(3/4) / (c*x~4+a) "~ (1/2)+1/2xB*xe* (cos(
2*xarctan(c”~(1/4)*x/a~(1/4)))~2)~(1/2) /cos(2*arctan(c~(1/4)*x/a~(1/4)))*E1li
pticF(sin(2*arctan(c”(1/4)*x/a~(1/4))),1/2x27(1/2))*(a~(1/2)+x~2*c~(1/2) ) *(
(cxx~4+a) /(a~(1/2)+x"2xc~(1/2))"2)~(1/2)/a~(1/4) /c~(5/4) / (c*xx~4+a)~(1/2)+1/
4% (cos(2*xarctan(c~(1/4)*x/a~(1/4)))"2)~(1/2) /cos(2*arctan(c”(1/4)*x/a"~ (1/4)
))*EllipticF(sin(2*arctan(c”(1/4)*x/a"~(1/4))),1/2x2~(1/2))*(a~(1/2)+x"2*c"(
1/2) ) * (Axc*d-a*xB*e- (A*e+B*xd) *a~ (1/2) *c~(1/2) ) *((c*xx"4+a)/(a~(1/2)+x"2xc~ (1/
2))°2)~(1/2)/a~(5/4)/c~(6/4) /(c*x"4+a)~(1/2)

Rubi [A]

time = 0.21, antiderivative size = 395, normalized size of antiderivative = 1.00, number of

number of rules _ (199
’ integrand size ’

steps used = 7, number of rules used = 5, integrand size = 26
Rules used = {1735, 1193, 1212, 226, 1210}

@ o yert) [ p(oarTan( Y2 ) 13) (~va VE (Ae + Ba) - aBe 4V |
() [t (et () ) (@ e 20 o ) W |

At : P o [ ateR g P
9T T (Ae+ Bd)E( 2ArcT: 1 Be(va + [+ p(2nwT 1
(Va +vea?) (et B ( - an(W) ‘2) Vat ozt (Ae+ Bd)  z(—aBe + cz’(Ae + Bd) + Acd) e(Va+ /) V(v +vea?)? ( - a"(W) ‘2)
W aT 2 aFTe

Ve
- + +
iat ezt 2Ve (Va + e 2acVa + ezt 2Va ivat ezt

Antiderivative was successfully verified.
[In] Int[((A + Bxx"2)*(d + exx~2))/(a + c*x"4)~(3/2),x]

[Out] (x*(Axcxd - a*Bxe + c*(Bxd + Axe)*x~2))/(2*axc*Sqrt[a + c*x"4]) - ((Bxd + A
xe)*xxxSqrt[a + c*x74])/(2xaxSqrt[c]*(Sqrt[a] + Sqrtlcl*x~2)) + ((Bxd + Axe)
*x(Sqrt[a] + Sqrtlcl*x~2)*Sqrt[(a + c*x~4)/(Sqrt[a] + Sqrtlc]l*x~2)~2]*Ellipt
icE[2*ArcTan[(c~(1/4)*x)/a~(1/4)], 1/2])/(2*a~(3/4)*c~(3/4)*Sqrt[a + c*x"4]

) + (Bxex(Sqrt[a] + Sqrtlcl*x~2)*Sqrt[(a + c*x~4)/(Sqrtla] + Sqrtlcl*x~2)"2
1*EllipticF[2*ArcTan[(c~(1/4)*x)/a~(1/4)]1, 1/2]1)/(2*a~(1/4)*c~(5/4)*Sqrt[a

+ cxx"4]) + ((A*c*d - axBxe - Sqrtl[al*Sqrt[c]*(Bxd + A*e))*(Sqrt[a] + Sqrtl[
cl*x"2)*Sqrt[(a + c*x~4)/(Sqrt[a] + Sqrt[cl*x~2)~2]*EllipticF[2*ArcTan[(c”(
1/4)*x)/a~(1/4)], 1/2]1)/(4*a~(5/4)*c~(5/4)*Sqrt[a + c*x~4])

Rule 226

Int[1/Sqrtl(a_) + (b_.)*(x_)"4], x_Symbol] :> With[{q = Rt[b/a, 41}, Simpl[(
1 + q72*x"2)*(Sqrt[(a + b*x"4)/(ax(1 + q~2%x"2)"2)]1/(2*g*Sqrt[a + b*x~4]))*
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EllipticF[2*ArcTan[q*x], 1/2], x]] /; FreeQ[{a, b}, x] && PosQ[b/al

Rule 1193

Int[((d_) + (e_.)*(x_)"2)*x((a_) + (c_.)*x(x_)"4)"(p_), x_Symbol] :> Simp[(-x
)¥(d + exx”2)*x((a + c*x"4)"(p + 1)/(4*xax(p + 1))), x] + Dist[1/(4*a*x(p + 1)
), Int[Simp[d*(4*p + 5) + ex(4*p + 7)*x~2, x]*(a + cxx"4)"(p + 1), x], x] /
; FreeQ[{a, c, d, e}, x] && NeQ[c*d™2 + axe”2, 0] && LtQ[p, -1] && IntegerQ
[2*p]

Rule 1210

Int[((d_) + (e_.)*(x_)"2)/Sqrtl[(a_) + (c_.)*(x_)~"4], x_Symbol] :> With[{q =
Rt[c/a, 41}, Simp[(-d)*x*(Sqrtla + c*x~4]/(ax(1 + q72*x~2))), x] + Simp[dx*
(1 + qg"2*%x"2)*(Sqrt[(a + c*x"4)/(ax(1 + q~2%x72)"2)]/(q*Sqrt[a + c*xx~4]))*E
1llipticE[2*ArcTan[q*x], 1/2], x] /; EqQle + d*q~2, 0]] /; FreeQ[{a, c, d, e
}, x] && PosQ[c/al

Rule 1212

Int[((d_) + (e_.)*(x_)"2)/Sqrtl[(a_) + (c_.)*(x_)"4], x_Symbol] :> With[{q =
Rt[c/a, 2]}, Dist[(e + d*q)/q, Int[1/Sqrtl[a + c*x~4], x], x] - Distle/q, I
nt[(1 - q*x~2)/Sqrtla + c*xx~4], x], x] /; NeQ[e + dxq, 0]] /; FreeQ[{a, c,
d, e}, x] && PosQ[c/al

Rule 1735

Int [(Px_)*((d_) + (e_.)*(x_)"2)"(q_.)*((a_) + (c_.)*(x_)"4)"(p_), x_Symbol]
:> Int[ExpandIntegrand[1/Sqrt[a + c*x~4], Px*(d + exx~2)"gx(a + c*x"4)"(p
+1/2), x], x] /; FreeQ[{a, c, d, e}, x] && PolyQ[Px, x~2] && NeQ[c*d"2 + a
xe~2, 0] && IntegerQ[p + 1/2] && IntegerQ[q]

Rubi steps
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(A+ Bz?) (d+ex?) , / Acd — aBe + ¢(Bd + Ae)z? N Be i
(a+ czt)?/? c(a+ czt)*/? cvVa+ cxt

f Acd—aBe+c(Bd+Ae)x? dz

atczt)3/?
_ kst N

(Be)fﬁdx

4 1
Be(Va + yea?) |2t F(
_ z(Acd — aBe + c(Bd + Ae)z?) N (Va' +c'z?)
2acva + cx? 2a /4 a + cxt
a+ czt |
Be(V/a' ++/c'a?) F(:
_ z(Acd — aBe + c¢(Bd + Ae)z?) N (Va + \/Exz)Q
2acva + cx* 2v/a /4 a + cxt

(Bd + Ae) (Va -

_ x(Acd — aBe + ¢(Bd + Ae)z?)  (Bd+ Ae)zVa + cxt N
2acva + cz? 2a+/c" (Va' + /c'2?)

Mathematica [C] Result contains higher order function than in optimal. Order 5 vs. order
4 in optimal.
time = 10.09, size = 126, normalized size = 0.32

1 1
3(Acd—aBe)x+3(Acd+aBe):c\/1+% 2F1(i,%;%;—“74) +2c(Bd+Ae)x3\/1+% gFl(%,%;g;—‘””T‘l)

6acva + cxt

Antiderivative was successfully verified.

[In] Integrate[((A + B*x"2)*(d + exx"2))/(a + c*x74)~(3/2),x]

[Out] (3*(A*cxd - a*B*xe)*x + 3*(A*ckd + a*Bke)*x*Sqrt[l + (c*x~4)/a]*Hypergeometr
ic2F1[1/4, 1/2, 5/4, -((c*x~4)/a)] + 2*c*(Bxd + Axe)*x~3*Sqrt[1 + (c*x"4)/a
]*Hypergeometric2F1[3/4, 3/2, 7/4, -((c*x74)/a)])/(6*a*cxSqrt[a + c*x~4])

Maple [C] Result contains complex when optimal does not.
time = 0.14, size = 320, normalized size = 0.81

method | result

26(— (Ae-!»Bd)a:3 _ (Acd—aBe):z:) <Te+ 2ac
_|_

4ca 4a c2

Ve +2)e A Vertra

elliptic | —
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1— l\/g i 1 —+ Z\/E o EllipticF | = Z\/E )
Va NGO NGO
default | Be| — < -+ 7 + (Ae+ Bd) | —
24/ (24 + %) c o | IVE | oph 2a
\/( c) 2 \/\/E cr*+a

Verification of antiderivative is not currently implemented for this CAS.

[In] int((B*x~2+A)*(exx~2+d)/(c*xx"4+a)~(3/2) ,x,method=_RETURNVERBOSE)

[Out] Bxex(-1/2/cxx/((x"4+a/c)*c)~(1/2)+1/2/c/(1/a~(1/2)*c”(1/2))~(1/2)*(1-I/a~ (1
/2)*c~(1/2)*x72) " (1/2)*(1+I/a" (1/2)*c~ (1/2)*x~2) ~(1/2) / (c*x"4+a) " (1/2) *E11i
pticF(x*(I/a~(1/2)*c~(1/2))~(1/2),1I))+(A*xe+B*d) *(1/2*%x~3/a/((x~4+a/c)*c)~ (1
/2)-1/2%I/a~(1/2)/(1/a~(1/2)*c~(1/2))~(1/2)*(1-I/a~(1/2)*c~(1/2)*x~2) " (1/2)
*(1+I/a" (1/2)*c~(1/2)*x~2)~(1/2) / (c*x"4+a) " (1/2) /¢~ (1/2) *(E11lipticF (x*(I/a"
(1/2)*c~(1/2))~(1/2) ,I)-EllipticE(x*(I/a”~(1/2)*c~(1/2))~(1/2) ,I)))+A*d*(1/2
*x/a/((x~4+a/c)*c)~(1/2)+1/2/a/(1/a~(1/2)*c~(1/2))~(1/2)*(1-I/a~(1/2)*c~(1/
2)*x72) 7 (1/2)*(1+I/a~(1/2)*c~(1/2)*x~2) " (1/2) / (c*x~4+a) " (1/2) *E11lipticF (x*(
I/a~(1/2)*c~(1/2))~(1/2),1))

Maxima [F]

time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((B*x~2+A)*(e*x~2+d)/(c*x"4+a)~(3/2),x, algorithm="maxima")
[Out] integrate((Bxx~2 + A)*(x"2%e + d)/(c*x"4 + a)~(3/2), x)
Fricas [F(-2)]

time = 0.00, size = 0, normalized size = 0.00

Exception raised: TypeError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((B*x~2+A)*(e*x~2+d)/(c*x"4+a)~(3/2),x, algorithm="fricas")

[Out] Exception raised: TypeError >> Symbolic function elliptic_ec takes exactly
1 arguments (2 given)

Sympy [C] Result contains complex when optimal does not.
time = 4.91, size = 167, normalized size = 0.42

Cz‘;e”) Bdmﬁ"(%) 2F1 (

+

N
[SJ[VY)

)
5
4

)

+

4a3T (3) 4a3T (1

[N
R
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!
=g
NI




88

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((B*x**2+A)* (exx**2+d)/ (c*kx**4+a)**(3/2) ,x)

[Out] Axd*x*gamma(1/4)*hyper((1/4, 3/2), (5/4,), cxx*xdxexp_polar(I*pi)/a)/(4*a*x
(3/2) *gamma (5/4)) + Axexx*x3*gamma(3/4)*hyper((3/4, 3/2), (7/4,), ckxx*xdxex
p_polar(Ixpi)/a)/(4*ax*(3/2)*gamma(7/4)) + Bxd*x**3*gamma(3/4)*hyper((3/4,

3/2), (7/4,), cxx*xdxexp_polar(I*pi)/a)/(4*a*x*(3/2)*gamma(7/4)) + Bxexx*x5x

gamma (5/4) *hyper ((5/4, 3/2), (9/4,), cxxx*x4dxexp_polar(I*pi)/a)/(4*xax*(3/2)x*

gamma (9/4))

Giac [F]

time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((B*x~2+A)*(e*x~2+d)/(c*x~4+a)~(3/2),x, algorithm="giac")
[Out] integrate((B*x"2 + A)*(x"2xe + d)/(c*x"4 + a)~(3/2), x)
Mupad [F]
time = 0.00, size = -1, normalized size = -0.00
(Bz?+ A) (ex? +d)
/ (czt + a)*?

Verification of antiderivative is not currently implemented for this CAS.

[In] int(((A + Bxx~2)*(d + e*x"2))/(a + c*x~4)~(3/2) ,x)
[Out] int(((A + B*xx"2)*(d + exx"2))/(a + c*x~4)~(3/2), x)
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3.11 f(“—%dx

a+cz?)

Optimal. Leaf size=262

z(A + Bx?) Baova T ot B(Va' + Vc'a?) \/(\/Ea:\C/gc;xz)?E(ztan_l (f{/%) 1

- +
20Va+czt’  2av/c (Va +/c'a?) 2a3/4c3/4/a + cx*

[Out] 1/2*x*(B*x~2+A)/a/(c*x~4+a)~(1/2)-1/2*B*x* (c*xx~4+a)~(1/2)/a/c~(1/2)/(a~(1/2
)+x"2%c”(1/2))+1/2+B*(cos (2*arctan(c~(1/4)*x/a~(1/4)))"2)~(1/2) /cos(2*arcta
n(c~(1/4)*x/a~(1/4)))*EllipticE(sin(2*arctan(c~(1/4)*x/a~(1/4))),1/2%x2~(1/2
))*x(a~(1/2)+x72xc~(1/2) ) *((c*x"4+a) /(a~ (1/2)+x"2%c~(1/2))~2)~(1/2) /a~(3/4)/
c~(3/4) /(c*x~4+a)~(1/2)-1/4*x(cos(2*arctan(c”(1/4)*x/a~(1/4)))~2)~(1/2) /cos(
2xarctan(c~(1/4)*x/a~(1/4)))*EllipticF(sin(2*arctan(c~(1/4)*x/a~(1/4))),1/2
*27(1/2))*(Bxa~(1/2)-Axc~(1/2))*(a~(1/2)+x~2xc~(1/2) ) *((c*x~4+a) /(a~ (1/2) +x
~2xc”(1/2))"2)"(1/2)/a~(5/4)/c”(3/4) / (cxx~4+a)~(1/2)

Rubi [A]
time = 0.07, antiderivative size = 262, normalized size of antiderivative = 1.00, number of

number of rules _
' integrand size 0.210,

steps used = 4, number of rules used = 4, integrand size = 19
Rules used = {1193, 1212, 226, 1210}

N a+cat _ reTan( YC=) |2 2 a+ezt reTan( V€= ) 11
R e R S S L) R v (e (7)) L HABY)  BeVarer
4a5/4¢3/*Va + cxt 2a3/4c/4v/a + cxt 2ava+ ezt 2a/c (Va +/c'z?)

Antiderivative was successfully verified.
[In] Int[(A + Bxx"2)/(a + c*x74)~(3/2),x]

[Out] (x*(A + B*x~2))/(2%axSqrt[a + c*x”4]) - (Bxx*Sqrt[a + c*x74])/(2*a*xSqrt[c]*
(Sqrt[a] + Sqrtlcl*x~2)) + (Bx(Sqrtl[al + Sqrtl[cl*x"2)*Sqrt[(a + c*x~4)/(Sqr

tla] + Sqrtlcl*x"2)~2]*EllipticE[2*ArcTan[(c~(1/4)*x)/a~(1/4)], 1/2])/(2*a~
(3/4)*c~(3/4)*Sqrt[a + c*x"4]) - ((Sqrt[al*B - A*Sqrt[c])*(Sqrt[a]l + Sqrtlc
1*x~2)*Sqrt[(a + c*x~4)/(Sqrtla] + Sqrtlcl*x~2)~2]*EllipticF[2*ArcTan[(c~(1
/8)*x)/a~(1/4)], 1/2]1)/(4*a”(5/4)*c~(3/4)*Sqrt[a + cxx"4])

Rule 226

Int[1/Sqrtl(a_) + (b_.)*(x_)"4], x_Symbol] :> With[{q = Rt[b/a, 41}, Simpl[(
1 + q"2%x72)*(Sqrt[(a + b*x"4)/(ax(1 + q~2%x72)"2)]/(2*g*Sqrt[a + b*x"4]))*
EllipticF[2*ArcTan[q*x], 1/2], x]1] /; FreeQ[{a, b}, x] && PosQ[b/al]

Rule 1193

Int[((d)) + (e_.)*x(x_)"2)*((a_) + (c_.)*(x_)"4)"(p_), x_Symbol] :> Simp[(-x
Yx(d + exx™2)*((a + c*xx"4)~(p + 1)/(4*ax(p + 1))), x] + Dist[1/(4*ax(p + 1)
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), Int[Simp[d*(4*p + 5) + ex(4*p + 7)*x"2, x]*(a + c*x"4)"(p + 1), x], x] /
; FreeQ[{a, c, d, e}, x] && NeQ[c*d™2 + axe”2, 0] && LtQ[p, -1] && IntegerQ
[2*p]

Rule 1210

Int [((d_) + (e_.)*(x_)"2)/Sqrt[(a_) + (c_.)*(x_)"4], x_Symbol] :> With[{q =
Rt[c/a, 41}, Simp[(-d)*x*(Sqrtla + c*x~4]/(a*x(1 + q72*x~2))), x] + Simp[dx*
(1 + qg"2*x"2)*(Sqrt[(a + c*x"4)/(ax(1 + q~2%x72)"2)]/(q*Sqrt[a + c*xx~4]))*E
1llipticE[2*ArcTan[q*x], 1/2], x] /; EqQle + d*q~2, 0]] /; FreeQ[{a, c, d, e
}, x] && PosQ[c/al

Rule 1212

Int[((d)) + (e_.)*(x_)"2)/Sqrtl[(a_) + (c_.)*(x_)"4], x_Symbol] :> With[{q =
Rt[c/a, 21}, Dist[(e + d*q)/q, Int[1/Sqrtl[a + c*x~4], x], x] - Distl[e/q, I
nt[(1 - q*x~2)/Sqrt[a + c*xx~4], x], x] /; NeQ[e + d*q, 0]] /; FreeQ[{a, c,
d, e}, x] && PosQ[c/al

Rubi steps
) 0 f _—A+Bz?
A+B$ dx— .’I,'(A+B.'E) \/a+cx4
(a+ cxt)®/? 2aVa + ca* 2a
A B) B[ va_
:x(A+Ba:2)+< f\/a+cx4 z+ f\/mdx
2aVa + cxt 2a 2v/a /¢
+ czt |
B(va +vea?) |2 E(Qt;
_ z(A+B2?) Bzva + cxt N (Va' +\/E$2)2
20Va+cxt  2av/c (Va +cz?) 2a3/4c3/4V a + cxt

Mathematica [C] Result contains higher order function than in optimal. Order 5 vs. order
4 in optimal.
time = 10.04, size = 99, normalized size = 0.38

4 4
3Ax+3Ax\/1+% m(}vg;g; c§)+2Bx ,/1+£ 2Fl(g 2 g;—T“)

6ava + czt

Antiderivative was successfully verified.
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[In] Integrate[(A + B*x"2)/(a + c*x~4)~(3/2),x]

[Out] (3*A*x + 3xAxx*Sqrt[1 + (c*x"4)/a]l*Hypergeometric2F1[1/4, 1/2, 5/4, -((c*x~
4)/a)] + 2#B*x~3*Sqrt[1 + (c*x~4)/al*Hypergeometric2F1[3/4, 3/2, 7/4, -((c*
x~4)/a)])/(6xaxSqrt[a + cxx~4])

Mabple [C] Result contains complex when optimal does not.
time = 0.14, size = 217, normalized size = 0.83

method | result

_iy/Ca2 i/Ca? in/c _ _iy/c a2

. 20(_39}3_%) A\/]. \/E 1 + \/E EllipticF | = \/(,T K iB4/1 \/E 1 —+

elliptic | — o el : _
\/(w‘l—i—%)c Qa\/i\/f Vezt+a
. _i\/EmQ‘ iea [ iy/C o iy/C \
. z\/ 1 \/E 1 + \/E EllipticF | = _\/(T ,¢ | —EllipticE | = \/E )%
default | B z - — ' ‘ ,
2“\/(9”4"'%)0 2\/5\/% Vezt+a (/¢

Verification of antiderivative is not currently implemented for this CAS.

[In] int((B*x~2+A)/(c*x"4+a)~(3/2),x,method=_RETURNVERBOSE)

[Out] Bx(1/2%x~3/a/((x~4+a/c)*c)~(1/2)-1/2xI/a~(1/2)/(1/a~(1/2)*c~(1/2))~(1/2)*(1
-I/a~(1/2)*c™(1/2)*x72) " (1/2)*(1+I/a~ (1/2)*c~(1/2)*x~2) " (1/2) / (c*x~4+a) ~(1/
2)/c”(1/2)*(EllipticF (x*(I/a~(1/2)*c~(1/2))~(1/2) ,I1)-EllipticE(x*(I/a~(1/2)
*c~(1/2))7(1/2),1)) ) +A*(1/2*x/a/ ((x~4+a/c)*c)~(1/2)+1/2/a/(1/a~ (1/2) *c~ (1/2
))~(1/2)*(1-I/a~ (1/2)*c™(1/2)*x~2) ~(1/2) *(1+I/a~(1/2) *c~(1/2)*x~2)~(1/2) / (c
*x"4+a) " (1/2)*EllipticF (x*(I/a”~(1/2)*c~(1/2))~(1/2),1))

Maxima [F]
time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((B*x~2+A)/(c*x"4+a)~(3/2),x, algorithm="maxima")
[Out] integrate((B*xx~2 + A)/(c*x"4 + a)~(3/2), x)

Fricas [F(-2)]
time = 0.00, size = 0, normalized size = 0.00

Exception raised: TypeError

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate((B*x~2+A)/(c*x"4+a)~(3/2),x, algorithm="fricas")
[Out] Exception raised: TypeError >> Symbolic function elliptic_ec takes exactly
1 arguments (2 given)

Sympy [C] Result contains complex when optimal does not.
time = 2.78, size = 78, normalized size = 0.30

W

3
2

NI

AaT(})oF | 2= ) Batr(2) o | 12
1

+
4a:T (

=
SN—"

Y

5
4
5
4

4a%1"( )
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((Bxx**2+A)/(c*x**4+a)**(3/2),x)

[Out] Axx*gamma(1/4)*hyper((1/4, 3/2), (5/4,), cxxx*4d*xexp_polar(I*pi)/a)/(4*a**(3
/2)*gamma (5/4)) + B*x**3*gamma(3/4)*hyper((3/4, 3/2), (7/4,), c*x*x*4*xexp_po
lar(I*pi)/a)/(4*ax*(3/2)*gamma(7/4))

Giac [F|
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.
[In] integrate((B*x~2+A)/(c*x"4+a)~(3/2),x, algorithm="giac")
[Out] integrate((B*xx~2 + A)/(c*x”4 + a)~(3/2), x)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.00

2
/(Bx + A dx

czt + a)*/?
Verification of antiderivative is not currently implemented for this CAS.

[In] int((A + B*x"2)/(a + c*x74)~(3/2),x)
[Out] int((A + Bxx"2)/(a + c*x~4)~(3/2), x)
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A+Baz?
312 f o) (atead) 2 0

Optimal. Leaf size=732

e/?(Bd — Ae) tan™! Ved? + ae? o
x(Acd + aBe + ¢(Bd — Ae)a®) /¢ (Bd— Ae)zvVa+cat Vd e va+ ezt
2a (cd? + ae?) Va + cx? 2a (cd? + ae?®) (Va + Vc'z?) 2vd (cd? + ae2)*/?

[Out] -1/2%e”(3/2)*(-A*e+B*d)*arctan(x*(axe~2+c*d"~2)~(1/2)/d~(1/2)/e~(1/2)/(c*x~4
+a)~(1/2))/(axe~2+c*d~2) " (3/2) /d~(1/2) +1/2*x* (A*xc*d+a*Bxe+c* (~A*e+Bxd) *x~2)
/a/ (axe”2+c*d~2) /(c*x"4+a) "~ (1/2)-1/2* (—Axe+B*d) *x*c~ (1/2) ¥ (c*x~4+a) " (1/2) /a
/(axe~2+c*d"2)/(a~ (1/2)+x"2xc~(1/2) ) +1/2*xc” (1/4) * (~A*xe+B*d) * (cos (2*arctan(c
~(1/4)*x/a~(1/4)))"2)~(1/2) /cos(2*arctan(c” (1/4)*x/a" (1/4)))*E1llipticE(sin(
2xarctan(c”(1/4)*x/a~(1/4))),1/2x2~(1/2))*(a~ (1/2)+x~2*xc~(1/2) ) *((c*x"4+a)/
(a~(1/2)+x"2xc~(1/2))"2)~(1/2)/a~(3/4) / (axe~2+c*d~2) / (c*x~4+a) " (1/2)-1/2%c™
(1/4) *e* (—Axe+B*d) * (cos (2*xarctan(c~(1/4)*x/a~(1/4)))"2)~(1/2) /cos(2*arctan(
c~(1/4)*x/a~(1/4)))*EllipticF(sin(2*arctan(c~(1/4)*x/a~(1/4))),1/2x2~(1/2))
*x(a~(1/2)+x72%c~(1/2) ) *((c*x~4+a) /(a~ (1/2)+x"2%c~(1/2))"2)~(1/2) /a~(1/4) /(a
xe~2+c*d"2) / (-exa” (1/2)+d*c”~(1/2))/(c*xx"4+a) " (1/2)+1/4*a" (3/4) *ex (—A*e+B*d)
*(cos(2*arctan(c~(1/4)*x/a~(1/4)))~2)~(1/2) /cos(2*arctan(c”(1/4)*x/a"~ (1/4))
)*EllipticPi(sin(2*arctan(c”(1/4)*x/a~(1/4))) ,-1/4*x(~e*xa”~(1/2)+d*c~(1/2))"2
/d/e/a~(1/2)/c~(1/2) ,1/2x27(1/2))*(a~(1/2)+x~2*c~ (1/2) ) *(e+d*c~(1/2) /a~(1/2
))"2x((c*x~4+a)/(a~(1/2)+x"2%c~(1/2))"2)~(1/2) /c~(1/4) /d/ (-~a~2*%e~4+c~2*xd"4)
/(c*x"4+a) " (1/2)+1/4*(cos (2*arctan(c”~(1/4)*x/a~(1/4)))"2)~(1/2) /cos(2*arcta
n(c~(1/4)*x/a~(1/4)))*EllipticF(sin(2*arctan(c”(1/4)*x/a~(1/4))),1/2x2~(1/2
))*(a”(1/2)+x~2*%c™(1/2) ) * (A*cxd+a*Bke- (—Axe+B*d) *a~ (1/2) *c~(1/2) ) *((c*x"4+a
)/ (@~ (1/2)+x"2%c~(1/2))"2)~(1/2) /a~(56/4) /c~(1/4) / (a*xe~2+c*d~2) / (c*x"4+a) ~ (1
/2)

Rubi [A]
time = 0.53, antiderivative size = 732, normalized size of antiderivative = 1.00, number of

number of rules __
' integrand size 0.250,

steps used = 9, number of rules used = 7, integrand size = 28
Rules used = {1735, 1193, 1212, 226, 1210, 1231, 1721}

— . ———— . e ) - — -
VE) [T p(nnen( S22) 1) (v VE (B~ A Bt Aet) IF (v +VE2) [ s (aana($52) ) el + vE) [ (L) - o)) o v [ skt S25)B) o et o B

Ve T (VEd Ve o] WA o+ )

Antiderivative was successfully verified.

[In] Int[(A + B*x72)/((d + exx~2)*(a + c*xx~4)~(3/2)),x]

[Out] (x*(A*c*d + a*Bke + cx(Bxd - A*e)*x"2))/(2*ax(c*d~2 + a*e”2)*Sqrt[a + c*x~4
1) - (Sqrtlcl*(Bxd - Axe)*x*Sqrtl[a + c*x~4])/(2*a*x(c*d™2 + a*e”2)*(Sqrt[al

+ Sqrtlcl*x~2)) - (e~ (3/2)*(B*d - Axe)*ArcTan[(Sqrt[cxd~2 + a*e~2]*x)/(Sqrt
[d]*Sqrt[e]*Sqrt[a + c*x~4]1)]1)/(2*Sqrt[d]*(c*d~2 + axe~2)~(3/2)) + (c~(1/4)
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*x(Bxd - Axe)*(Sqrt[al + Sqrtlcl*x~2)*Sqrtl[(a + c*x74)/(Sqrt[a] + Sqrt[c]l*x~
2)"2]*EllipticE[2*ArcTan[(c~(1/4)*x)/a~(1/4)]1, 1/2]1)/(2*a~(3/4)*(c*d"2 + ax
e"2)xSqrt[a + c*x74]) - (c~(1/4)*ex(B*d - A*e)*(Sqrt[al + Sqrt[cl*x"2)*Sqrt
[(a + c*xx"4)/(Sqrt[a] + Sqrtlcl*x~2)~2]*EllipticF[2*ArcTan[(c~(1/4)*x)/a"~ (1
/4)]1, 1/2]1)/(2*xa~(1/4)*(Sqrt[c]*d - Sqrt[a]*e)*(c*d"2 + axe”2)*Sqrt[a + c*x
~4]) + ((Axcxd + a*Bxe - Sqrt[al*Sqrt[c]*(B*d - Axe))*(Sqrt[a] + Sqrt[c]l*x~
2)*Sqrt[(a + c*x74)/(Sqrt[al] + Sqrtlcl*x~2)~2]*EllipticF[2*ArcTan[(c~(1/4)x*
x)/a~(1/4)]1, 1/2]1)/(4*xa~(5/4)*c”(1/4)*(cxd"2 + axe~2)*Sqrt[a + c*xx"4]) + (a
~(3/4)*ex((Sqrt[cl*d)/Sqrt[a] + e)~2x(Bxd - Axe)*(Sqrt[al + Sqrt[cl*x~2)*Sq
rt[(a + c*xx"4)/(Sqrt[a] + Sqrtlcl*x~2)~2]*EllipticPi[-1/4*(Sqrt[c]l*d - Sqrt
[a]l*e)~2/(Sqrt[al*Sqrt [c]*d*e), 2xArcTan[(c~(1/4)*x)/a~(1/4)], 1/2])/(4*c~(
1/4)*d*(c"2xd~4 - a"2xe~4)*Sqrt[a + c*x74])

Rule 226

Int[1/Sqrtl(a_) + (b_.)*(x_)"4], x_Symbol] :> With[{q = Rt[b/a, 41}, Simpl[(
1 + q72*x"2)*(Sqrt[(a + b*x"4)/(ax(1 + q~2%x"2)"2)]1/(2*g*Sqrt[a + b*x~4]))*
EllipticF[2*ArcTan[q*x], 1/2], x]] /; FreeQ[{a, b}, x] && PosQ[b/a]

Rule 1193

Int[((d_) + (e_.)*(x_)"2)*x((a_) + (c_.)*x(x_)"4)"(p_), x_Symbol] :> Simp[(-x
)¥(d + exx”2)x((a + c*x"4)"(p + 1)/(4*xax(p + 1))), x] + Dist[1/(4xa*x(p + 1)
), Int[Simp[d*(4*p + 5) + ex(4*p + 7)*x"2, x]*(a + c*x"4)"(p + 1), x], x] /
; FreeQ[{a, c, d, e}, x] && NeQ[c*d™2 + axe”2, 0] && LtQ[p, -1] && IntegerQ
[2*p]

Rule 1210

Int[((d)) + (e_.)*(x_)"2)/Sqrtl[(a_) + (c_.)*(x_)"4], x_Symbol] :> With[{q =

Rt[c/a, 41}, Simp[(-d)*x*(Sqrtla + c*x~4]/(a*x(1 + q72*x~2))), x] + Simp[dx*
(1 + qg"2*%x"2)*(Sqrt[(a + c*x"4)/(ax(1 + q~2%x72)"2)]/(q*Sqrt[a + c*xx"4]))*E
1lipticE[2*ArcTan[q*x], 1/2], x] /; EqQle + d*q™2, 0]] /; FreeQl{a, c, d, e
}, x] &% PosQlc/al

Rule 1212

Int[((d)) + (e_.)*(x_)"2)/Sqrtl[(a_) + (c_.)*(x_)"4], x_Symbol] :> With[{q =
Rt[c/a, 21}, Dist[(e + d*q)/q, Int[1/Sqrtl[a + c*x~4], x], x] - Dist[e/q, I
nt[(1 - g*x~2)/Sqrt[a + c*x~4], x], x] /; NeQle + d*xq, 0]] /; FreeQ[{a, c,
d, e}, x] && PosQ[c/al

Rule 1231

Int[1/(((d) + (e_.)*(x_)"2)xSqrtl(a_) + (c_.)*(x_)"4]), x_Symbol]l :> With[
{q = Rtlc/a, 2]}, Dist[(cxd + a*e*xq)/(c*d"2 - axe”2), Int[1/Sqrt[a + c*x"4]
, x], x] - Dist[(a*ex(e + dxq))/(cxd"2 - a*e”2), Int[(1 + g*x~2)/((d + e*x™
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2)xSqrt[a + c*x”4]), x], x]1] /; FreeQl[{a, c, d, e}, x] && NeQ[c*xd~2 + axe”2
, 0] && NeQ[c*d"2 - a*xe”2, 0] && PosQ[c/al

Rule 1721

Int[(C(AD) + (B_.)*(x_)"2)/(((d_) + (e_.)*(x_)"2)*Sqrt[(a_) + (c_.)*(x_)"4]1)
, Xx_Symbol] :> With[{q = Rt[B/A, 2]}, Simp[(-(B*d - A*e))*(ArcTan[Rt[c*(d/e
) + ax(e/d), 2]*(x/Sqrtla + c*x~4])]/(2*dxexRt[cx(d/e) + ax(e/d), 2])), x]
+ Simp[(B*d + Axe)*(A + B*x"2)*(Sqrt[A~2x((a + c*xx~4)/(ax(A + Bxx~2)"2))]/(
4xdxexA*q*Sqrt[a + c*x"4]))*EllipticPi[Cancel[-(B*d - Axe)~2/(4*d*exAxB)],
2xArcTan[q*x], 1/2], x]1]1 /; FreeQ[{a, c, d, e, A, B}, x] && NeQ[cxd~2 + axe
=2, 0] && NeQ[c*d~2 - axe”2, 0] && PosQ[c/al && EqQ[c*A~2 - ax*B~2, 0]

Rule 1735

Int[(Px_)*((d_) + (e_.)*(x_)"2)"(q_.)*((a_) + (c_.)*(x_)"4)"(p_), x_Symbol]
:> Int[ExpandIntegrand[1/Sqrt[a + c*x74], Px*(d + exx~2)"gx(a + c*x~4)"(p
+ 1/2), x], x] /; FreeQ[{a, c, d, e}, x] && PolyQ[Px, x~2] && NeQ[cxd"2 + a
*xe~2, 0] &% IntegerQ[p + 1/2] && IntegerQlql]

Rubi steps
A+ Bx? Acd + aBe + ¢(Bd — Ae)z? e(—Bd + Ae)
32 T = 3/2 dx
(d + ex?) (a + cz?) (cd? + ae?) (a + cz?) (cd? + ae?) (d + ex?) Va + czt
Acd+aBe+c(Bd— Ae)x? Bd — A 1 - d
/ (atczt)?/ dx 3 (e( )/ (d+ec?)Va + cxt v
cd? + ae? cd? + ae?

—Acd—aBe+c(Bd—Ae)x? _
_ x(Acd + aBe + ¢(Bd — Ae)z?) J Vva+ czt dz B (Vee(Bd
2a (cd? + ae?) Va + cxt 2a (cd? + ae?) (Ve d-
3/2(Bd — Ae) tan—! Ved? 4+ ae? »
_ x(Acd + aBe + ¢(Bd — Ae)z?) e ) tan (\/E Ve va+ crt
2a (cd? + ae?) Va + czt 2vVd (cd? + ae?)®?

_ z(Acd + aBe + ¢(Bd — Ae)z?) V' (Bd — Ae)zvVa + cxt

e%/2(Bd

Mathematica [C] Result contains complex when optimal does not.

2a (cd? + ae?) Va + cx? 24 (cd? + ac?) (Va' + +c'z?) B
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time = 10.53, size = 432, normalized size = 0.59

A\;’%‘N("J+n8\;”::§‘d &% > \; cdez® ~ /&' Ed(Bd \(“‘EE(x;mh" (\%’)‘7') + (VEB—iAVE) d(\ad - ivae) v°@r(1a,nh—l (\%,) 4) -z,nsde5@n<f%.,x\nn\—’ (\%,)‘4> 721,.,1(—'»3“En<73¢%,,5.“\.4 (\%’)‘7')

Antiderivative was successfully verified.

[In] Integrate[(A + B*x~2)/((d + e*x~2)*(a + c*x~4)~(3/2)),x]

[Out] (AxSqrt[(I*Sqrtlc])/Sqrtlal]l*c*d~2*x + a*BxSqrt[(I*Sqrt[cl)/Sqrt[al]*d*e*xx
+ BxSqrt [(I*Sqrt[c])/Sqrt[al]l*c*d~2*xx~3 - A*Sqrt[(I*Sqrt[c])/Sqrt[al]*c*d*e
*x~3 - Sqrt[al*Sqrt[c]*d*(Bxd - A*e)*Sqrt[1 + (c*x74)/a]l*EllipticE[I*ArcSin
h[Sqrt[(I*Sqrt[c])/Sqrtlall*x], -1] + (Sqrt[al*B - I*A*Sqrt[c])*d*(Sqrt[c]=*
d - IxSqrt[al*e)*Sqrt[1l + (c*x~4)/al*EllipticF[I*ArcSinh[Sqrt[(I*Sqrt[c]l)/S
qrtlall=*x], -1] + (2%I)*axBxd*e*xSqrt[1l + (c*x~4)/al*EllipticPi[((-I)*Sqrt[a
1*xe)/(Sqrtcl*d), I*ArcSinh[Sqrt[(I*Sqrtlc])/Sqrtlall*x], -1] - (2*I)*a*A*e
~2xSqrt[1 + (c*x74)/al*EllipticPi[((-I)*Sqrt[al*e)/(Sqrt[cl*d), I*ArcSinh[S
qrt [(I*Sqrt[c])/Sqrt[all*x], -11)/(2*a*Sqrt[(I*Sqrt[c]l)/Sqrt[all*d*(cxd~2 +
axe~2)*Sqrt[a + cxx~4])

Maple [C] Result contains complex when optimal does not.
time = 0.17, size = 564, normalized size = 0.77

method | result

<(

a62+cd2) _7‘

in/C (Ae—Bd) | —
\/ EllipticF [z \/E K (.T4 +
B z
2a\/(£L‘4+%)C :L_4_+_a,
default +
e— =3 cd+aBe)x 1_7‘\/5372 \/1 'i\/E-TZ EllipticF 1/\/8 i | Acd —i/
11, t, 20(4:20. 523-;2«12) - 4:?ai;—+fd;)c> + \/ \/E + \/E ptic * \/E ‘ + vV
elliptic — ‘
\/(‘II’.4 + %) ¢ 2a(ae2+cd2)\/ \/m

Verification of antiderivative is not currently implemented for this CAS.

[In] int((B*x~2+A)/(exx~2+d)/(cxx"4+a)~(3/2) ,x,method=_RETURNVERBOSE)

[Out] B/ex(1/2xx/a/((x"4+a/c)*c)~(1/2)+1/2/a/(1/a~(1/2)*c~(1/2))~(1/2)*(1-I/a~(1/

2)*xc~(1/2)*x72) "~ (1/2)*(1+I/a~ (1/2)*c~ (1/2)*x~2) ~(1/2) / (c*x~4+a) ~(1/2) *Ellip
ticF(x*x(I/a~(1/2)*c~(1/2))"(1/2),1I))+(Axe-B*xd) /ex (-2*c*(1/4/a*xe/ (a*e~2+c*xd™
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2)*x~3-1/4xd/a/(axe”2+c*xd~2) *x) / ((x"4+a/c) *c) ~(1/2)+1/2*c*xd/a/ (axe~2+c*xd"2)
/(I/a~(1/2)*c~(1/2))~(1/2)*(1-I/a~(1/2) *c~(1/2)*x~2) " (1/2) * (1+I/a~ (1/2) *c~(
1/2)*x72)~(1/2) / (c*x~4+a) " (1/2) *E1llipticF (x*(I/a~(1/2)*c~(1/2))~(1/2) ,1)+1/
2xI/a~(1/2)*c~(1/2) *e/ (a*e™2+cxd~2) /(I/a~ (1/2)*c~(1/2))~(1/2)*(1-I/a~ (1/2) *
c™(1/2)*x72)~(1/2)*(1+I/a" (1/2) *c~ (1/2) *x~2) ~(1/2) / (c*x"4+a) " (1/2) *Elliptic
F(x*x(I/a~(1/2)*c~(1/2))"(1/2),1)-1/2*I/a~(1/2)*c~ (1/2) *e/ (a*xe"2+cxd~2) /(I/a
~(1/2)*c~(1/2))~(1/2)*(1-I/a~ (1/2)*c~ (1/2)*x~2) ~(1/2)*(1+I/a~ (1/2) *c~(1/2) *
x72)7(1/2)/ (c*xx~4+a) ~(1/2)*EllipticE(x*(I/a"~(1/2)*c~(1/2))~(1/2) ,I1)+1/(axe”
2+c*xd~2)*xe~2/d/(I/a~(1/2)*c~(1/2))~(1/2)*(1-I/a~(1/2) *c~(1/2) *x~2) " (1/2)* (1
+I/a~(1/2)*c~(1/2)*x~2)~(1/2) / (c*x~4+a) " (1/2)*E1llipticPi(x*(I/a~(1/2)*c~(1/
2))7(1/2),Ixa~(1/2)/c~(1/2)*e/d, (-I/a~(1/2)*c~(1/2))~(1/2)/(I/a~(1/2)*c~(1/
2))°(1/2)))

Maxima [F]

time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((B*x~2+A)/(e*x~2+d)/(c*x~4+a)~(3/2),x, algorithm="maxima")
[Out] integrate((B*xx~2 + A)/((c*x~4 + a)~(3/2)*(x"2*%e + d)), x)
Fricas [F(-1)] Timed out

time = 0.00, size = 0, normalized size = 0.00

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((B*x~2+A)/(e*x~2+d)/(c*x"4+a)~(3/2),x, algorithm="fricas")
[Out] Timed out

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

/ A+ Bz?
5 dx
(a+ cz?)? (d+ ex?)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((B*x**2+A)/(exx**2+d)/(c*x**4+a)**(3/2) ,x)
[Out] Integral((A + Bkx**2)/((a + cxx**4)*x(3/2)*(d + exx**2)), x)
Giac [F|

time = 0.00, size = 0, normalized size = 0.00

could not integrate
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((B*x~2+A)/(e*x~2+d)/(c*x"4+a)~(3/2),x, algorithm="giac")
[Out] integrate((B*x~2 + A)/((c*x~4 + a)~(3/2)*(x"2*e + d)), x)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.00

Bz’ + A
3/2 z
(czt+a)’" (ex? + d)
Verification of antiderivative is not currently implemented for this CAS.

[In] int((A + B*x"2)/((a + c*x74)~(3/2)*(d + e*x"2)),x)
[Out] int((A + B*x~2)/((a + c*xx~4)~(3/2)*(d + e*x~2)), x)
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A+ Bz?
3.13 f (d+ex?) 2 (a+cz?) 3/2 dz

Optimal. Leaf size=1494

cx(Acd® + 2aBde — aAe? + (Bed? — 2Acde — aBe?) z?)  +/c €*(Bd — Ae)zvVa+cz* /¢ (Bed? — 2.
2a (cd? + ae®)* Va + cat 2d (cd? + ae?)” (vVa + v/c z2?) 2a (cd? +.

[Out] -1/4*e”(3/2)*(—A*e+B*d)*(a*e”2+3*c*xd”~2) *arctan(x*(a*e ~2+cxd~2)~(1/2)/d~(1/2
/e~ (1/2)/(c*xx"4+a)~(1/2)) /4" (3/2) / (axe”2+c*d~2) " (5/2)-1/2*e” (3/2) * (—2xA*xc*
d*e-Bxaxe”~2+B*c*d~2) *arctan (x* (axe~2+c*d~2)~(1/2)/d~(1/2) /e~ (1/2)/ (c*xx"4+a)
~(1/2))/(a*xe~2+cxd"2)~(5/2) /d~ (1/2) +1/2*xc*xx* (A*cxd~2+2*a*B*d*xe—axA*xe 2+ (-2x%
Axcxd*e-Bkxa*xe~2+Bxc*xd~2)*x"2) /a/ (axe”2+c*d"2) "2/ (c*x~4+a) ~(1/2)-1/2%e" 3% (-A
xe+B*d) *x* (c*xx~4+a) ~(1/2) /d/ (a*xe”2+c*xd"2) “2/ (exx~2+d) +1/2xe” 2% (—A*e+B*d) *x*
c~(1/2)*(c*x~4+a)~(1/2)/d/ (axe”2+c*d~2) "2/ (a” (1/2)+x~2*%c~ (1/2) ) -1/2% (-2*A*c
xdxe-Bxa*xe 2+B*xcxd"2) *x*c~(1/2) *(c*x~4+a)~(1/2)/a/(axe”2+c*d~2) "2/ (a"~ (1/2)+
x"2xc”(1/2))-1/2*a~ (1/4) *c~ (1/4) xe~2x (-A*xe+B*d) * (cos (2*arctan(c”~(1/4) *x/a" (
1/4)))"2)~(1/2)/cos(2*arctan(c~(1/4)*x/a~(1/4)))*EllipticE(sin(2*arctan(c~(
1/4)*x/a~(1/4))) ,1/2%27(1/2))*(a~(1/2)+x~2*c~(1/2) ) * ((c*x"4+a) /(a~ (1/2) +x~2
*c~(1/2))72)"(1/2)/d/ (axe~2+c*d~2) "2/ (c*x~4+a) ~(1/2)+1/2*c” (1/4) * (-2xA*cxd*
e-Bxaxe”~2+B*c*d~2)*(cos (2*arctan(c”(1/4)*x/a~(1/4)))~2)~(1/2) /cos(2*arctan(
c~(1/4)*x/a~(1/4)))*EllipticE(sin(2*arctan(c~(1/4)*x/a~(1/4))),1/2%x2~(1/2))
*x(a~(1/2)+x"2*%c~(1/2))*((c*x"4+a) /(a~(1/2)+x~2%c~(1/2))"2)~(1/2)/a~(3/4) / (a
xe”~2+cxd"2) "2/ (cxx"4+a) " (1/2)-1/2*%c~(1/4) *e* (-~Axe+B*d) * (cos (2*xarctan(c~(1/4
)*x/a”~(1/4)))"2)~(1/2)/cos(2*arctan(c”(1/4)*x/a~(1/4)))*EllipticF (sin(2*arc
tan(c”™(1/4)*x/a"~(1/4))),1/2%27(1/2))*(a~ (1/2)+x"2*c~(1/2) ) *((c*x~4+a) /(a~ (1
/2)+x"2%c~(1/2))72)~(1/2)/a~(1/4) /d/ (axe"2+c*d~2) / (—e*xa~(1/2)+d*xc~(1/2))/(c
*x"4+a) " (1/2)-1/2*%c” (1/4) *ex (-2*xA*c*d*e-B*a*e”2+Bxc*xd~2) * (cos (2*arctan(c~ (1
/4)*x/a~(1/4)))~2)~(1/2)/cos(2*arctan(c~(1/4)*x/a~(1/4)))*EllipticF(sin(2*a
rctan(c”(1/4)*x/a”~(1/4))),1/2%27(1/2))*(a” (1/2)+x"2*c~(1/2) ) *((c*x~4+a) /(a~
(1/2)+x72%c~(1/2))"2)"(1/2)/a~(1/4) / (axe”2+c*d~2) "2/ (—e*xa~ (1/2)+d*c~(1/2))/
(c*x"4+a) " (1/2)+1/8*ex (—Axe+B*d) * (axe~2+3*c*d~2) *(cos (2*arctan(c”(1/4)*x/a~
(1/4)))"2)~(1/2) /cos(2*arctan(c~(1/4)*x/a~(1/4)))*EllipticPi(sin(2*arctan(c
~(1/4)*x/a~(1/4))) ,-1/4x(—exa~(1/2)+d*c~(1/2))~2/d/e/a~(1/2)/c~(1/2) ,1/2x2"
(1/2))*(e*xa~(1/2)+d*xc~(1/2))*(a~(1/2)+x~2xc~(1/2) ) *((c*x~4+a) / (a~ (1/2) +x~2%
c~(1/2))°2)"(1/2)/a~(1/4) /c~(1/4) /a"2/ (axe~2+c*d~2) ~2/ (—exa~ (1/2) +dxc~(1/2)
)/ (cxx~4+a) "~ (1/2)+1/4*a” (3/4) xex (-2xAxcxd*e-Bxaxe~2+Bxcxd~2) * (cos (2*arctan (
c~(1/4)*x/a~(1/4)))~2)~(1/2) /cos(2*arctan(c~(1/4)*x/a~(1/4)))*EllipticPi(si
n(2*arctan(c~(1/4)*x/a~(1/4))) ,-1/4x(-exa~(1/2)+d*c~(1/2))~2/d/e/a~(1/2)/c~
(1/2) ,1/2%27(1/2) ) *(a~(1/2) +x~2xc~(1/2) ) ¥ (etd*c~(1/2) /a~ (1/2) ) "2* ((c*x"4+a)
/(@ (1/2)+x"2%c~(1/2))"2)~(1/2) /c~(1/4) /d/ (ma*e"2+c*xd"2) / (a*e~2+c*d"2) "2/ (c
*x~4+a) " (1/2)-1/4*c” (1/4)*(cos(2*arctan(c”™(1/4)*x/a~(1/4)))"2)~(1/2) /cos (2%
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arctan(c~(1/4)*x/a~(1/4)))*EllipticF(sin(2*arctan(c”(1/4)*x/a~(1/4))),1/2%2
~(1/2))*(a~(1/2)+x72xc” (1/2) ) * (Bxc*d~2-2*Axc*d*xe—a*Bxe ~2- (-A*axe 2+A*xc*d "2+
2xBxaxdxe) *c~ (1/2)/a~(1/2))*((cxx~4+a)/(a~ (1/2)+x"2*c~(1/2))~2)~(1/2) /a~(3/
4) /(axe”2+c*d~2) "2/ (c*x"4+a) " (1/2)

Rubi [A]

time = 1.36, antiderivative size = 1494, normalized size of antiderivative = 1.00, number of

steps used = 15, number of rules used = 10, integrand size — 28, umber of rules _ () 357
integrand size

Rules used = {1735, 1193, 1212, 226, 1210, 1238, 1729, 1723, 1721, 1231}

Antiderivative was successfully verified.
[In] Int[(A + B*x72)/((d + exx~2)"2x(a + c*x74)"~(3/2)),x]

[Out] (ckx*(A*c*d™2 + 2%a*Bxd*e - a*xAxe”2 + (Bkc*d™2 - 2kAxckdxe - a*Bxe”2)*x72))
/(2xax(cxd~2 + a*e~2) "2xSqrt[a + c*x"4]) + (Sqrtlcl*e”2*x(B*d - Axe)*x*Sqrt[
a + cxx"4])/(2*%d*(c*d"2 + axe”2) 2*(Sqrt[a] + Sqrtlcl*x~2)) - (Sqrt[c]l*(B*c
*d"2 - 2xAxcxdxe - axBxe~2)*xxSqrt[a + c*x”4])/(2xax(c*d"2 + a*e”2) " 2x(Sqrt
[a] + Sqrtlc]*x~2)) - (e™3*(B*d - Axe)*x*Sqrt[a + c*x"4])/(2xd*x(c*xd"2 + axe
~2)72x(d + exx"2)) - (e”7(3/2)*(Bxd - A*e)*(3xc*d"2 + axe~2)*ArcTan[(Sqrt[c*
d~2 + a*e”~2]*x)/(Sqrt[d]*Sqrt[e]l*Sqrtla + c*x~4])])/(4*%d”(3/2)*(c*xd"2 + ax*e
~2)°(5/2)) - (e7(3/2)*(Bxc*d™2 - 2xA*c*d*e - a*B*e”2)*ArcTan[(Sqrt[c*d~2 +
axe~2]*x)/(Sqrt[d]*Sqrt[e]*Sqrt[a + c*x~4])]1)/(2*Sqrt[d]l*(c*d"2 + axe~2)~(5
/2)) - (a~(1/4)*c~(1/4)*e"2*(Bxd - Axe)*(Sqrt[a] + Sqrtl[c]l*x"2)*Sqrt[(a + c
*x~4)/(Sqrt[a] + Sqrtlc]l*x~2) 2]*EllipticE[2*ArcTan[(c”~(1/4)#*x)/a~(1/4)], 1
/2]1)/(2%d*(c*d”2 + axe”2)"2xSqrtla + c*x"4]) + (c~(1/4)*(Bkcxd™2 - 2%A*xcxd*
e - axBxe”2)*(Sqrt[a] + Sqrtlc]l*x~2)*Sqrt[(a + c*x"4)/(Sqrtla] + Sqrt([cl*x~
2)"2]*EllipticE[2*ArcTan[(c~(1/4)*x)/a~(1/4)]1, 1/2]1)/(2*a~(3/4)*(c*d"2 + ax
e"2)"2xSqrt[a + c*x74]) - (c~(1/4)*ex(B*xd - Axe)*(Sqrt[a] + Sqrt[c]*x~2)*Sq
rt[(a + c*xx"4)/(Sqrt[a] + Sqrtlcl*x~2)~"2]*EllipticF[2*ArcTan[(c~(1/4)*x)/a"
(1/4)1, 1/2]1)/(2*a~(1/4)*d*(Sqrt[c]*d - Sqrt[al*e)*(cxd"2 + axe”2)*Sqrt[a +
c*x”4]) - (c~(1/4)*ex(B*c*d™2 - 2%A*xcxdxe — a*B*e~2)*(Sqrt[a] + Sqrt([cl*x~
2)*#Sqrt[(a + c*x74)/(Sqrt[al] + Sqrtlcl*x~2)~2]*EllipticF[2*ArcTan[(c~(1/4)x*
x)/a~(1/4)]1, 1/2]1)/(2*a~(1/4)*(Sqrt[c]l*d - Sqrt[al*e)*(c*d"2 + a*e~2) 2xSqr
tla + c*x74]) - (c”(1/4)*(B*c*d™2 - 2xA*xckd*e - a*Bkxe™2 - (Sqrt[cl*(Axc*d~2
+ 2xaxBxd*e - axA*e”2))/Sqrt[al)*(Sqrtl[a]l + Sqrtl[cl*x"2)*Sqrt[(a + c*x74)/
(Sqrtlal] + Sqrtlcl*x~2)~2]*EllipticF[2*ArcTan[(c~(1/4)*x)/a~(1/4)]1, 1/21)/(
4xa~(3/4)*(c*d"2 + axe”2)"2#Sqrt[a + c*xx~4]) + (e*x(Sqrtlcl*d + Sqrt([al*e)*(
Bxd - Axe)*(3%cxd”2 + axe”2)*(Sqrt[a] + Sqrt[cl*x"2)*Sqrt[(a + c*x~4)/(Sqrt
[a] + Sqrtlc]l*x~2)~2]*EllipticPi[-1/4*(Sqrt[cl*d - Sqrt[al*e)~2/(Sqrt[a]l*Sq
rt[c]l*d*e), 2xArcTan[(c~(1/4)*x)/a~(1/4)], 1/2]1)/(8*a~(1/4)*c~(1/4)*d~2*(Sq
rt[cl*d - Sqrt[al*e)*(cxd~2 + a*xe”2)~"2xSqrt[a + c*x74]) + (a~(3/4)*ex((Sqrt
[c]*d)/Sqrt[a] + e) 2x(Bkcxd~2 - 2%A*cxdxe — a*Bxe~2)*(Sqrt[a] + Sqrt([cl*x~
2)xSqrt[(a + c*xx~4)/(Sqrt[a] + Sqrtlcl*x~2)~2]*EllipticPi[-1/4*(Sqrt[c]*d -
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Sqrt[al*e)~2/(Sqrt[al*Sqrt[c]*d*e), 2*ArcTan[(c~(1/4)*x)/a~(1/4)1, 1/21)/(
4xc~(1/4)*d*(c*d"2 - a*xe”2)*(cxd"2 + axe”2) 2xSqrt[a + c*x74])

Rule 226

Int[1/Sqrtl(a_) + (b_.)*(x_)"4], x_Symbol] :> With[{q = Rt[b/a, 41}, Simpl[(
1 + q72*x"2)*(Sqrt[(a + b*x"4)/(ax(1 + q~2%x"2)"2)]1/(2*g*Sqrt[a + b*x"4]))*
EllipticF[2*ArcTan[q*x], 1/2], x]] /; FreeQ[{a, b}, x] && PosQ[b/a]

Rule 1193

Int[((d) + (e_.)*x(x_)"2)*((a_) + (c_.)*(x_)"4)"(p_), x_Symbol] :> Simp[(-x
)¥(d + exx”2)*((a + c*x"4)"(p + 1)/(4*xax(p + 1))), x] + Dist[1/(4*a*x(p + 1)
), Int[Simp[d*(4*p + 5) + ex(4*p + 7)*x”2, x]*(a + c*x"4)"(p + 1), x], x] /
; FreeQ[{a, c, d, e}, x] && NeQ[c*d™2 + axe”2, 0] && LtQ[p, -1] && IntegerQ
[2*p]

Rule 1210

Int[((d)) + (e_.)*(x_)"2)/Sqrtl[(a_) + (c_.)*(x_)"4], x_Symbol] :> With[{q =

Rtlc/a, 41}, Simp[(-d)*x*(Sqrtla + c*x~4]/(ax(1 + q"2*x"2))), x] + Simp[d*
(1 + qg"2*%x"2)*(Sqrt[(a + c*x"4)/(ax(1 + q~2%x"2)"2)]/(q*Sqrt[a + c*xx~4]))*E
1lipticE[2*ArcTan[q*x], 1/2], x] /; EqQle + d*q~2, 0]] /; FreeQ[{a, c, d, e
}, x] && PosQ[c/al

Rule 1212

Int[((d)) + (e_.)*(x_)"2)/Sqrtl[(a_) + (c_.)*(x_)"4], x_Symbol] :> With[{q =
Rt[c/a, 2]}, Dist[(e + d*q)/q, Int[1/Sqrtl[a + c*x~4], x], x] - Distl[e/q, I
nt[(1 - q*x~2)/Sqrt[a + c*xx~4], x], x] /; NeQ[e + d*q, 0]] /; FreeQ[{a, c,
d, e}, x] && PosQ[c/al

Rule 1231

Int[1/(((d_) + (e_.)*(x_)~2)*Sqrt[(a_) + (c_.)*(x_)~"4]), x_Symbol] :> With[
{q = Rtlc/a, 2]}, Dist[(c*d + a*e*xq)/(c*d"2 - a*e”2), Int[1/Sqrt[a + c*x"4]
, x], x] - Dist[(a*ex(e + d*q))/(cxd"2 - a*e”2), Int[(1 + g*x~2)/((d + e*x™
2)xSqrt[a + c*x~4]), x], x]1] /; FreeQ[{a, c, d, e}, x] && NeQ[c*xd~2 + axe”2
, 0] && NeQ[c*d"2 - axe”2, 0] && PosQ[c/al

Rule 1238

Int[((d)) + (e_.)*(x_)"2)"(q_)/Sqrtl(a_) + (c_.)*(x_)"4], x_Symbol] :> Simp
[(-e”2)*xx(d + e*x"2)"(q + 1)*(Sqrt[a + c*x"4]/(2*d*(q + 1)*(c*xd"2 + a*xe”2)
)), x] + Dist[1/(2*d*(q + 1)*(cxd"2 + axe”2)), Int[((d + e*x"2)"(q + 1)/Sqr
tla + c*x74])*Simp[a*e”™2*(2%q + 3) + 2xc*d"2x(q + 1) - 2%excxd*(q + 1)*x"2
+ cxe"2%(2%q + 5)*x~4, x], x], x] /; FreeQ[{a, c, d, e}, x] && ILtQ[lq, -1]
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Rule 1721

Int[((AD) + (B_.)*(x_)72)/(((d)) + (e_.)*(x_)"2)*Sqrtl(a_) + (c_.)*(x_)"4])
, x_Symbol] :> With[{q = Rt[B/A, 2]}, Simp[(-(B*d - Axe))*(ArcTan[Rt[c*(d/e
) + ax(e/d), 2]*(x/Sqrtla + c*xx~4])]/(2xd*e*Rt[c*x(d/e) + ax(e/d), 2]1)), x]
+ Simp[(B*d + Axe)*(A + Bxx"2)*(Sqrt[A~2x((a + c*x"4)/(a*x(A + Bxx~2)"2))]1/(
4xdxexA*q*Sqrt[a + c*x"4]))*EllipticPi[Cancel[-(B*d - Axe)~2/(4*d*exAxB)],
2xArcTan[q*x], 1/2]1, x]] /; FreeQ[{a, c, d, e, A, B}, x] && NeQ[c*d™2 + axe
"2, 0] &% NeQ[c*d~2 - a*e”2, 0] && PosQ[c/al && EqQ[c*A~2 - axB~2, 0]

Rule 1723

Int[((A_.) + (B_.)*(x_)"2)/(((d) + (e_.)*(x_)"2)*Sqrtl[(a_) + (c_.)*(x_)"4]
), x_Symbol] :> With[{q = Rtlc/a, 2]}, Dist[(A*x(c*d + axe*q) - a*Bx(e + dxq
))/(c*d”2 - a*e”2), Int[1/Sqrtl[a + c*xx~4], x], x] + Dist[ax(Bxd - Axe)*((e

+ dxq)/(c*d”2 - a*e”2)), Int[(1 + g*x~2)/((d + exx~2)*Sqrt[a + c*x~4]), x],
x]] /; FreeQ[{a, c, d, e, A, B}, x] && NeQ[c*xd"2 + a*e~2, 0] && NeQ[c*d~2

- a*e”2, 0] && PosQ[c/al && NeQ[c*A~2 - a*xB~2, 0]

Rule 1729

Int[(P4x_)/(((d_) + (e_.)*(x_)"2)*Sqrtl(a_) + (c_.)*(x_)"4]), x_Symbol] :>
With[{q = Rt[c/a, 2], A = Coeff[P4x, x, 0], B = Coeff[P4x, x, 2], C = Coeff
[P4x, x, 41}, Dist[-C/(e*q), Int[(1 - g*x~2)/Sqrtl[a + cxx~4], x], x] + Dist
[1/(c*e), Int[(A*cxe + a*Cxdxq + (Bxckxe - Ckx(c*d - axe*q))*x~2)/((d + e*x"2
)*Sqrtla + c*xx~4]), x], x]] /; FreeQ[{a, c, d, e}, x] && PolyQ[P4x, x~2, 2]
&& NeQ[cxd~2 + a*xe”2, 0] && NeQ[c*d™2 - axe”2, 0] && PosQ[c/al

Rule 1735

Int[(Px_)*((d_) + (e_.)*(x_)"2)"(q_.)*((a_) + (c_.)*(x_)"4)"(p_), x_Symbol]
:> Int[ExpandIntegrand[1/Sqrt[a + c*x74], Px*(d + exx~2)"gx(a + c*x"4)"(p
+1/2), x], x] /; FreeQl[{a, c, 4, e}, x] && PolyQ[Px, x~2] && NeQ[c*d"2 + a

xe~2, 0] &% IntegerQ[p + 1/2] && IntegerQ[ql]

Rubi steps
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A+ Bzr? i — / c(Acd? + 2aBde — aAe? + (Bcd? — 2Acde — aBe?) z%) e(
(d+ 6.’11‘2)2 (a+ cac‘l)?’/2 (cd? + ae2)2 (a+ 03104)3/2 (cd? + ae?)
Acd2—|—2a.Bde—a.Aez—|—(Bcd2—2Acde—a,Bez)a:2 e Bd _ A6 1
e (oot tr (B=A0) [
(cd? + ae?)? cd? + ae?

cx(Acd® + 2aBde — aAe? + (Bed? — 2Acde — aBe?) z?2) B e3(Bd — Ae)x+
2a (cd? + ae?)’ Va + cat 2d (cd? + ae?)?

cx(Acd® + 2aBde — aAe® + (Bcd® — 2Acde — aBe®)a?)  €*(Bd — Ae)x
2a (cd? + ae?)® Va + ca 2d (cd? + ae?)?

cz(Acd? + 2aBde — aAe? + (Bed® — 2Acde — aBe?) z?) N Ve e2(Bd — .
2a (cd? + ae?)’ Va + ca? 2d (cd? + ae?)?

cx(Acd? + 2aBde — aAe? + (Bed? — 2Acde — aBe?) ©?%) N Ve e2(Bd — .
2a (cd? + ae?)® Va + cx 2d (cd? + ae?)’

Mathematica [C] Result contains complex when optimal does not.
time = 10.85, size = 427, normalized size = 0.29

/S 0+ Ao ) 52 (Bl a2 4 B2 = e5) — ) L+ B (7\,7\7#—&1‘ +2Acde + 2aBdC — aAS) E (»nmh" (\% ,) - 1) + ,(\mwm V) (Aed 4 iVE VEd(BA — Ae) + ac(2Bd - Ac)) r(mnw (\% ,)‘ - 1) +ae(=5Bed + TAcde + aBe® + ade?) 1T (7% isinh™! (\% ,) - 1) ))
+ adelf 4+ a%) VT

Antiderivative was successfully verified.

[In] Integrate[(A + B*x~2)/((d + e*x~2)~2*(a + c*x~4)~(3/2)),x]

[Out] (Sqrt[(I*Sqrtlcl)/Sqrtl[all*d*(a*e~3*(-(B*d) + Axe)*x*x(a + c*xx~4) + ckd*x*(d
+ e*xx72)*(-(a*A*e”2) + Bkckd™2%x"2 + Akcxdx(d - 2%e*x"2) + axBkex(2xd - e*
x72))) - (d + exx"2)*Sqrt[1 + (c*x74)/al*(-(Sqrt[al*Sqrt[c]*d*(-(B*c*d~3) +
2%Axcxd"2%e + 2xaxBxd*e”2 - axA*e”3)*EllipticE[I*ArcSinh[Sqrt[(I*Sqrt([c]l)/
Sqrt[all*x], -1]1) + I*(Sqrtlcl*d*(Sqrtl[cl*d - IxSqrt[a]*e)*(A*c*d~2 + IxSqr
t[al*Sqrt [c]*d*(Bxd - A*e) + axex(2*%B*d - A*e))*EllipticF[I*ArcSinh[Sqrt[(I
*Sqrt [c])/Sqrt[all*x], -1] + akxex(-5*xBkc*d™3 + T*xAxckd 2*e + a*Bkxd*e™2 + ax*
Axe~3)*EllipticPi[((-I)*Sqrt[al*e)/(Sqrt[cl*d), I*ArcSinh[Sqrt[(I*Sqrtl[cl)/
Sqrt[all*x], -11)))/(2xa*Sqrt [(I*Sqrt([c]l)/Sqrt[a]l]l*(c*d~3 + axd*e”2)~2*(d +
exx~2)*Sqrt[a + cxx~4])
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Maple [C] Result contains complex when optimal does not.
time = 0.17, size = 1384, normalized size = 0.93

method | result size
default | Expression too large to display | 1384

elliptic | Expression too large to display | 1664

Verification of antiderivative is not currently implemented for this CAS.

[In] int((B*x~2+A)/(e*x~2+d)~2/(c*x"4+a) " (3/2),x,method=_RETURNVERBOSE)

[Out] B/ex(-2%c*x(1/4/a*xe/(a*xe”2+c*d"2)*x"3-1/4*d/a/(axe”2+c*d~2)*x)/((x~4+a/c)*c)
~(1/2)+1/2*cxd/a/ (a*e”2+cxd"2) /(I/a~(1/2)*c~(1/2))~(1/2)*(1-I/a~(1/2) *c~(1/
2)*x72) " (1/2)*(1+I/a~(1/2)*c~(1/2)*x~2) ~(1/2) / (c*x~4+a) " (1/2) *E1lipticF (x*(
I/a~(1/2)*c~(1/2))"(1/2),1)+1/2*xI/a~(1/2)*c~(1/2) *e/ (a*e~2+c*xd~2) /(I/a~(1/2
Y*c~(1/2))°(1/2)*(1-I/a~ (1/2)*c~(1/2)*x~2) " (1/2) *(1+I/a~(1/2)*c~ (1/2) *x~2)~
(1/2) / (c*x~4+a) ~(1/2)*EllipticF (x*(I/a~(1/2)*c~(1/2))~(1/2),1)-1/2xI/a~(1/2
)*xc~(1/2)*e/(a*e”2+c*d™2) /(I/a~(1/2)*c~(1/2))~(1/2)*(1-I/a~(1/2) *c~(1/2) *x~
2)~(1/2)*x(1+I/a~(1/2)*c~(1/2)*x~2) ~(1/2) / (c*x~4+a) " (1/2) *E1lipticE (x* (I/a~ (
1/2)*c~(1/2))"(1/2),1)+1/(a*xe”2+c*d"2)*xe~2/d/(1/a~ (1/2)*c~(1/2))~(1/2)*(1-1
/a”(1/2)*c~(1/2)*x~2) " (1/2)*(1+I/a~(1/2)*c~(1/2)*x~2) " (1/2) / (c*x~4+a) ~(1/2)
*E1lipticPi(x*x(I/a~(1/2)*c~(1/2))~(1/2),I*a~(1/2)/c”(1/2)*e/d, (-I/a~(1/2)*c
~(1/2))~(1/2)/(I/a~(1/2)*c~(1/2))~(1/2)) ) +(A*e-B*d) /ex(1/2*%e~4/ (axe™2+c*xd~2
)~2/dxx* (cxx"4+a) " (1/2) / (exx~2+d) -2xc* (1/2/a*cxd*e/ (a*e~2+c*d~2) "2xx~3+1/4/
ax(axe”2-c*d"2)/(axe”2+c*d~2) "2*x) / ((x~4+a/c)*c)~(1/2)-1/(I/a~(1/2) *c~(1/2)
)-(1/2)%(1-I/a~(1/2)*c~(1/2) *x~2)~(1/2) *(1+I/a~(1/2) *c~ (1/2) *x~2) ~(1/2) / (c*
x~4+a)~(1/2)*EllipticF(x*(I/a~(1/2)*c~(1/2))~(1/2) ,I)*e"2*c/(a*e~2+c*xd~2) "2
+1/2/(I/a~(1/2)*c~(1/2))~(1/2)*(1-I/a~(1/2)*c~(1/2)*x~2) ~(1/2)*(1+I/a~(1/2)
xc~(1/2)*x~2)~(1/2) / (c*x~4+a) ~(1/2)*EllipticF (x*(I/a~ (1/2)*c~(1/2))~(1/2),1
Yxc~2/a/(axe”2+c*d"2) "2xd~2-1/2*I*xa~(1/2)/(I/a~(1/2)*c~(1/2))~(1/2)*(1-I/a~
(1/2)*c™(1/2)*x~2) " (1/2)*(1+I/a~ (1/2)*c~ (1/2)*x~2) ~(1/2) / (c*x~4+a) ~ (1/2) *c~
(1/2)*e~3/d/ (a*e~2+c*d~2) "2*EllipticF (x*x(I/a~ (1/2)*c~(1/2))~(1/2) ,I)+1/2%I*
a~(1/2)/(1/a~(1/2)*c~(1/2))~(1/2)*x(1-I/a~ (1/2) *c~(1/2)*x~2)~(1/2) *(1+I/a~ (1
/2)xc~(1/2)*x~2)~(1/2) / (c*xx~4+a) ~(1/2)*c~(1/2) *e~3/d/ (a*e~2+c*d~2) "2*%E1lipt
icE(x*x(I/a~(1/2)*c~(1/2))~(1/2) ,1)+I/a~(1/2)/(1/a~(1/2)*c~(1/2))~(1/2)*(1-I
/a~(1/2)*xc~(1/2)*x~2)~(1/2)*(1+I/a”~ (1/2)*c~ (1/2)*x~2)~(1/2) / (c*x"4+a) ~(1/2)
*xCc~(3/2) *d*e/ (a*e”2+c*d~2) “2*EllipticF (x*(I/a~(1/2)*c~(1/2))~(1/2),I)-I/a"(
1/2)/(I1/a~(1/2)*c~(1/2))~(1/2)*(1-I/a~ (1/2)*c~(1/2)*x~2) " (1/2) *(1+I/a~(1/2)
xc~(1/2)*x~2)~(1/2) / (c*xx~4+a) ~(1/2) *c~ (3/2) *d*e/ (a*e~2+c*d~2) "2*EllipticE(x
*(I/a~(1/2)*c~(1/2))"(1/2),1)+1/2%e~4/d"2/ (a*e™2+cxd~2) "2/ (I/a~(1/2) *c~(1/2
)" (1/2)*(1-I/a~(1/2) *c~(1/2)*x~2) ~(1/2) *(1+I/a~ (1/2)*c~(1/2) *x~2)~(1/2) / (c
*x~4+a) " (1/2)*EllipticPi(x*(I/a~(1/2)*c~(1/2))~(1/2) ,I*a~(1/2)/c~(1/2)*e/d,
(-I/a~(1/2)*c~(1/2))"(1/2)/(I/a~(1/2)*c~(1/2))~(1/2)) *a+7/2xe~2/ (a*e~2+c*xd™
2)72/(I/a~(1/2)*c~(1/2))~(1/2)*(1-I/a~(1/2)*c~(1/2)*x~2)~(1/2) *(1+I/a~(1/2)
xc~(1/2)*x72)~(1/2) / (c*x~4+a) ~(1/2)*E1llipticPi (x*(I/a~(1/2)*c~(1/2))~(1/2),
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I*xa~(1/2)/c™(1/2)*e/d, (-1/a~(1/2)*c~(1/2))~(1/2) /(I/a~(1/2)*c~(1/2))~(1/2))

*C)

Maxima [F]
time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((B*x~2+A)/(e*x~2+d)~2/(c*x"4+a)~(3/2),x, algorithm="maxima")
[Out] integrate((B*x~2 + A)/((c*x"4 + a)~(3/2)*(x"2xe + d)~2), x)

Fricas [F(-1)] Timed out
time = 0.00, size = 0, normalized size = 0.00

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((B*x~2+A)/(e*x~2+d)~2/(c*x"4+a)~(3/2),x, algorithm="fricas")
[Out] Timed out

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

/ A+ Bz?
x
(a+ cat)? (d + ex?)?
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((B*x**2+A)/(exx**2+d)**2/ (c*x**4+a)**(3/2) ,x)
[Out] Integral((A + Bxx*x%2)/((a + cxx*x4)**x(3/2)*(d + e*xx**2)**2), x)
Giac [F|

time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((B*x~2+A)/(e*x~2+d)~2/(c*x"4+a)~(3/2),x, algorithm="giac")
[Out] integrate((B*x~2 + A)/((c*x~4 + a)~(3/2)*(x"2*e + d)~2), x)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.00

Bz’ + A
4 3/2 2 de
(czt+a)”" (ex? +d)
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Verification of antiderivative is not currently implemented for this CAS.

[In] int((A + Bxx~2)/((a + c*x"4)~(3/2)*(d + exx~2)"2),x)
[Out] int((A + B*x"2)/((a + c*x"4)~(3/2)*(d + exx~2)"2), x)
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A+ Bz?
3.14 f (d+ex?) 3 (a+cz?) 3/2 dr

Optimal. Leaf size=2452
result too large to display

[Out] -1/4*e”(3/2)* (a*xe”2+3*c*d"2) * (-2xAxcxd*xe-Bxa*xe 2+B*c*d~2) *arctan (x* (axe~2+c
*d~2)~(1/2)/d~(1/2) /e~ (1/2) / (c*x~4+a)~(1/2))/d"(3/2) / (axe~2+c*xd~2) ~(7/2)-3/
16%e~ (3/2) x (-A*e+B*d) * (a~2*e~4+2xaxcxd"2*e~2+5xc”~2*d~4) *arctan (x* (axe~2+c*d
~2)°(1/2)/d~(1/2) /e~ (1/2)/(c*x~4+a)~(1/2))/d"(5/2) / (axe~2+c*d~2) ~(7/2)-1/2%
cxe” (3/2) * (Axa*xe~3-3*xA*xc*d~2*e-3*B*axd*e 2+B*c*d~3) *arctan (x* (axe”~2+c*d~2) "~
(1/2)/4(1/2) /e~ (1/2)/ (c*x~4+a)~(1/2)) / (axe™2+c*d~2) ~(7/2) /A~ (1/2) +1/2*c*xx*
(Axc*xd* (-3*xaxe”2+c*d~2) +a*xBke* (—axe~2+3*c*d~2) +cx (A*a*e”3-3*A*xc*d " 2*xe-3*B*a
*dxe”~2+B*c*d~3) *x"2) /a/ (axe”2+c*d"2) "3/ (c*x"4+a) ~(1/2)-1/4*e” 3% (-A*e+B*d) *x
*(c*x"4+a) " (1/2)/d/ (a*xe"2+c*d~2) "2/ (e*x~2+d) "2-3/8*e”3* (—A*xe+B*d) * (a*e™2+3%*
cxd”~2) *x* (c*x~4+a) " (1/2)/d"2/ (a*e”2+c*xd"2) "3/ (e*xx~2+d) -1/2*e~3* (-2*kA*c*d*e-
Bxa*xe”~2+Bxc*d~2) *x* (cxx~4+a) ~(1/2)/d/ (axe~2+c*d~2) "3/ (exx~2+d)-1/2*%c~(3/2) *
(Axa*xe~3-3*xAxcxd”2*e-3*Bxaxd*xe 2+Bxcxd”3) *x* (cxx~4+a) ~(1/2) /a/(a*e”2+c*xd"2)
~3/(a”(1/2)+x72xc~(1/2) )+3/8*e" 2% (~A*xe+B*xd) * (a*e~2+3*c*d~2) *x*xc~ (1/2) * (c*xx~
4+a)~(1/2)/d"2/ (a*xe"2+c*d"2) "3/ (a~ (1/2) +x"2*xc~ (1/2) ) +1/2%e~ 2% (-2*%A*xc*kd*e—Bx*
axe”2+Bxcxd~2) *x*xc” (1/2) * (c*x"4+a) ~(1/2) /d/ (axe~2+c*d~2) "3/ (a~ (1/2) +x~2*c~ (
1/2))-3/8%a~(1/4)*c”~(1/4) xe~2% (—Axe+B*d) * (a*e~2+3*c*d~2) * (cos (2*arctan(c~ (1
/4)*x/a~(1/4)))~2)"(1/2)/cos(2*arctan(c~(1/4)*x/a~(1/4)))*EllipticE(sin(2*a
rctan(c”™(1/4)*x/a”~(1/4))),1/2%27(1/2))*(a”~ (1/2)+x"2*%c~(1/2) ) *((c*x~4+a) /(a~
(1/2)+x72%c~(1/2))"2)"(1/2)/d~2/ (a*xe~2+c*d"2) "3/ (c*xx"4+a) ~(1/2)-1/2*a~(1/4)
*c~(1/4) xe™2x (-2xAxc*d*xe-B*xaxe~2+B*xcxd~2) * (cos (2*arctan(c~(1/4)*x/a~(1/4)))
~2)~(1/2)/cos(2*arctan(c~(1/4)*x/a~(1/4)))*EllipticE(sin(2*arctan(c~(1/4)*x
/a~(1/4))),1/2%x27(1/2) ) *(a~(1/2)+x~2xc~ (1/2) ) *((c*x~4+a) / (a~ (1/2) +x~2xc~ (1/
2))72)°(1/2)/d/ (axe”2+c*d"2) “3/ (c*x"4+a) ~(1/2)+1/2*c”(5/4) * (Axaxe~3-3*A*c*d
~2%e-3*B*axdxe~2+Bxc*xd~3)* (cos (2*arctan(c”~(1/4)*x/a~(1/4)))"2)~(1/2) /cos (2%
arctan(c”~(1/4)*x/a~(1/4)))*EllipticE(sin(2*arctan(c”(1/4)*x/a"~(1/4))),1/2%2
~(1/2))*(a~(1/2)+x"2xc~(1/2) ) *((c*x"4+a) /(2= (1/2)+x~2%c~(1/2))~2)~(1/2) /a~(
3/4)/(axe”2+c*d~2) "3/ (c*x~4+a) " (1/2)-1/2*xc” (1/4) *ex (—2*A*c*d*e-Bxaxe ~2+Bxcx*
d"2)*(cos(2*xarctan(c”(1/4)*x/a~(1/4)))"2)~(1/2) /cos(2*arctan(c~(1/4)*x/a"~ (1
/4)))*EllipticF(sin(2*arctan(c~(1/4)*x/a~(1/4))),1/2x2~(1/2))*(a~(1/2)+x~2*
c~(1/2)) % ((cxx~4+a) /(a~(1/2)+x~2xc~(1/2))"2)~(1/2) /a~(1/4) /d/ (a*xe”2+c*xd~2) "
2/ (-e*xa”~(1/2)+d*c~(1/2))/(cxx~4+a) " (1/2)-1/2*%c~(5/4) *e*x (A*xaxe~3-3*A*xc*xd ~2*e
-3*Bxaxdxe”~2+Bxcxd~3) * (cos (2*xarctan(c”(1/4)*x/a~(1/4)))~2)~(1/2) /cos(2*arct
an(c~(1/4)*x/a~(1/4)))*EllipticF(sin(2*arctan(c~(1/4)*x/a~(1/4))),1/2%x2~(1/
2))*(a~(1/2)+x"2xc~(1/2) ) *((c*x~4+a) /(2= (1/2)+x~2%c~(1/2))"2)~(1/2) /a~(1/4)
/(a*xe”2+c*xd~2) "3/ (-e*xa~ (1/2)+d*c~(1/2))/(c*xx~4+a)~(1/2)+1/8*e* (a*e”2+3*c*xd™
2) * (-2xA*xc*d*e-Bxaxe 2+Bxc*xd~2) * (cos (2*xarctan(c~(1/4)*x/a~(1/4)))"2)"(1/2)/
cos(2*arctan(c”(1/4)*x/a~(1/4)))*EllipticPi(sin(2*arctan(c~(1/4)*x/a~(1/4))
) ,-1/4x(~exa~(1/2)+d*c~(1/2))~2/d/e/a~(1/2)/c~(1/2) ,1/2%27(1/2) ) *(e*a~(1/2)
+d*xc™(1/2))*(a~(1/2)+x72xc~(1/2) ) * ((c*x"4+a) /(a~ (1/2)+x"2%c~(1/2))"2)~(1/2)
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/a~(1/4)/c~(1/4)/d"2/ (a*e”2+c*xd"2) "3/ (-exa” (1/2)+d*c~(1/2) )/ (c*x~4+a) ~(1/2)
+3/32%ex (—A*e+B*d) x (a"2xe 4+2*xa*cxd"2*e”~2+5xc”"2+%d"4) * (cos (2*xarctan(c~(1/4) *
x/a~(1/4)))"2)~(1/2) /cos(2*arctan(c~(1/4)*x/a~(1/4)))*E1llipticPi(sin(2*arct
an(c~(1/4)*x/a~(1/4))),-1/4x(-exa~ (1/2)+d*c~(1/2))"2/d/e/a~(1/2)/c~(1/2),1/
2x27(1/2))*(exa~(1/2)+d*c~(1/2))*(a~(1/2)+x~2*c~(1/2) ) *((c*x"4+a) /(a~(1/2)+
x"2%c~(1/2))"2)"(1/2)/a~(1/4)/c~(1/4) /d"3/ (axe”2+c*d~2) "3/ (—e*a~ (1/2)+d*c~(
1/2))/(c*xx"4+a) "~ (1/2)+1/4%c~(3/4)*(cos(2*arctan(c”(1/4)*x/a~(1/4)))~2)~(1/2
)/cos(2*arctan(c~(1/4)*x/a~(1/4)))*EllipticF(sin(2*arctan(c”(1/4)*x/a~(1/4)
)),1/2%27(1/2) ) *(A*c™2%d"3-a"2*xBxe~3+3*a*c*d*e* (-Axe+B*xd) —-c~ (3/2) *d"2* (-3*A
xe+Bxd) *a~ (1/2)+a” (3/2) xe 2% (—A*xe+3*B*xd) xc~(1/2) ) *(a~ (1/2)+x"2xc~ (1/2) ) *((c
*x~4+a) /(a~ (1/2)+x"2%c~(1/2))"2)~(1/2)/a~(5/4) / (axe”~2+c*d"2) "3/ (c*x"4+a)~ (1
/2)+1/4xa” (3/4) *c~ (3/4) *e*x (Axa*e~3-3*Axc*d~2*e-3*B*axd*e 2+B*cxd~3) * (cos (2*
arctan(c~(1/4)*x/a~(1/4)))~2)~(1/2) /cos(2*arctan(c” (1/4)*x/a"~ (1/4)))*E1llipt
icPi(sin(2*%arctan(c”(1/4)*x/a~(1/4))),-1/4%(-exa~(1/2)+d*xc~(1/2))"2/d/e/a"(
1/2)/c~(1/2),1/2x27(1/2))* (@~ (1/2)+x~2xc~(1/2) ) * (e+d*c~ (1/2) /a~(1/2) ) ~2* ((c
*x"~4+a)/(a~(1/2)+x"2*xc~(1/2))"2)~(1/2)/d/ (-a*e~2+c*d~2) / (axe”2+c*d~2) "3/ (c*
x"4+a)”~(1/2)-1/8*c”~(1/4) *e* (—~Axe+B*d) * (cos (2*xarctan(c~(1/4) *x/a~(1/4)))"2)"
(1/2) /cos(2*arctan(c”(1/4)*x/a~ (1/4)))*EllipticF(sin(2*arctan(c~(1/4)*x/a"(
1/4))),1/2%2~(1/2))*(a”~(1/2)+x"2*c~(1/2) ) * (4*c*d"2+3*a*e”2-d*e*xa” (1/2) *c~ (1
/2))*((c*xx~4+a)/(a~(1/2)+x"2xc~(1/2))~2)~(1/2) /a~(1/4) /d"2/ (a*e™2+c*xd~2) "2/
(me*xa~(1/2)+d*c~(1/2))/(c*xx"4+a)~(1/2)

Rubi [A]

time = 2.62, antiderivative size = 2452, normalized size of antiderivative = 1.00, number of

_ _ : o number of rules __
steps used = 22, number of rules used = 11, integrand size = 28, integrand size — 0.393,

Rules used = {1735, 1193, 1212, 226, 1210, 1238, 1711, 1729, 1723, 1721, 1231}

Too large to display

Antiderivative was successfully verified.
[In] Int[(A + B*x~2)/((d + exx~2)"3%(a + c*x~4)~(3/2)),x]

[Out] (c*x*(Axckd*(c*d™2 - 3xaxe”2) + a*Bke*x(3xcxd~2 - a*e”2) + c*(Bxcxd™3 - 3*Ax
c*d"2xe - 3*a*Bxdxe”2 + axAxe~3)*x"2))/(2*a*(c*d”"2 + axe”2)"3xSqrt[a + c*x~
4]) + (3*Sqrtlcl*e”2x(B*d - A*xe)*(3xcxd"2 + axe”2)*x*Sqrt[a + c*x~4])/(8*d"
2x(c*d™2 + axe”2)"3*(Sqrt[a] + Sqrtlc]l*x~2)) + (Sqrtlc]l*e”2*(Bxcxd~2 - 2%Ax
ckdxe - axBxe~2)xx*Sqrt[a + c*xx"4])/(2*d*(cxd"2 + a*e~2)"3*(Sqrt[al] + Sqrtl[
c]*x72)) - (c7(3/2)*(Bxc*d~3 - 3xAxc*d"2%e - 3*a*Bkd*e”2 + a*xA*xe”3)*x*Sqrt[
a + cxx"4])/(2*%a*x(c*d"2 + axe”2)"3*(Sqrt[a] + Sqrtl[cl*x~2)) - (e”3*(Bxd - A
xe)*x*Sqrt [a + c*x”"4])/(4*d*(c*d™2 + a*e”2)"2x(d + e*x"2)72) - (3*e"3*(Bxd
- A*e)*(3%c*d™2 + a*xe”2)*x*Sqrt[a + c*x74])/(8*d"2*%(c*d"2 + axe”2)73*(d + e
*x72)) - (e”3*%(B*c*d"2 - 2%A*xckdxe - a*Bkxe”2)*x*Sqrt[a + c*x74])/(2*xd*(c*d”
2 + a*e”2)73x(d + e*x72)) - (e7(3/2)*(3%c*d"2 + axe”2)*(Bxcxd~2 - 2xAxcxdxe
- axBxe~2)*xArcTan[(Sqrt[cxd~2 + a*e”2]*x)/(Sqrt[d]*Sqrt[e]l*Sqrt[a + c*x~4]
)1)/(4xd~ (3/2)*(c*d™2 + a*e”2)"(7/2)) - (cxe~(3/2)*(B*c*d~3 - 3*A*xcxd"2*e -
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3xaxBxd*e~2 + axA*e”3)*ArcTan[(Sqrt[c*d~2 + axe~2]*x)/(Sqrt[d]*Sqrt[e]*Sqr
tla + c*x74]1)])/(2xSqrt [d] *(c*d"2 + axe”2)~(7/2)) - (3*%e~(3/2)*(Bxd - Axe)x*
(5%c™2xd"4 + 2%axcxd"2*e”2 + a"2%e"4)*ArcTan[(Sqrt[c*d™2 + a*e™2]#*x)/(Sqrt[
dl*Sqrt[e]l*Sqrt[a + c*x~4]1)]1)/(16*d~(5/2)*(cxd~2 + axe~2)~(7/2)) - (3*a~(1/
4)xc~(1/4)*e2x(B*d - A*e)*(3*cxd"2 + a*e~2)*(Sqrt[a] + Sqrt[c]*x~2)*Sqrt[(
a + cxx~4)/(Sqrt[al + Sqrtlcl*x~2)~2]*EllipticE[2*ArcTan[(c~(1/4)*x)/a~(1/4
)1, 1/21)/(8*d"2*(cxd"2 + a*e”2) " 3*Sqrtla + c*x74]) - (a~(1/4)*c”(1/4)*e~2%
(B*c*d™2 - 2*Axcxdxe - a*Bxe”2)x(Sqrt[a] + Sqrt[cl*x"2)*Sqrt[(a + c*x~4)/(S
qrt[a] + Sqrtlc]*x~2)~2]*EllipticE[2*ArcTan[(c~(1/4)*x)/a~(1/4)]1, 1/2])/(2x%
d*(c*d™2 + axe”2)"3xSqrtla + c*x74]) + (c7(5/4)*(B*cxd™3 - 3*Axckd™2%e - 3%
a*Bxdxe~2 + axAxe~3)*(Sqrt[al + Sqrtlcl*x~2)*Sqrtl[(a + c*x74)/(Sqrt[a] + Sq
rt[c]*x72)"2]*EllipticE[2*ArcTan[(c~(1/4)*x)/a~(1/4)], 1/2])/(2*a~(3/4)*(c*
d~2 + a*e”2)"3*Sqrt[a + c*x74]) - (c~(1/4)*e*(B*d - Axe)*(4*c*d"2 - Sqrt[al
*Sqrt [c]*d*e + 3xaxe”2)*(Sqrt[a] + Sqrt[c]l*x~2)*Sqrt[(a + c*x"4)/(Sqrt[a] +
Sqrt [c]*x~2) 2] *EllipticF [2*ArcTan[(c™(1/4)*x)/a~(1/4)]1, 1/2])/(8*a~(1/4)*
d~2*(Sqrt[c]*d - Sqrtl[al*e)*(cxd™2 + a*e”2) 2xSqrt[a + c*x~4]) - (c~(1/4)*e
*x(Bkxcxd~2 - 2*%Axcxdxe - a*Bxe~2)*(Sqrt[a] + Sqrtlc]l*x~2)*Sqrt[(a + c*xx~4)/(
Sqrt[al + Sqrtlc]*x~2)~2]*EllipticF[2*ArcTan[(c~(1/4)*x)/a~(1/4)]1, 1/2]1)/(2
*a”~ (1/4)*d*(Sqrt [c]*d - Sqrt[al*e)*(c*d~2 + axe”2) 2*Sqrt[a + c*xx~4]) - (c~
(5/4)*e*x (Bxc*d~3 - 3kA*c*d"2xe - 3*axBxd*e~2 + axA*e~3)*(Sqrt[al + Sqrtl[c]l*
x"2)*Sqrt[(a + c*xx~4)/(Sqrt[a] + Sqrtlcl*x~2)~2]*EllipticF[2*ArcTan[(c”(1/4
)*x)/a~(1/4)]1, 1/21)/(2*a~(1/4)*(Sqrt[cl*d - Sqrt[al*e)*(cxd~2 + a*e”2) 3%S
qrtla + c*x”4]) + (c~(3/4)*(A*c™2*d"3 - a~2*Bxe~3 - Sqrt[a]*c™(3/2)*d~2*(B*
d - 3*%Axe) + 3xaxcxdxex(Bxd - A*xe) + a~(3/2)*Sqrt[c]*e”2x(3*%B*d - Axe))*(Sq
rt[a] + Sqrtlcl*x"2)*Sqrt[(a + c*x~4)/(Sqrt[a] + Sqrtlc]*x~2)~2]*EllipticF[
2xArcTan[(c™(1/4)*x) /a~(1/4)], 1/2]1)/(4*%a~(5/4)*(cxd"2 + a*e~2)"3*Sqrtl[a +
c*x~4]) + (ex(Sqrtlcl*d + Sqrt[al*e)*(3xc*d™2 + axe”2)*(Bkcxd~2 — 2%A*cxdxe
- axBxe~2)*(Sqrt[al + Sqrtlcl*x~2)*Sqrtl[(a + c*x74)/(Sqrt[a] + Sqrtl[c]l*x~2
)"2]*EllipticPi[-1/4*(Sqrt[c]*d - Sqrt[al*e)~2/(Sqrt[al*Sqrt[c]*d*e), 2*Arc
Tan[(c~(1/4)*x)/a~(1/4)], 1/2])/(8*a~(1/4)*c~(1/4)*d~2*(Sqrt[c]*d - Sqrt[al
xe)x(cxd™2 + a*e”2) 3*xSqrt[a + c*x"4]) + (a~(3/4)*c”(3/4)*ex((Sqrt[cl*d)/Sq
rt[al + e)”2*%(B*xc*d™3 - 3*A*c*d"2%e - 3*a*Bxdxe~2 + axAxe~3)*(Sqrt[a] + Sqr
tlcl*x~2)*Sqrt[(a + c*x~4)/(Sqrt[a] + Sqrtlc]l*x~2)~2]*EllipticPi[-1/4*(Sqrt
[c]*d - Sqrtl[alx*e)~2/(Sqrt[al*Sqrt[c]l*d*e), 2xArcTan[(c”~(1/4)*x)/a~(1/4)],
1/2]1)/(4*d*(c*xd™2 - a*e™2)*(c*d™2 + a*e™2)"3xSqrt[a + c*x4]) + (3*ex(Sqrtl[
cl*d + Sqrtl[al*e)*(Bxd - Axe)*(5xc™2+%d"4 + 2xaxc*d"2*e”2 + a~2*e"4)*(Sqrt[a
] + Sqrtlcl*x~2)*Sqrt[(a + c*x~4)/(Sqrtla] + Sqrtlcl*x~2)~2]*EllipticPi[-1/
4x(Sqrt[cl*d - Sqrtl[al*e)~2/(Sqrt[al*Sqrt[c]l*d*e), 2*ArcTan[(c~(1/4)*x)/a"(
1/4)1, 1/21)/(32xa~(1/4)*c~(1/4)*d"3*(Sqrt [c]*d - Sqrt[al*e)*(cxd~2 + a*xe”2
)"3*Sqrt[a + cxx~4])

Rule 226

Int[1/Sqrtl(a_) + (b_.)*(x_)"4], x_Symbol] :> With[{q = Rt[b/a, 4]}, Simpl[(
1 + q~2*x"2)*(Sqrt[(a + b*x"4)/(ax(1 + q~2%x72)"2)]/(2*g*Sqrt[a + b*x~4]))*
EllipticF[2*ArcTan([q*x], 1/2], x]] /; FreeQ[{a, b}, x] && PosQ[b/al
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Rule 1193

Int[((d)) + (e_.)*x(x_)"2)*((a_) + (c_.)*(x_)"4)"(p_), x_Symbol] :> Simp[(-x
)x(d + exx”2)*((a + c*xx"4)"(p + 1)/(4*xax(p + 1))), x] + Dist[1/(4xax(p + 1)
), Int[Simp[d*(4*p + 5) + e*x(4*p + 7)*x"2, x]*(a + cxx"4)"(p + 1), x], x] /
; FreeQ[{a, c, d, e}, x] && NeQ[cxd™2 + axe”2, 0] && LtQ[p, -1] && IntegerQ
[2*p]

Rule 1210

Int[((d)) + (e_.)*(x_)"2)/Sqrtl[(a_) + (c_.)*(x_)"4], x_Symbol] :> With[{q =
Rt[c/a, 41}, Simp[(-d)*x*(Sqrtla + c*x~4]/(a*x(1 + q72*x~2))), x] + Simp[dx*
(1 + qg"2*x"2)*(Sqrt[(a + c*x"4)/(ax(1 + q~2%x72)"2)]/(q*Sqrt[a + c*xx"4]))*E
1lipticE[2*ArcTan[q*x], 1/2], x] /; EqQle + d*q~2, 0]] /; FreeQ[{a, c, d, e
}, x] &% PosQlc/al

Rule 1212

Int[((d_) + (e_.)*(x_)"2)/Sqrtl[(a_) + (c_.)*(x_)~"4], x_Symbol] :> With[{q =
Rt[c/a, 2]}, Dist[(e + d*q)/q, Int[1/Sqrtl[a + c*x~4], x], x] - Distl[e/q, I
nt[(1 - g*x~2)/Sqrtla + cxx"4], x], x] /; NeQl[e + d*xq, 0]] /; FreeQl{a, c,
d, e}, x] && PosQ[c/al

Rule 1231

Int[1/(((d)) + (e_.)*(x_)"2)*Sqrtl(a_) + (c_.)*(x_)"4]), x_Symbol] :> With[
{q = Rtlc/a, 2]}, Dist[(c*d + a*e*xq)/(c*d"2 - a*e”2), Int[1/Sqrt[a + c*x"4]
, x], x] - Dist[(a*ex(e + d*q))/(cxd"2 - a*e”2), Int[(1 + g*x~2)/((d + e*x~
2)xSqrt[a + c*x~4]), x], x]1] /; FreeQ[{a, c, d, e}, x] && NeQ[c*xd~2 + axe”2
, 0] && NeQ[c*d~2 - axe”™2, 0] && PosQ[c/al

Rule 1238

Int[((d)) + (e_.)*(x_)"2)"(q_)/Sqrtl(a_) + (c_.)*(x_)"4], x_Symbol] :> Simp
[(e”2)*xx(d + e*x"2)"(q + 1)*(Sqrt[a + c*x~4]/(2*d*(q + 1)*(cxd"2 + axe”2)
)), x] + Dist[1/(2%d*(q + 1)*(cxd"2 + a*e”2)), Int[((d + exx"2)"(q + 1)/Sqr
tla + c*x"4])*Simp[a*xe”2*%(2%q + 3) + 2xcxd"2*(q + 1) - 2%excxdx(q + 1)*x"2
+ cxe"2x(2xq + 5)*x"4, x], x], x] /; FreeQ[{a, c, d, e}, x] && ILtQlq, -1]

Rule 1711

Int [((P4x_)*((d_) + (e_.)*(x_)"2)"(q_))/Sqrtl[(a_) + (c_.)*(x_)"4], x_Symbol
] :> With[{A = Coeff[P4x, x, 0], B = Coeff[P4x, x, 2], C = Coeff[P4x, x, 4]
}, Simp[(-(C*d~2 - Bxdxe + A*e~2))*x*(d + e*x"2)"(q + 1)*(Sqrtla + c*x~4]1/(
2xdx(q + 1)*(c*d™2 + axe”2))), x] + Dist[1/(2xdx(q + 1)*(c*d"2 + axe”2)), I
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nt[((d + e*x"2)"(q + 1)/Sqrtla + c*x~4])*Simp[a*d*(C*d - Bxe) + Ax(axe™2x%(2
xq + 3) + 2%ckd"2x(q + 1)) + 2xdx(Bkcxd - A*xcke + axCxe)*(q + 1)*x"2 + c*(C
*d~2 - Bkdxe + Axe”2)*(2%q + 5)*x~4, x], x], x]] /; FreeQ[{a, c, d, e}, x]
&& PolyQ[P4x, x~2] && LeQ[Expon[P4x, x], 4] && NeQ[c*d~2 + axe”2, 0] && ILt
Qlq, -1]

Rule 1721

Int [((AD) + (B_.)*(x_)72)/(((d) + (e_.)*(x_)"2)*Sqrtl(a_) + (c_.)*(x_)"4])
, X_Symbol] :> With[{q = Rt[B/A, 2]}, Simp[(-(B*d - A*e))*(ArcTan[Rt[c*(d/e
) + ax(e/d), 2]*(x/Sqrtla + c*xx~4])]/(2xd*e*Rt[cx(d/e) + ax(e/d), 2])), x]
+ Simp[(B*d + Axe)*(A + Bxx"2)*(Sqrt[A~2x((a + c*x~4)/(a*x(A + Bxx~2)"2))]1/(
4xdxexA*q*Sqrt[a + c*x"4]))*EllipticPi[Cancel[-(B*d - Axe)~2/(4*d*exAxB)],
2xArcTan[q*x], 1/2]1, x]1] /; FreeQ[{a, c, d, e, A, B}, x] && NeQ[c*d™2 + axe
=2, 0] &% NeQ[c*d~2 - a*e”™2, 0] && PosQ[c/al && EqQ[c*A~2 - axB~2, 0]

Rule 1723

Int[(CA_.) + (B_.)*(x_)"2)/(((d.) + (e_.)*x(x_)~"2)*Sqrt[(a_) + (c_.)*(x_)"4]
), x_Symbol] :> With[{q = Rtlc/a, 2]}, Dist[(A*x(c*d + axe*q) - a*B*x(e + dxq
))/(c*d”2 - a*e”2), Int[1/Sqrtl[a + c*xx~4], x], x] + Dist[ax(Bxd - Axe)*((e

+ dxq)/(c*d”2 - a*e”2)), Int[(1 + g*x~2)/((d + exx~2)*Sqrt[a + c*x~4]), x],
x]] /; FreeQ[{a, c, d, e, A, B}, x] && NeQ[cxd~2 + a*xe~2, 0] && NeQ[c*xd~2

- axe”2, 0] && PosQ[c/al && NeQ[c*xA~2 - axB~2, 0]

Rule 1729

Int[(P4x_)/(((d_) + (e_.)*(x_)"2)*Sqrtl(a_) + (c_.)*(x_)"4]), x_Symbol] :>

With[{q = Rt[c/a, 2], A = Coeff[P4x, x, 0], B = Coeff[P4x, x, 2], C = Coeff
[P4x, x, 4]}, Dist[-C/(e*q), Int[(1 - g*x~2)/Sqrtl[a + cxx~4], x], x] + Dist
[1/(c*e), Int[(A*xcxe + a*Ckxdxq + (Bxckxe - Ckx(c*d - axe*q))*x~2)/((d + e*x"2
)*Sqrtla + c*xx~4]), x], x]] /; FreeQ[{a, c, d, e}, x] && PolyQ[P4x, x~2, 2]
&& NeQ[cxd™2 + axe”2, 0] && NeQ[cxd™2 - axe~2, 0] && PosQ[c/al

Rule 1735

Int[(Px_)*((d_) + (e_.)*(x_)"2)"(q_.)*((a_) + (c_.)*x(x_)"4)"(p_), x_Symbol]
:> Int[ExpandIntegrand[1/Sqrt[a + c*x~4], Px*(d + exx~2)"gx(a + c*xx"4)~(p
+1/2), x], x] /; FreeQ[{a, c, d, e}, x] && PolyQ[Px, x~2] && NeQ[c*d"2 + a

xe~2, 0] &% IntegerQ[p + 1/2] && IntegerQ[ql]

Rubi steps
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A+ Bzr? i — / c(Acd(cd? — 3ae®) + aBe(3cd? — ae?) + ¢(Bed® — 3Acd?e — 3aBde? +
(d+ ex?)® (a + czt)®/? (cd? + ae?)® (a + czt)*?

Acd(cd2—3a62)+aBe(3cd2—a62)+c(Bcd3—3Acd2e—3aBde2+aAe3)z2 e(Bd — Ae
cf o= dr (e ),

(cd? + ae?)’

cx(Acd(cd® — 3ae?) + aBe(3cd® — ae®) + ¢(Bed® — 3Acd’e — 3aBde? + aAe
2a (cd? + ae?)® Va + ca?

cx(Acd(cd® — 3ae?) + aBe(3cd? — ae?) + c(Bcd® — 3Acd?e — 3aBde? + a A«
2a (cd? + ae?)® Va + cx

cx(Acd(cd® — 3ae?) + aBe(3cd® — ae®) + c(Bced® — 3Acd?e — 3aBde? + aAc
2a (cd? + ae®)® Va + ca?

cx(Acd(cd? — 3ae?) + aBe(3cd® — ae?) + c(Bed® — 3Acd?e — 3aBde? + a A
2a (cd? + ae?)® Va + cx?

cx(Acd(cd? — 3ae?) + aBe(3cd® — ae?) + c(Bced® — 3Acd?e — 3aBde? + a A
2a (cd? + ae?)® Va + cz?

Mathematica [C] Result contains complex when optimal does not.
time = 11.49, size = 630, normalized size = 0.26

{00 ) 4 A 13044 108 Srtd ) )01 ) < [P (2 tiht st ot st () 1) e vm s sz s masins- a0 - @ - sersts a1 F) 1)« ctrmorssmr sy csn s snnn( -z () 1))

Antiderivative was successfully verified.

[In] Integrate[(A + B*x~2)/((d + e*x~2)"3*(a + c*x~4)~(3/2)),x]

[Out] (Sqrt[(I*Sqrtlcl)/Sqrt[al]*d*x*(-2*axdxe~3*(B*d - A*e)*(c*d™2 + a*e”2)*(a +
cxx"4) + axe”3x(-13*%B*c*d~3 + 17*Axcxd"2*e + a*xBxdxe”2 + 3*axAxe”3)*(d + e
*x"2)*(a + c*x74) + 4*cxd"2x(d + e*x"2) 2% (Bx(-(a"2*e”3) + c”2xd"3*x"2 + 3%
axcxdxex(d - exx"2)) + A*xcx(cxd™2*%(d - 3*e*xx”2) + axe”2*%(-3*d + e*x"2)))) -

(d + e*x"2)"2*Sqrt[1 + (c*x~4)/al*(Sqrt[al*Sqrt[c]*d*(3*xA*e*(-4xc~2+%d"4 +
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Txaxckd™2%e”2 + a~2%e”4) + Bx(4*c”2%d"5 - 25*%axcxd"3*e”2 + a"2*xd*e”4))*Elli
pticE[I*ArcSinh[Sqrt [(I*Sqrt(c]l)/Sqrtl[all*x], -1]1 + Ix(Sqrtlc]*d*(Sqrt([c]l*d
- I*Sqrt[al*e)*(4*A*c™2+%d"4 + (4*I)*Sqrt[al*c~(3/2)*d"3x(B*d - 2%A*e) + 19
*xaxckd~2xex (Bxd - Axe) - (2xI)*a”~(3/2)*Sqrt[c]l*d*e”2*x(3*B*d - Axe) - a~2%e”
3x(B*d + 3xAxe))*EllipticF[I*ArcSinh[Sqrt[(I*Sqrt[c])/Sqrtlall*x], -1] + ax
e*(3xAxex(21xc™2xd"4 + 2*xaxcxd"2*e”2 + a"2%e”4) + Bx(-35%c”2*%d"5 + 26%axc*xd
~3xe”2 + a"2xd*e”4))*EllipticPi[((-I)*Sqrt[al*e)/(Sqrt[cl*d), I*ArcSinh[Sqr
t [(I*Sqrt[c])/Sqrtlall*x], -11)))/(8*a*Sqrt[(I*Sqrtlc]l)/Sqrt[all*(c*d~3 + a
*xd*xe~2) "3%(d + e*x”2) 2*Sqrt[a + c*xx"4])

Maple [C] Result contains complex when optimal does not.
time = 0.17, size = 2326, normalized size = 0.95

method | result size
default | Expression too large to display | 2326

elliptic | Expression too large to display | 2596

Verification of antiderivative is not currently implemented for this CAS.

[In] int((B*x~2+A)/(exx~2+d) "3/ (c*x"4+a)~(3/2) ,x,method=_RETURNVERBOSE)

[Out] (A*e-Bxd)/ex(1/4xe”4/(axe”2+c*d~2) " 2/d*x* (cxx"4+a)~(1/2)/(exx~2+d) "2+1/8%e”
4x (3*xaxe”2+17*xc*d"2) /d~2/ (a*e ™ 2+c*d"2) “3xx* (c*x"4+a) ~(1/2) / (e*x~2+d) -2*c* (-
1/4*xcxex (a*e”2-3%c*d~2) /a/ (a*xe™2+c*d~2) "3*x~3+1/4*c*d* (3*xaxe~2-cxd~2) /a/ (a*
e"2+cxd"2) "3*x) / ((x~4+a/c)*c)~(1/2)-1/8/(1/a~(1/2)*c~(1/2))~(1/2)*(1-I/a~ (1
/2)xc™(1/2)*x~2) " (1/2)*(1+I/a~(1/2)*c~(1/2)*x~2) " (1/2) / (c*xx~4+a) ~(1/2) *E11li
pticF(x*(I/a~(1/2)*c~(1/2))~(1/2) ,I)*e~4*c/d/(a*e”2+c*xd~2) "3*xa-27/8/(I/a~ (1
/2)*%c”(1/2))~(1/2)*(1-I/a~(1/2) *c~(1/2) *x~2) = (1/2) * (1+I/a~ (1/2) *c~ (1/2) *x~2
)~ (1/2) /(c*x~4+a)~(1/2) *E1llipticF (x*(I/a~(1/2)*c~(1/2))~(1/2) ,I)*e~2xc~2*d/
(axe™2+c*d~2)"3+1/2/(I/a~(1/2)*c~(1/2))~(1/2)*(1-I/a~ (1/2) *c~(1/2)*x~2)~(1/
2)*(1+I/a~(1/2)*c~(1/2)*x~2)~(1/2) / (c*x~4+a) " (1/2)*E1llipticF (x*(I/a~ (1/2) *c
~(1/2))°(1/2),I)*c"3*d"3/a/ (axe”2+c*d~2) ~3+3/2*I/a~ (1/2) /(I/a~(1/2)*c~ (1/2)
)7 (1/2)%(1-1/a”~ (1/2)*c~(1/2)*x72) " (1/2) *(1+I/a~ (1/2) *c~ (1/2) *x~2) ~(1/2) / (c*
x"4+a) " (1/2)*c~(5/2) *e/ (axe~2+c*d~2) "3*d"2*EllipticF (x*(I/a~(1/2)*c~(1/2))~
(1/2),1)-3/2*%I/a~(1/2)/(I/a~(1/2)*c~(1/2))~(1/2)*(1-I/a~ (1/2)*c~ (1/2) *x~2)~
(1/2)*(1+4I/a~(1/2) *c~ (1/2)*x~2) ~(1/2) / (c*x~4+a) " (1/2) *c~(5/2) *e/ (axe~2+c*d"
2)"3%d"2+E1lipticE(x*(I/a"~(1/2)*c~(1/2))~(1/2) ,1)+3/8xI*a~(3/2)/(I/a~(1/2)*
c™(1/2))"(1/2)*(1-I/a~ (1/2)*c~(1/2)*x~2) " (1/2) *(1+I/a~ (1/2)*c~(1/2)*x~2)~ (1
/2)/(cxx~4+a)~(1/2)*c~(1/2)*e~5/d"2/ (a*e~2+c*d~2) "3*E1llipticE(x*(I/a~(1/2)*
c~(1/2))~(1/2),1)-3/8*I*a"~(3/2)/(I/a~(1/2)*c~(1/2))~(1/2)*(1-I/a~(1/2)*c~ (1
/2)*x72)7(1/2)*(1+41/a~(1/2)*c~(1/2)*x~2) ~(1/2) / (c*x~4+a) " (1/2) *c~ (1/2) *e~5/
d~2/ (a*e~2+c*d~2) "3*EllipticF (x*(I/a~(1/2)*c~(1/2))~(1/2),1)-21/8*I*a~(1/2)
/(I/a~(1/2)*c~(1/2))~(1/2)*(1-I/a~ (1/2) *c~(1/2)*x~2)~(1/2) *(1+I/a~ (1/2) *c~ (
1/2)*x72)~(1/2) / (c*x"4+a) " (1/2) *c~(3/2) *e~3/ (axe~2+c*d"2) "3*E1llipticF (x* (I/
a~(1/2)*c”(1/2))~(1/2) ,1)+21/8xI*xa~(1/2)/(I/a~(1/2)*c~(1/2))~(1/2)*(1-I/a"(
1/2)*c~(1/2)*x~2) " (1/2)*(1+I/a~(1/2)*c~(1/2)*x~2) ~(1/2) / (c*xx~4+a) ~(1/2) *c~ (
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3/2)*e~3/(a*e~2+c*d~2) "3*EllipticE(x*(I/a~(1/2)*c~(1/2))~(1/2),I1)+3/8*e~6/d
~3/(a*e™2+c*d~2)"3/(I/a~(1/2)*c~(1/2))~(1/2)*(1-I/a~(1/2)*c~(1/2)*x~2)~(1/2
)*(1+I/a~(1/2)*c~(1/2)*x~2)~(1/2) / (c*xx~4+a) ~(1/2) *E1lipticPi (x*(I/a~(1/2) *c
~(1/2))°(1/2) ,I*xa~(1/2)/c~(1/2)*e/d, (-1/a~(1/2)*c~(1/2))~(1/2)/(1/a~(1/2)*c
~(1/2))°(1/2))*a~2+3/4*xe~4/ (a*xe~2+c*d~2) ~3/d/(I/a~ (1/2)*c~(1/2))~(1/2)*(1-I
/a~(1/2)*xc~(1/2)*x~2)~(1/2)*(1+I/a”~ (1/2)*c~ (1/2)*x~2) ~(1/2) / (c*x"4+a) ~(1/2)
*E11lipticPi(x*(I/a~(1/2)*c~(1/2))~(1/2) ,I*a~(1/2)/c~(1/2)*e/d,(-I/a~(1/2)*c
~(1/2))°(1/2)/(I/a~(1/2)*c~(1/2) )~ (1/2) ) *a*xc+63/8*e~2*xd/ (axe~2+c*d~2) "3/ (1/
a~(1/2)*c~(1/2))~(1/2)*(1-I/a~(1/2)*c~(1/2)*x~2) " (1/2)*(1+I/a~ (1/2)*c~(1/2)
*x~2)~(1/2)/(c*x~4+a) " (1/2)*E1llipticPi(x*(I/a~(1/2)*c~(1/2))~(1/2),I*xa"(1/2
)/c™(1/2)*e/d, (-I/a~(1/2)*c~(1/2))~(1/2)/(I/a~(1/2)*c~(1/2))~(1/2)) *c~2)+B/
ex(1/2xe”4/ (axe™2+c*d~2) ~2/d*xx* (cxx"4+a) " (1/2) / (exx~2+d) -2xc* (1/2/a*cxd*e/ (
axe~2+c*xd"2) "2xx~3+1/4/a* (axe”2-c*d"2) / (axe”2+c*d~2) “2*x) / ((x~4+a/c) *c)~(1/
2)-1/(I/a~(1/2)*c~(1/2))~(1/2)*(1-I/a~(1/2)*c~(1/2)*x~2)~(1/2) *(1+I/a~(1/2)
*xc™(1/2)*x72)~(1/2) / (cxx~4+a) ~(1/2) *E1llipticF (xx(I/a~(1/2)*c~(1/2))~(1/2),1I
ke~ 2xc/ (axe ™ 2+ckxd"2) "2+1/2/(I/a~(1/2)*c~(1/2))~(1/2)*(1-I/a~(1/2)*c~ (1/2) *
x72)7(1/2)*(1+I/a” (1/2)*c~(1/2)*x~2) ~(1/2) / (c*x~4+a) ~(1/2) *E1lipticF (x*(I/a
~(1/2)*c~(1/2))°(1/2) ,I)*c~2/a/ (axe~2+c*d~2) ~2xd~2-1/2*I*xa~ (1/2) /(I/a~(1/2)
xc~(1/2))~(1/2)*(1-I/a~(1/2) *c~(1/2)*x~2)~(1/2)*(1+I/a~ (1/2) *c~(1/2) *x~2) ~(
1/2)/ (c*x"4+a) " (1/2) *c~ (1/2)*e~3/d/ (a*e”~2+c*xd"2) “2*E1llipticF (x*(I/a~(1/2) *c
~(1/2))~(1/2) ,I)+1/2xI*xa"~ (1/2) /(I/a~(1/2)*c~(1/2))~(1/2)*(1-I/a~(1/2)*c~(1/
2)*x72)~(1/2)*x(1+I/a~(1/2)*c~(1/2)*x~2) ~(1/2) / (c*x~4+a) " (1/2) *c~(1/2)*e~3/d
/(axe~2+c*d~2) "2*EllipticE(x*(I/a~(1/2)*c~(1/2))~(1/2) ,I)+I/a~(1/2)/(I/a~ (1
/2)*%c”(1/2))"(1/2)*(1-I/a~ (1/2)*c~(1/2) *x~2) ~(1/2) *(1+I/a~ (1/2) *c~ (1/2) *x~2
)~ (1/2) /(c*x~4+a) " (1/2) *c™(3/2) *d*e/ (a*xe~2+c*d~2) "2*xE1llipticF (x*(I/a~(1/2) *
c~(1/2))°(1/2),1)-I/a~(1/2)/(I/a~(1/2)*c~(1/2))~(1/2)*(1-I/a~ (1/2)*c~(1/2) *
x"2)7(1/2)*x(1+I/a~(1/2) *c~ (1/2)*x~2) ~(1/2) / (c*xx"4+a) ~(1/2) *c~ (3/2) *d*e/ (a*e
~2+c*d”2) "2*E1llipticE(x*(I/a~(1/2)*c~(1/2))~(1/2),I)+1/2xe~4/d"2/ (a*e”2+cxd
~2)°2/(I/a~(1/2)*c~(1/2))~(1/2)*(1-I/a~ (1/2) *c~(1/2)*x~2) " (1/2) *(1+I/a~ (1/2
Y*xc~(1/2)*x72) " (1/2) / (cxx~4+a) " (1/2)*E1lipticPi (x*(I/a~(1/2)*c~(1/2))~(1/2)
,I¥a~(1/2)/c~(1/2)*e/d, (-I/a~(1/2)*c~(1/2))~(1/2)/(I/a~(1/2)*c~(1/2))~(1/2)
Y*a+7/2*%e~2/ (axe”2+cxd"2) "2/ (I/a~ (1/2)*c~(1/2))~(1/2)*(1-I/a~(1/2)*c~ (1/2) *
x72)7(1/2)*(1+I/a~(1/2)*c~(1/2)*x~2) " (1/2) / (c*x~4+a) ~(1/2) *E1lipticPi (x* (I/
a~(1/2)*c~(1/2))~(1/2) ,I*a~(1/2) /c~(1/2)*e/d, (-I/a~ (1/2)*c~(1/2))~(1/2)/(1/
a~(1/2)*c~(1/2))~(1/2))*c)

Maxima [F]
time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((B*x~2+A)/(e*x~2+d) 3/ (c*x"4+a)~(3/2),x, algorithm="maxima")
[Out] integrate((B*x~2 + A)/((c*x"4 + a)~(3/2)*(x"2*e + d)~3), x)
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Fricas [F(-1)] Timed out
time = 0.00, size = 0, normalized size = 0.00

Timed out

Verification of antiderivative is not currently implemented for this CAS.
[In] integrate((B*x~2+A)/(e*x~2+d) 3/ (c*x"4+a)~(3/2),x, algorithm="fricas")

[Out] Timed out

Sympy [F(-1)] Timed out
time = 0.00, size = 0, normalized size = 0.00

Timed out

Verification of antiderivative is not currently implemented for this CAS.
[In] integrate((Bxx**2+A)/(exx**2+d)**3/(cxx**4+a)**(3/2),x)

[Out] Timed out

Giac [F|
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((B*x~2+A)/(e*x~2+d) 3/ (c*x"4+a)~(3/2),x, algorithm="giac")
[Out] integrate((Bxx~2 + A)/((c*x"4 + a)~(3/2)*(x"2*e + d)~3), x)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.00

Bz’ + A
4 3/2 2 3d:v
(czt+a)”" (ex? +d)

Verification of antiderivative is not currently implemented for this CAS.

[In] int((A + Bxx"2)/((a + c*xx~4)~(3/2)*(d + e*xx~2)"3),x)
[Out] int((A + Bxx"2)/((a + c*x~4)~(3/2)*%(d + e*xx~2)"3), x)
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ABQd 2\94
(+x)(4—|—ex)dx
a+cx

315 |

Optimal. Leaf size=169

(A _ %) o(d+er?) (1+2) " P (g; 1,—g; 3~ \\/Fi_a , —7) ) <A+ %) o(d +ea?)’ (1+

2a

[Out] 1/2*x*(e*xx~2+d) “q*AppellF1(1/2,-q,1,3/2,-e*x~2/d,-x"2*%c~(1/2)/(-a)~(1/2))*(
A-Bx(-a)~(1/2)/c~(1/2))/a/((1+e*x~2/d) ~q) +1/2*x* (exx~2+d) “q*AppellF1(1/2,1,
-q,3/2,x72xc”(1/2)/(-a)~(1/2) ,-e*x~2/d) * (A+B*(-a) ~(1/2) /c~(1/2)) /a/ ((1+e*x™
2/d)"q)

Rubi [A]

time = 0.14, antiderivative size = 169, normalized size of antiderivative = 1.00, number of

number of rules _ 115
’ integrand size ’

steps used = 6, number of rules used = 3, integrand size = 26
Rules used = {1707, 441, 440}

- 4 22 ex? — ex? - z? ex
(4 GE ) wrest (3 00) "n(boabVER o) o(Y7REva)@rey (7 00) "R ad Y )
2a 2a

Antiderivative was successfully verified.
[In] Int[((A + Bxx"2)*(d + exx"2)"q)/(a + c*x~4),x]

[Out] ((A - (Sqrt[-al*B)/Sqrtlcl)#*x*(d + e*x"~2) g*AppellF1[1/2, 1, -q, 3/2, -((Sq
rt[c]*x72)/Sqrt[-al), -((exx~2)/d)])/(2*a*x(1 + (e*x"2)/d)~q) + ((A + (Sqrt[
-a]*B)/Sqrt[c])*x*x(d + e*x~2) q*AppellF1[1/2, 1, -q, 3/2, (Sqrtlc]*x~2)/Sqr
tl-al, -((e*xx72)/d)])/(2%ax(1 + (e*x~2)/d)"q)

Rule 440

Int[((a_) + (b_.)*(x_)"(n_))"(p_)*((c_) + (d_.)*(x_)"(n_))"(q_), x_Symbol]
:> Simp[a~p*c~q*x*AppellF1[1/n, -p, -q, 1 + 1/n, (-b)*(x"n/a), (-d)*(x"n/c)
1, x] /; FreeQ[{a, b, c, d, n, p, q}, x] && NeQ[b*c - axd, 0] && NeQ[n, -1]
&% (IntegerQ[p] || GtQ[a, 0]) && (IntegerQ[q]l || GtQ[c, 0])

Rule 441

Int[((a)) + (b_)*(x_)"(m_ )~ (p)*((c_) + (d_.)*(x_)"(n_))"(q ), x_Symbol]

:> Dist[a"IntPart[p]*((a + b*x"n) FracPart([p]/(1 + bx(x"n/a)) FracPart[p]l),
Int[(1 + bx(x"n/a)) p*(c + d*x"n)"q, x], x] /; FreeQ[{a, b, c, d, n, p, q}
, x] && NeQ[bxc - a*d, 0] && NeQ[n, -1] && !(IntegerQ[p] || GtQ[a, 0])

Rule 1707

Int [(Px_)*((d_) + (e_.)*(x_)"2)"(q_.)*((a_) + (c_.)*(x_)"4)"(p_.), x_Symbol
1 :> Int[ExpandIntegrand[Px*(d + e*x~2)"q*(a + c*x~4)7p, x], x] /; FreeQ[{a
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, ¢, d, e, g}, x] && PolyQ[Px, x~2] && NeQ[c*d~2 + a*e”2, 0] && IntegerQ[p]

Rubi steps

(A + Bz?) (d + ex?)

a+ cr?

Mathematica [F]

/( (V=a' B+ AVC) (d+ ex?)?

. (MB—A\/E)(d—i-er)q) s
2\/3\F (V=a —+ca?)  2V=a Ve (V—a +/ca?)
(1 ) (d + ex?)
2

\/:_\Fx2d>+1(( a7 )/\/

;%) (d+ ex?)? (1+ %f)ﬂl) <1+ K ) dz)

V—a —ea?

ex? 1 . . 3. \/Exz ex?
AR A
2a

l\le—'

time = 0.40, size = 0, normalized size = 0.00

/ (A + Bx?) (d + ex?)*
dz
a+ cr?

Verification is not applicable to the result.

[In] Integrate[((A + Bxx"2)*(d + e*x"2)7q)/(a + c*x74),x]
[Out] Integrate[((A + Bxx"2)*(d + exx"2)"q)/(a + c*xx~4), x]

Maple [F]

time = 0.05, size = 0, normalized size = 0.00

(Bz®+ A) (ex® + d)?
crt+a

dz

Verification of antiderivative is not currently implemented for this CAS.

[In] int((B*x~2+A)*(exx~2+d) ~q/(c*x~4+a),x)
[Out] int((B*x~2+A)*(e*x"2+d) "q/(c*x"4+a),x)

Maxima [F]

time = 0.00, size = 0, normalized size = 0.00

Failed to integrate
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Verification of antiderivative is not currently implemented for this CAS.
[In] integrate((B*x~2+A)*(e*x~2+d)~q/(c*x"4+a),x, algorithm="maxima")
[Out] integrate((B*xx~2 + A)*(x"2%e + d)~q/(c*x"4 + a), x)

Fricas [F]
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.
[In] integrate((B*x~2+A)*(e*x~2+d)~q/(c*x"4+a),x, algorithm="fricas")
[Out] integral((B*x"2 + A)*(x"2*e + d)~q/(c*x"4 + a), x)

Sympy [F(-1)] Timed out
time = 0.00, size = 0, normalized size = 0.00

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((B*x**2+A)* (exx**2+d)**q/ (c*x**4+a) ,x)

[Out] Timed out

Giac [F]
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((B*x~2+A)*(e*x~2+d)~q/(c*x"4+a),x, algorithm="giac")

[Out] integrate((B*x~2 + A)*(x"2xe + d)~q/(c*x"4 + a), x)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.01

/(B:c2+A) (ex? +d)* i

crt+a

Verification of antiderivative is not currently implemented for this CAS.

[In] int(((A + Bxx"2)*(d + exx"2)"q)/(a + c*x"4),x)
[Out] int(((A + B*x"2)*(d + e*x"2)7q)/(a + c*x74), x)
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3.16 2+a dx
/ (14+22) V2 + 3x2 + z*

Optimal. Leaf size=48

V2'(2+2?) E(tan"'(z)|3)
12 + x2
m V2 +3.’L’2 +$4

[Out] (x™2+2)*(1/(x"2+1))"(1/2)*(x~2+1) " (1/2)*E1llipticE(x/(x~2+1)~(1/2),1/2%2~(1/
2))*27(1/2)/ ((x72+2) / (x~2+1) )~ (1/2) / (x~4+3*x~2+2) ~(1/2)

Rubi [A]
time = 0.02, antiderivative size = 48, normalized size of antiderivative = 1.00, number of

number of rules __
' integrand size 0.074,

steps used = 2, number of rules used = 2, integrand size = 27
Rules used = {1470, 422}

Antiderivative was successfully verified.
[In] Int[(2 + x72)/((1 + x~2)*Sqrt[2 + 3*x~2 + x74]),x]

[Out] (Sqrt[2]1*(2 + x~2)*EllipticE[ArcTan[x], 1/2])/(Sqrt[(2 + x72)/(1 + x~2)]*Sq
rt[2 + 3*x"2 + x74])

Rule 422

Int[Sqrtl(a_) + (b_.)*(x_)"2]1/((c_) + (d_.)*(x_)"2)"(3/2), x_Symbol] :> Sim
pl(Sqrtla + b*x~2]/(cxRt[d/c, 2]*Sqrtlc + d*x~2]*Sqrt[c*x((a + b*x~2)/(a*x(c
+ d*x~2)))]1))*EllipticE[ArcTan[Rt[d/c, 2]*x], 1 - b*(c/(a*d))], x] /; FreeQ
[{a, b, c, d}, x] && PosQ[b/al] && PosQ[d/c]

Rule 1470

Int[((d_) + (e_.)*(x_)"(m_))"(q_.)*((£f ) + (g_.)*x(x_)"(n)) " (r_.)*((a) + (

b_)*x(x_)" () + (c_.)*(x_)"(n2_))"(p_), x_Symbol] :> Dist[(a + b*x"n + c*x
~(2*n)) “FracPart[p]/((d + exx"n) FracPart([p]*(a/d + (c*x"n)/e) FracPart[p])
, Int[(d + exx"n)"(p + @Q)*(f + gxx"n) rx(a/d + (c/e)*x"n)"p, x], x] /; Free
Ql{a, b, c, d, e, f, g, n, p, q, T}, x] & EqQ[n2, 2*n] && NeQ[b~2 - 4xaxc,
0] && EqQ[c*d™2 - bxd*e + axe”2, 0] && !IntegerQ[p]

Rubi steps
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(\/1+332‘\/2+x2‘)f—V2+x2dm

/ 2 + 1172 da’; _ (1+l‘2)3/2
(1+ 22) V2 + 322 4 z* V24 322 + x4
_ V2 (2 + 2?) E(tan"!(z)|3)
91 22
e 2+ 322 + 24
14 22

Mathematica [C] Result contains complex when optimal does not.
time = 10.10, size = 94, normalized size = 1.96

)2

2I+l’3+i\/1+:v2¢2+x2E<isinh_1<\7§> 2> —i\/1+w2\/2+m2F<isinh_1<\/$2_
V24 322 + x4

Antiderivative was successfully verified.

[In] Integratel[(2 + x72)/((1 + x72)*Sqrt[2 + 3*x~2 + x74]) ,x]

[Out] (2*x + x~3 + IxSqrt[1l + x~2]*Sqrt[2 + x"2]*EllipticE[I*ArcSinh[x/Sqrt[2]],
2] - IxSqrt[1 + x~2]*Sqrt[2 + x"2]*EllipticF[I*ArcSinh[x/Sqrt[2]]1, 2])/Sqrt

[2 + 3*x72 + x74]

Maple [C] Result contains complex when optimal does not.
time = 0.16, size = 81, normalized size = 1.69

Si

method | result
w42) V2 22+ 4 V2 +1 <EnipticF<"\/? z,ﬁ)-EllipticE<i\/?“,ﬁ>>
. h (T - ‘ 8‘
Hse Vat 43224+ 2 2v/x4 + 322 + 2
, V2 V222 +4 V2 +1 (EllipticF(i\/?z,\/?>—EllipticE(i@z,ﬁ>>
default (2% +2)2 - — ‘ 8
V(@2 +2) (22 +1) 2vVzt + 322 + 2
(w42 V2 V22 +4 Va2 +1 (EllipticF<i\/?z,ﬂ)—EllipticE<i\/?m,ﬁ>>
lipti r o)z R | 8
RN @ 2) @ + 1) 2/z% + 322 + 2

Verification of antiderivative is not currently implemented for this CAS.

[In] int((x~2+2)/(x"2+1)/(x"4+3*x"2+2)~(1/2) ,x,method=_RETURNVERBOSE)

[Out] (x"2+2)*x/((x"2+2)*(x"2+1))~(1/2)-1/2%I*2~(1/2) * (2%x~2+4) ~(1/2) *(x~2+1)~(1/
2)/ (x~4+3%x"2+2) " (1/2) *(E11lipticF(1/2*I%27(1/2)*x,27(1/2) )-E1lipticE(1/2*I*
27(1/2)*x,27(1/2)))
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Maxima [F]
time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((x~2+2)/(x"2+1)/(x~4+3%x~2+2)~(1/2),x, algorithm="maxima")

[Out] integrate((x~2 + 2)/(sqrt(x~4 + 3%x"2 + 2)*(x"2 + 1)), x)

Fricas [F(-2)]
time = 0.00, size = 0, normalized size = 0.00

Exception raised: TypeError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((x~2+2)/(x"2+1)/(x"4+3%x"2+2)~(1/2),x, algorithm="fricas")

[Out] Exception raised: TypeError >> Symbolic function elliptic_ec takes exactly
1 arguments (2 given)

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

/ 2 +2
: dz
V(@2 +1) (22 42) (224 1)
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((x*%2+2)/ (x**2+1)/ (x*k*4+3%x**2+2) %% (1/2) ,x)

[Out] Integral((x**2 + 2)/(sqrt((x**2 + 1)*(x**2 + 2))*(x**2 + 1)), x)

Giac [F|
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((x~2+2)/(x"2+1)/(x~4+3%x"2+2)~(1/2),x, algorithm="giac")

[Out] integrate((x~2 + 2)/(sqrt(x~4 + 3*x"2 + 2)*(x"2 + 1)), x)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.02

/ 2 +2
dr
(2241) Vat +322 42
Verification of antiderivative is not currently implemented for this CAS.

[In] int((x"2 + 2)/((x"2 + 1)*(3*%x"2 + x~4 + 2)~(1/2)),x)
[Out] int((x"2 + 2)/((x"2 + 1)*(3*x"2 + x~4 + 2)°(1/2)), x)
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A+Bx @Hﬁ$%3
3.17 - dx
f va—+bx?+ cxt

Optimal. Leaf size=755

e(7TAce(15cd — 4be) + B(105c%d? + 24b%e* — ce(84bd + 25ae))) vV a + bx? + cx? 2(2chd 6bBe + TAc
105¢3 35c¢*

[Out] 1/105%ex(7*Axckex (-4*bxe+15xc*d)+B* (105%c~2xd"~2+24*b~2*e~2-c*ex (25*axe+84*b
xd) ) ) *x* (c*xx~4+b*x"2+a) ~(1/2) /c~3+1/35%e” 2% (7T*A*xc*xe-6xB*bke+21*¥Bxcxd) *x~3x* (
cxx~4+b*x"2+a) ~(1/2) /c”2+1/7T*B*e " 3*x"5*x (c*xx~4+b*x"2+a) " (1/2) /c+1/105% (T*A*c
*xex (45%c™2+%d " 2+8*b"2%e " 2-3*c*xe* (3*a*xe+10*b*d) ) +Bx (105%c~3*d~3-48*b"3*e~3-21
*c~2xd*xe* (9*xaxe+10*b*d) +8xbxcke” 2% (13*xaxe+21*b*d) ) ) *x* (c*x~4+bxx~2+a) ~(1/2)
/c”(7/2)/(a~(1/2)+x"2*%c~(1/2))-1/105%a" (1/4) * (TxA*xcke* (45*%c~2*d~2+8*b"2xe"2
-3*cxex (3*a*e+10*bxd) ) +B* (105*c~3*d"3-48*b~3*e~3-21*c”~2*d*e* (9*xaxe+10*b*d) +
8*bkxcke~ 2% (13*xaxe+21*b*d) ) ) *(cos(2*arctan(c™(1/4)*x/a~(1/4)))"2)~(1/2) /cos(
2xarctan(c~(1/4)*x/a~(1/4)))*EllipticE(sin(2*arctan(c”(1/4)*x/a~(1/4))),1/2
*(2-b/a~(1/2)/c~(1/2))~(1/2))*(a”~ (1/2)+x~2*%c~ (1/2) ) * ((c*x~4+bxx~2+a) / (a~(1/
2)+x"2%c~(1/2))"2)~(1/2) /c~(15/4) / (c*x~4+b*xx"2+a) ~(1/2)+1/210%a~(1/4) * (cos(
2xarctan(c”(1/4)*x/a~(1/4)))~2)~(1/2)/cos(2*arctan(c~(1/4)*x/a~(1/4)))*E1li
pticF(sin(2*arctan(c~(1/4)*x/a~(1/4))),1/2%(2-b/a~(1/2)/c~(1/2))~(1/2))*(a"
(1/2)+x72%c~(1/2) ) * (T*Axcxe*x (45*%c™2xd"2+8*b " 2*xe~2-3*c*xe* (3*xaxe+10*b*d) ) +B* (
105%c~3*%d"3-48%b"3*xe~3-21*c " 2*xd*e* (9*a*e+10*b*xd) +8*b*cxe~ 2% (13*a*xe+21*xb*d))
+(7xAxc*x (A*xaxbxe~3-15*a*ckd*e”2+15%c~2xd"3) —a*Bxe* (105*%c~2*%d~2+24*b~2*e”~2-C
xex (25%a*xe+84%bxd)))*c”~(1/2)/a~(1/2) ) *((cxx~4+b*xx~2+a) /(a~ (1/2)+x~2xc~(1/2)
)"2)7(1/2)/c”(15/4) / (c*x~4+b*x~2+a) ~(1/2)

Rubi [A]
time = 0.85, antiderivative size = 755, normalized size of antiderivative = 1.00, number of

number of rules
3, integrand size = 0.121,

steps used = 6, number of rules used = 4, integrand size = 3
Rules used = {1693, 1211, 1117, 1209}

Antiderivative was successfully verified.
[In] Int[((A + B*xx~2)*(d + exx"2)73)/Sqrt[a + b*x"2 + c*xx74],x]

[Out] (ex(7*A*cxex(15%c*d - 4xbxe) + B*x(105%c™2*%d"2 + 24*b~2%e”2 - c*e*(84*bxd +
25xaxe)) ) *x*Sqrt[a + bxx"2 + c*x"4])/(105%c”3) + (e”2%(21*B*xc*d - 6%bxBxe +
TxA*xcxe) *x~3xSqrt[a + b*x~2 + c*x~4])/(35%c~2) + (B*e~3*x~5*Sqrt[a + bxx~2
+ c*x74])/(T*c) + ((TxA*xckex(45%c™2*d~2 + 8*b~2xe”2 - 3*ckxe*(10xb*d + 3*ax
e)) + Bx(105%c~3*d"3 - 48%b~3*e”3 - 21xc”2xd*e* (10*xbxd + 9*axe) + 8*b*c*xe”2
*(21%b*d + 13*axe)))*x*xSqrt[a + b*x"2 + c*x74])/(105%c~(7/2)*(Sqrt[a] + Sqr
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t[c]*x72)) - (a7 (1/4)*(TxA*xcxe*x(45*xc™2xd"2 + 8*b~2*e”2 — 3xckxe*(10*bxd + 3%
axe)) + B*(105*%c~3*d"3 - 48*b"3*e”3 - 21*c~2*kd*ex(10xb*d + 9*axe) + 8*b*cxe
~2x(21xbxd + 13%axe)))*(Sqrt[a] + Sqrt[c]*x~2)*Sqrt[(a + b*x~2 + c*x~4)/(Sq
rt[a] + Sqrtlcl*x~2)~2]*EllipticE[2*ArcTan[(c~(1/4)*x)/a~(1/4)], (2 - b/(Sq
rt[al*Sqrt[c]))/4]1)/(105*c~(15/4)*Sqrt[a + b*x"2 + cxx”4]) + (a~(1/4)*(7xAx*
cxe* (45%xc™2xd"2 + 8*b"2*e”2 - 3xckex(10*¥bxd + 3*axe)) + Bx(105%c~3*d"3 - 48
*b~3%e”3 - 21*kc"2xd*e*(10*bxd + 9*a*xe) + 8xbxcxe~2%(21xbxd + 13*a*e)) + (Sq
rt [c]* (TxA*c*x (16%c™2*d"3 - 15*a*cxd*e”2 + 4xaxb*e~3) - a*Bxex(105*xc™2xd"2 +
24xb~2xe"2 - cxex(84xbxd + 25%axe))))/Sqrt[al)*(Sqrt[a] + Sqrt[c]*x~2)*Sqr
t[(a + b*xx"2 + c*xx~4)/(Sqrt[a] + Sqrtlc]l*x~2) 2]*EllipticF[2*ArcTan[(c~(1/4
)*x)/a~(1/4)], (2 - b/(Sqrt[al*Sqrtlcl))/4])/(210%c~(15/4)*Sqrt[a + b*x~2 +
c*xx~4])

Rule 1117

Int[1/Sqrt[(a_) + (b_.)*(x_)"2 + (c_.)*(x_)"4], x_Symbol] :> With[{q = Rtlc
/a, 41}, Simp[(1 + q~2*x"2)*(Sqrt[(a + b*x"2 + c*x"4)/(a*x(1 + q"2*x~2)"2)]/
(2xg*Sqrt[a + b*x"2 + c*xx~4]))*EllipticF[2*ArcTan[qg*x], 1/2 - b*x(q~2/(4*c))
1, x1] /; FreeQ[{a, b, c}, x] && NeQ[b~2 - 4xaxc, 0] && PosQ[c/al

Rule 1209

Int[((d_)) + (e_.)*(x_)"2)/Sqrtl(a_) + (b_.)*(x_)"2 + (c_.)*(x_)"4], x_Symbo
1] :> With[{q = Rtlc/a, 4]}, Simp[(-d)*x*(Sqrtla + b*x~2 + c*x"4]/(ax(1 + q
~2xx72))), x] + Simp[d*(1 + q~2%x"2)*(Sqrt[(a + b*x"2 + c*x"4)/(a*(1 + q~2%
x72)72)]/(g*Sqrt[a + b*x"2 + c*xx~4]))*EllipticE[2*ArcTan[q*x], 1/2 - bx(q~2
/(4xc))], x] /; EqQle + d*q~2, 0]] /; FreeQ[{a, b, c, d, e}, x] && NeQ[b~2
- 4xaxc, 0] && PosQ[c/al

Rule 1211

Int[((d)) + (e_.)*(x_)"2)/Sqrtl(a_) + (b_.)*(x_)"2 + (c_.)*(x_)"4], x_Symbo
1] :> With[{q = Rtl[c/a, 2]}, Dist[(e + d*q)/q, Int[1/Sqrt[a + b*x"2 + c*xx~4
1, x], x] - Distl[e/q, Int[(1 - g*x~2)/Sqrt[a + b*x"2 + c*x74], x], x] /; Ne
Qle + dxq, 0]] /; FreeQ[{a, b, c, d, e}, x] && NeQ[b~2 - 4*axc, 0] && PosQ[
c/al

Rule 1693

Int[(Pg )*((a_) + (b_.)*(x_)"2 + (c_.)*(x_)"4)"(p_), x_Symbol] :> With[{q =

Expon[Pq, x72], e = Coeff[Pq, x~2, Expon[Pq, x"2]]1}, Simp[e*x~(2%q - 3)*((
a + bxx™2 + c*xx”4)"(p + 1)/(cx(2xq + 4%p + 1))), x] + Dist[1/(cx(2%q + 4*p
+ 1)), Int[(a + b*x"2 + c*x"4) “pxExpandToSum[c*(2*q + 4*p + 1)*Pq - a*e*(2%
q - 3)*x~(2%q - 4) - bxe*x(2xq + 2%p - 1)*x~(2%q - 2) - c*e*x(2%q + 4*p + 1)*
x~(2xq), x], x], x]1] /; FreeQ[{a, b, c, p}, x] && PolyQ[Pq, x~2] && Expon[P
q, x°2] > 1 &% NeQ[b~2 - 4*a*c, 0] && !LtQlp, -1]
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Rubi steps

7Acd®+7cd?(Bd+3Ae)z?+e(21Bed?+21 Acde—5aBe? )z +e2 (215

/ (A + Bz?) (d + ex?)’ i — Be3z®Va + bx? + cxt N J Va + bz + ezt
va+ bx? + cxt 7c Tc

e?(21Bcd — 6bBe + TAce)r3va + bx? + cxt N Be*z®va + bx? + cxt N f_

35¢c2 Tc

e(7TAce(15cd — 4be) + B(105c¢%d? + 24b%e? — ce(84bd + 25ae))) zva + bx? +

105¢3

e(7Ace(15cd — 4be) + B(105c%d? + 24b%e® — ce(84bd + 25ae))) zvVa + bx? +

105¢3

e(7TAce(15cd — 4be) + B(105c¢%d? + 24b%e? — ce(84bd + 25ae))) v a + bx? +

105¢3

Mathematica [C] Result contains complex when optimal does not.
time = 14.31, size = 901, normalized size = 1.19

Antiderivative was successfully verified.

[In] Integrate[((A + B*x"2)*(d + e*x~2)"3)/Sqrt[a + b*x"2 + c*x74],x]

[Out] (4x*c*Sqrtlc/(b + Sqrt[b~2 - 4xa*xc])]*e*xx*(a + b*x~2 + c*x~4)*(7T*A*ckex(-4*b

xe + 3kck(5*%d + exx"2)) + Bx(24%b"2%e”2 - c*e*x(84xbxd + 25kakxe + 18%bk*exx"2
) + 3*%c72x(35%d"2 + 21kd*exx"2 + 5*e"2%x"4))) - I*(-b + Sqrt[b~2 - 4*axc])=*
(TxAxc*e* (-45*%c™2xd"2 - 8*b~2xe~2 + 3kcxex(10*%b*d + 3*a*e)) + Bx(-105%c”~3xd
"3 + 48xb~3%e”3 + 21*xc"2xd*e* (10xbxd + 9*axe) - 8xbxckxe”~2%(21xbxd + 13*axe)
))*Sqrt[(b + Sqrt[b~2 - 4*akxc] + 2xcxx~2)/(b + Sqrt[b~2 - 4*axc])]*Sqrt[(2x
b - 2xSqrt[b~2 - 4*axc] + 4*xcxx"2)/(b - Sqrt[b~2 - 4xaxc])]*EllipticE[I*Arc
Sinh[Sqrt [2]*Sqrtlc/(b + Sqrt[b~2 - 4xaxc])]*x], (b + Sqrt[b~2 - 4xax*xc])/(b
- Sqrt[b”2 - 4*a*xc])] + I*(-48%b~4xB*e”3 + 8xb~3%e 2% (21*B*c*d + TxAxc*e +
6*BxSqrt [b™2 - 4*axc]*e) - 2¥b~2xcke* (7*xA*e*x(16xc*xd + 4*Sqrt[b~2 - 4*a*c]*
e) + Bx(105%c*d™2 + 84xSqrt[b~2 - 4*axc]*d*e - T6%axe”2)) + bxcx(B*(105xc”2
*d~3 - 104*a*Sqrt[b~2 - 4*axc]*e”3 + 21xckd*e*(10*Sqrt[b~2 - 4xa*xc]*d - 17x
axe)) + T*Axcxe*x(45*%cxd™2 + e*(30*Sqrt[b~2 - 4xakxc]*d - 17*axe))) + c~2*x(Bx*
(axe™2%(189*Sqrt [b~2 - 4xaxc]*d - 50xa*xe) - 105*cxd~2*(Sqrt[b~2 - 4*axc]*d
- 2xaxe)) - 21*%A*(10%c~2+#d”3 - 3*xa*xSqrt[b~2 - 4xaxc]*e”3 + bkcxdxex(3xSqrt[
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b~2 - 4*axc]*d - 2xa*e))))*Sqrt[(b + Sqrt[b~2 - 4*axc] + 2xcxx~2)/(b + Sqrt
[0°2 - 4xaxc])]*Sqrt[(2xb - 2*Sqrt[b~2 - 4xa*c] + 4*c*xx~2)/(b - Sqrt[b~2 -
4xaxc])]*EllipticF [I*xArcSinh[Sqrt [2]*Sqrt[c/(b + Sqrt[b~2 - 4xaxc])]l*x], (b
+ Sqrt[b~2 - 4x*axc])/(b - Sqrt[b~2 - 4*axc])])/(420*%c~4*Sqrt[c/(b + Sqrt[b
~2 - 4xaxc])]*Sqrtla + b*x"2 + c*xx"4])

Maple [B] Leaf count of result is larger than twice the leaf count of optimal. 1707 vs.

2(739) = 1478.
time = 0.13, size = 1708, normalized size = 2.26

method | result

) ) 4b(A e3+3Bde2- 608
w 3Ade*+3Bd“e—
\ 6bB e3 4 2 5
ollintic | EesVer tba? ta (Ae3+3Bae?- 2 )33v/cat +ba? +a ¢
p 7c Be 3
risch Expression too large to display

default | Expression too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int((B*x~2+A)*(exx~2+d) "3/ (c*x~4+b*x"2+a)~(1/2) ,x,method=_RETURNVERBOSE)

[Out] B*xe~3%(1/7/c*x"5* (c*x~4+b*x~2+a) ~(1/2)-6/35xb/c”2*x"3* (c*x~4+b*x~2+a) ~(1/2)
+1/3%(-5/7*a/c+24/35*%b"2/c"2) /cxx* (c*x~4+bxx"2+a) " (1/2)-1/12*%(-5/7*a/c+24/3
5%b~2/c”2) /c*xa*x2~(1/2) / ((-b+(-4*a*xc+b~2)~(1/2)) /a) ~(1/2) * (4-2* (-b+(-4*a*c+b
~2)7(1/2)) /a*x”2) " (1/2) * (4+2* (b+ (-4*a*c+b~2) " (1/2) ) /a*xx"2) ~(1/2) / (c*x"4+b*x
“2+a)~ (1/2) *E1lipticF (1/2*x*27 (1/2) * ((-b+(-4*a*c+b™2) " (1/2))/a) " (1/2) ,1/2*(
-4+2xb* (b+(-4*axc+b~2)~(1/2))/a/c)~(1/2))-1/2%(18/35*a*xb/c~2-2/3*(-5/7*a/c+
24/35*xb~2/c”2) /cxb) *a*2~ (1/2) / ((-b+(-4*axc+b~2)~(1/2))/a) " (1/2) * (4-2% (-b+ (-
4xa*xc+b~2) " (1/2))/axx"2) " (1/2) * (4+2* (b+ (-4*axc+b~2) ~(1/2)) /a*x~2)~(1/2) / (c*
X"4+b*xx"2+a) " (1/2) / (b+(-4*a*xc+b~2) ~(1/2) ) *(E1lipticF (1/2*x*2~(1/2) * ((-b+(-4
xaxc+b~2) ~(1/2))/a) ~(1/2) ,1/2% (-4+2%b* (b+(-4*a*xc+b~2)~(1/2))/a/c)~(1/2))-E1
lipticE(1/2*x*27 (1/2) * ((-b+(-4*axc+b~2)~(1/2))/a)~(1/2) ,1/2% (—4+2%b* (b+(-4*
axc+b~2)"(1/2))/a/c)~(1/2))))+(A*xe~3+3*Bxd*e”2) * (1/5/c*x"3* (c*xx~4+b*x"2+a)~
(1/2)-4/15%b/c”2*x* (c*x~4+b*x"2+a) ~(1/2)+1/15%axb/c~2%2~ (1/2) / ((-b+(-4*a*xc+
b~2)"(1/2))/a) " (1/2) *(4-2*% (-b+(-4*a*xc+b~2) ~(1/2)) /a*x~2) " (1/2) * (4+2* (b+ (-4*
axc+b~2)~(1/2)) /a*x"2) "~ (1/2) / (c*x"4+b*xx"2+a) ~(1/2)*E11lipticF (1/2*x*2~ (1/2) *
((-b+(-4*axc+b~2)~(1/2))/a)~(1/2) ,1/2*%(-4+2*b* (b+(-4*a*xc+b~2)~(1/2)) /a/c)~(
1/2))-1/2x(-3/5%a/c+8/15%b"2/c~2) *a*2~ (1/2) / ((-b+(-4*axc+b~2)~(1/2))/a)~(1/
2)*(4-2*% (~b+(-4*axc+b~2)~(1/2)) /a*x"2) ~(1/2) * (4+2* (b+(-4*a*c+b~2) " (1/2) ) /ax
x72)7(1/2) / (c*xx~4+b*x"2+a) " (1/2) / (b+(-4*a*xc+b~2) " (1/2) ) * (E1lipticF (1/2*x*2~
(1/2)*((-b+(-4*a*xc+b~2)~(1/2))/a) ~(1/2) ,1/2% (-4+2xb* (b+(-4*a*c+b~2)~(1/2))/
a/c)~(1/2))-EllipticE(1/2*x*2~(1/2)* ((-b+(-4*a*xc+b~2)~(1/2))/a)~(1/2) ,1/2%(
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—-4+2xb* (b+(-4*axc+b~2)~(1/2))/a/c)~(1/2))) ) +(3*A*xd*e”2+3*B*d~2*xe) * (1/3*x* (c
*x~4+b*x"2+a) " (1/2) /c-1/12*xa/c*2~(1/2) / ((-b+(-4*axc+b~2)~(1/2))/a) " (1/2)*(4
-2% (-b+(—4*a*xc+b~2) " (1/2)) /axx"2) " (1/2) * (4+2* (b+ (-4*a*xc+b~2) ~(1/2)) /a*x~2) "~
(1/2) / (c*x~4+b*x~2+a) " (1/2) *E11lipticF (1/2*x*2~(1/2) * ((-b+(-4*a*xc+b~2)~(1/2)
)/a)~(1/2) ,1/2% (-4+2%b* (b+(-4*axc+b~2) ~(1/2))/a/c)~(1/2))+1/3%b/c*a*x2~(1/2)
/ ((-b+(-4*a*xc+b™2)~(1/2))/a) = (1/2) * (4-2% (~b+(-4*a*xc+b~2) " (1/2)) /a*xx~2) "~ (1/2
)% (4+2% (b+(-4*xa*xc+b™2) " (1/2)) /a*x~2) " (1/2) / (c*x~4+b*x"2+a) ~(1/2) / (b+(-4*ax*c
+b72)~(1/2) ) *(E1lipticF (1/2*x*2~ (1/2) * ((-b+(-4*axc+b~2)~(1/2))/a)~(1/2),1/2
* (—4+2xb* (b+(-4*a*xc+b~2)~(1/2))/a/c)~(1/2))-EllipticE(1/2*x*2~(1/2) * ((-b+(-
4xaxc+b™2)~(1/2))/a)~(1/2) ,1/2% (-4+2%b* (b+(-4*axc+b~2)~(1/2))/a/c)~(1/2))))
-1/2% (3%xA*d"2*e+B*xd~3) *a*2~(1/2) / ((-b+(-4*a*xc+b~2)~(1/2))/a)~(1/2) *(4-2*(-b
+(=4*axc+b”2) " (1/2))/a*x"2) "~ (1/2) * (4+2* (b+(-4*a*xc+b~2)~(1/2)) /a*x~2)~(1/2)/
(cxx~4+b*x~2+a) " (1/2) / (b+(-4*a*c+b~2) " (1/2) ) *(E1lipticF (1/2*x*2~(1/2)* ((-b+
(-4xaxc+b~2)"(1/2))/a)~(1/2),1/2* (-4+2xb* (b+(-4*a*c+b~2)~(1/2))/a/c)~(1/2))
-E1llipticE(1/2*x*27 (1/2) * ((-b+(-4*a*xc+b~2)~(1/2))/a)~(1/2) ,1/2% (-4+2%b* (b+(
-4xa*xc+b~2)"(1/2))/a/c)”~(1/2)))+1/4%Axd"3%2~ (1/2) / ((-b+(-4*a*c+b~2)~(1/2))/
a)~(1/2) % (4-2* (-b+(—4*a*c+b~2) " (1/2)) /a*xx"2) " (1/2) * (4+2* (b+ (-4*a*xc+b~2) ~(1/
2))/axx~2)~(1/2)/ (c*x"4+bxx~2+a) ~(1/2) *E11lipticF (1/2*x*2~ (1/2) * ((-b+(-4*a*c
+b~2)~(1/2))/a) " (1/2) ,1/2% (-4+2%b* (b+(-4*a*xc+b~2)~(1/2))/a/c)~(1/2))
Maxima [F]

time = 0.00, size = 0, normalized size = 0.00

Failed to integrate
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((Bxx~2+A)*(exx~2+d) "3/ (cxx"4+b*x~2+a)~(1/2),x, algorithm="maxima"
)

[Out] integrate((Bxx~2 + A)*(x"2%e + d)~3/sqrt(c*x”4 + b*x"2 + a), x)

Fricas [F(-2)]

time = 0.00, size = 0, normalized size = 0.00

Exception raised: TypeError
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((B*x~2+A)*(e*x~2+d) ~3/(c*x~4+b*x"2+a)~(1/2),x, algorithm="fricas"
)

[Out] Exception raised: TypeError >> Symbolic function elliptic_ec takes exactly
1 arguments (2 given)

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00
/ (A + Bz?) (d + ex?)’

dz
va + bx? + cxt
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Verification of antiderivative is not currently implemented for this CAS.
[In] integrate((B*x**2+A)* (exx**2+d)**3/ (c*xx**4+b*x**2+a) **(1/2) ,x)

[Out] Integral((A + Bxxx*2)*(d + e*x**2)**3/sqrt(a + b*x**2 + ckx**4), Xx)

Giac [F|
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.
[In] integrate((B*x~2+A)*(e*x~2+d) ~3/(c*x~4+b*x"2+a)~(1/2),x, algorithm="giac")

[Out] integrate((B*x~2 + A)*(x"2xe + d)~3/sqrt(c*x”4 + b*x"2 + a), x)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.00

/ (Ba? + A) (ex? + d)° i
Vezt+bz?+a

Verification of antiderivative is not currently implemented for this CAS.

[In] int(((A + B*xx~2)*(d + e*x"2)"3)/(a + b*x"2 + c*x~4)"(1/2),x%)
[Out] int(((A + Bxx"2)*(d + exx~2)"3)/(a + b*x"2 + c*x~4)~(1/2), x)
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A+Bx @fo%2
3.18 - dx
f va—+bx?+ cxt

Optimal. Leaf size=528

e(10Bcd — 4bBe + 5Ace)zVa + ba? + cz* Be Va+ bx? + cxt (10Ace(3cd be) + B(15c*d? + 8b%¢?
15¢? 5¢ 15¢%/2 (V/a

[Out] 1/15%e* (5*%Axcxe—4*B*b*e+10*Bkxc*d) *x* (c*xx”~4+b*x"2+a) " (1/2)/c"2+1/5%B*e~2*x"3
* (cxx"4+b*x"2+a) " (1/2) /c+1/15% (10*%A*cxex (~b*e+3*c*d) +B* (15%c~2*xd~2+8%b~2xe~
2-c*xex*x (9kaxe+20*b*xd) ) ) *x* (c*x"4+b*x"2+a) ~(1/2) /c~(5/2)/(a~(1/2)+x"2%c~(1/2)
)-1/15%a~ (1/4) * (10*A*cxex (-b*e+3*cxd) +B* (15*%c~2*xd~2+8*b~2*xe~2-c*e* (9*xaxe+20
*bxd) ) ) *(cos(2*xarctan(c~(1/4)*x/a~(1/4)))~2)~(1/2) /cos(2*arctan(c”(1/4)*x/a
~(1/4)))*EllipticE(sin(2*arctan(c”(1/4)*x/a~(1/4))),1/2*(2-b/a~(1/2)/c”~(1/2
))~(1/2))*(a” (1/2)+x72%c™(1/2) ) * ((c*xx~4+bxx~2+a) /(a~ (1/2) +x~2*%c~(1/2))~2) " (
1/2)/c”(11/4) / (c*x"4+b*xx"2+a) ~(1/2)+1/30*a~ (1/4) * (cos (2*arctan(c” (1/4) *x/a"
(1/4)))"2)~(1/2) /cos(2*arctan(c~(1/4)*x/a~(1/4)))*EllipticF(sin(2*arctan(c”
(1/4)*x/a~(1/4))) ,1/2%(2-b/a~(1/2)/c~(1/2))~(1/2))*(a~(1/2)+x~2*c~(1/2) ) * (1
O*Axcxex (~b*e+3*c*xd) +B* (15%c~2xd"2+8*b " 2xe”~2-c*e* (9*xaxe+20*b*d) ) - (2*xa*B*e* (
-2xbxe+5*c*d) -5xAxck (—a*xe”2+3*c*d"2) )*c~(1/2) /a~ (1/2) ) *((c*x~4+b*xx"2+a) /(a~
(1/2)+x72%c~(1/2))"2)"(1/2)/c~(11/4) / (c*x~4+b*xx"2+a) ~(1/2)

Rubi [A]

time = 0.46, antiderivative size = 528, normalized size of antiderivative = 1.00, number of

number of rules
integrand size = 0.121,

steps used = 5, number of rules used = 4, integrand size = 33,
Rules used = {1693, 1211, 1117, 1209}

¥a (v + vE) [ e )_, - ) ) (AL ) | e 20 87+ 158 4 WA b)) TV + VE) E(2ArTan( 222 ) 1 (2- ot ) ) (Bl-co(Sae + 200d) + 80767 + 15638 + 10Ace(3d — be)

Antiderivative was successfully verified.
[In] Int[((A + B*x"2)*(d + e*xx"2)"2)/Sqrt[a + b*x"2 + c*x~4],x]

[Out] (ex(10*Bk*cxd - 4%b*Bxe + b*Akxcke)*x*Sqrt[a + b*x~2 + c*xx"4])/(156%c”2) + (B*
e"2*%x"3*Sqrt[a + bxx"2 + c*xx"4])/(5*c) + ((10%Axc*e*(3*ckd - bke) + Bx(15*c
~2x%d"2 + 8%b~2%e”2 - cxex(20%b*d + 9*axe)))*x*Sqrt[a + bxx"2 + c*xx~4])/(15%
c~(5/2)*(Sqrt[al + Sqrtlcl*x~2)) - (a~(1/4)*(10*Axcxe*(3*xc*d - bxe) + Bx(15
*C"2%d"2 + 8xb~2%e”2 - cxe*(20*bxd + 9*axe)))*(Sqrt[a] + Sqrt[cl*x~2)*Sqrt[
(a + bxx"2 + c*x"4)/(Sqrt[a] + Sqrtlcl*x"2)~2]*EllipticE[2*ArcTan[(c~(1/4)*
x)/a~(1/4)], (2 - b/(Sqrtlal*Sqrtlc]l))/4]1)/(15%c~(11/4)*Sqrt[a + b*x"2 + c*
x74]) + (2~ (1/4)*(10*xA*c*ex(3*%ckd - bxe) + B*(15%c™2xd"2 + 8*b~2%e”2 - cxex
(20%bxd + 9*a*xe)) - (Sqrtlcl*(2xa*Bkex(5*xckd - 2%b*e) — BkAxcx(3*cxd™2 - ax*
e72)))/Sqrt[al)*(Sqrt[a] + Sqrtlcl*x~2)*Sqrtl[(a + b*x~2 + c*x~4)/(Sqrtl[a]l +
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Sqrt [c]*x~2) "2] #*E1lipticF [2*%ArcTan[(c~(1/4)*x)/a~(1/4)], (2 - b/(Sqrt[al*S
qrt[cl))/4]1)/(30*%c~(11/4)*Sqrt[a + b*x~2 + c*x74])

Rule 1117

Int[1/Sqrt[(a_) + (b_.)*(x_)"2 + (c_.)*(x_)"4], x_Symbol] :> With[{q = Rtlc
/a, 41}, Simp[(1 + q72*x"2)*(Sqrt[(a + b*x~2 + c*x"4)/(a*x(1 + q"2*x~2)"2)]/
(2*q*Sqrt[a + b*x"2 + c*x~4]))*EllipticF[2*ArcTan[q*x], 1/2 - b*x(q~2/(4%*c))
1, x1]1 /; FreeQ[{a, b, c}, x] && NeQ[b~2 - 4*axc, 0] && PosQ[c/a]l

Rule 1209

Int[((d)) + (e_.)*(x_)"2)/Sqrtl(a_) + (b_.)*(x_)"2 + (c_.)*(x_)"4], x_Symbo
1] :> With[{q = Rtlc/a, 4]}, Simp[(-d)*x*(Sqrtla + b*x"2 + c*x~4]/(a*x(1 + q
~2xx72))), x] + Simp[d*(1 + q~2*x"2)*(Sqrt[(a + b*x~2 + c*xx~4)/(ax(1 + q 2%
x72)72)]/(g*Sqrt[a + b*x"2 + c*xx"4]))*EllipticE[2*ArcTan[qg*x], 1/2 - b*(q~2
/(4xc))], x] /; EqQle + dxq~2, 0]] /; FreeQ[{a, b, c, d, e}, x] && NeQ[b~2
- 4xaxc, 0] && PosQ[c/al

Rule 1211

Int[((d_) + (e_.)*(x_)"2)/Sqrtl(a_) + (b_.)*(x_)"2 + (c_.)*(x_)"4], x_Symbo
1] :> With[{q = Rt[c/a, 2]}, Dist[(e + d*q)/q, Int[1/Sqrt[a + b*x"2 + c*xx~4
1, x]1, x] - Dist[e/q, Int[(1 - g*x~2)/Sqrt[a + b*x"2 + c*x74], x], x] /; Ne
Qe + d*q, 011 /; FreeQ[{a, b, c, d, e}, x] && NeQ[b~2 - 4xa*c, 0] && PosQ[
c/al

Rule 1693

Int[(Pg )*((a_) + (b_.)*(x_)"2 + (c_.)*(x_)"4)"(p_), x_Symbol] :> With[{q =
Expon[Pq, x72], e = Coeff[Pq, x~2, Expon[Pq, x"2]]1}, Simp[e*x~(2%q - 3)*((
a + bxx™2 + c*xx”4)"(p + 1)/(cx(2xq + 4%p + 1))), x] + Dist[1/(cx(2%q + 4*p
+ 1)), Int[(a + b*x"2 + c*x"4) pxExpandToSum[c*(2*q + 4*p + 1)*Pq - a*e*(2%
q - 3)*x7(2%q - 4) - b*ex(2xq + 2%p - 1)*x"(2%q - 2) - cxe*x(2%q + 4*p + 1)*
x~(2xq), x], x], x1] /; FreeQ[{a, b, c, p}, x] && PolyQ[Pq, x~2] && Expon[P
q, x72] > 1 && NeQ[b~2 - 4*axc, 0] && !'LtQ[p, -1]

Rubi steps
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f 5Acd?+ (5Bcd?+10Acde—3aBe?)z2+e(10Bcd—4bBe+5Ace)z? d:

(A + Baz?) (d + ex?)’ i — Be?z3Va + bx? + cxt N Va + bz2 + czt :
va+ br? + cxt 5c 5c

2
e(10Bcd — 4bBe + 5Ace)zVa + bx? + cx* N Be?z3va + bx? + cxt N J=

15¢2 5c

(Va

15¢2 5c

e(10Bcd — 4bBe + 5Ace)zVa + bz? + cx* N Be?z?va + bz? + cz*

15¢2 5c

Mathematica [C] Result contains complex when optimal does not.
time = 12.74, size = 674, normalized size = 1.28

Antiderivative was successfully verified.

[In] Integrate[((A + B*x"2)*(d + e*x”2)72)/Sqrt[a + b*x"2 + c*x74],x]

[Out] (4xc*Sqrtlc/(b + Sqrt[b~2 - 4xaxc])]*e*x*(a + b*x"2 + c*x~4)*(5xA*c*e
10*%c*d - 4%b*e + 3%c*e*x"2)) + I*(-b + Sqrt[b~2 - 4*axc])*(10*%A*xcke*(3xcxd
- bxe) + Bx(15*%c™2*d"2 + 8%b~2%e”2 - c*ex(20%b*d + 9*axe)))*Sqrt[(b + Sqrtl[
b~2 - 4xaxc] + 2xc*x72)/(b + Sqrt[b~2 - 4xaxc])]*Sqrt[(2*b - 2*Sqrt[b”2 - 4
xaxc] + 4xc*x”2)/(b - Sqrt[b~2 - 4xa*c])]*EllipticE[I*ArcSinh[Sqrt[2]*Sqrt[
c/(b + Sqrt[b~2 - 4xa*c])]*x], (b + Sqrt[b~2 - 4*a*c])/(b - Sqrt[b~2 - 4*ax
c])] - I*(-8xb~3%B*e”~2 + 2%b~2%ex(10*B*c*d + S5xA*xcke + 4xB+Sqrt[b~2 - 4xaxc
1*e) - bxcx(156xBxcxd~2 + Bxex(20*Sqrt[b~2 - 4xaxc]*d - 17xaxe) + 10xAxex (3%
cxd + Sqrt[b~2 - 4*axclxe)) + c*(Bx(-9*a*xSqrt[b~2 - 4*axc]*e”2 + Bxcxd*(3*S
qrt[b~2 - 4*axc]*d - 4xa*e)) + 10%Axcx(3*xcxd"2 + ex(3*Sqrt[b~2 - 4*a*xcl*d -
a*e))))*Sqrt[(b + Sqrt[b~2 - 4xaxc] + 2%c*x"2)/(b + Sqrt[b~2 - 4xaxc])]*Sq
rt[(2#%b - 2xSqrt[b~2 - 4*axc] + 4xcxx~2)/(b - Sqrt[b~2 - 4*axc])]*EllipticF
[I*ArcSinh[Sqrt [2]*Sqrt[c/(b + Sqrt[b™2 - 4*a*xc])]*x], (b + Sqrt[b~2 - 4*ax
c])/(b - Sqrt[b~2 - 4x*axc])])/(60*%c~3*Sqrt[c/(b + Sqrt[b~2 - 4*axc])]*Sqrtl[
a + b*x"2 + c*xx74])

Maple [B] Leaf count of result is larger than twice the leaf count of optimal. 1200 vs.

2(516) = 1032.
time = 0.18, size = 1201, normalized size = 2.27

+ Bx(

e(10Bcd — 4bBe + 5Ace)zVa + bx? + cx? N Be?z3va + ba? + cxt N (104
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method | result

Ad? a(

2
2 4bB e
Ae“+2Bde— T)

3c

i

: 2 '
36213\/C.'L'4+b.’1,'2+a I (A62+2Bde—%)z\/6$4+bx2+a
5c

elliptic 3

(104bce?—30c2deA+9Bac 2 —8 B b%e?+20Bbede—15B c2d?)a \/5 \/

ea:(3Be xzc+5Ace—4Bbe+1OBcd) \/C CL‘4 + b Il72 —+ a‘ i

risch 52

default | Expression too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int((B*x~2+A)*(e*x~2+d) "2/ (cxx"4+b*x~2+a) " (1/2) ,x,method=_RETURNVERBOSE)

[Out] Bxe~2%(1/5/c*x" 3% (c*x~4+b*x~2+a) ~(1/2)-4/15%b/c”2xx* (c*xx~4+b*x~2+a) ~(1/2)+1

/15xaxb/c”2%27(1/2) / ((-b+(-4*a*xc+b~2)~(1/2))/a) " (1/2) * (4-2% (-b+(-4*a*c+b~2)
~(1/2)) /a*x72) " (1/2) * (4+2x (b+(~4*a*xc+b~2) ~(1/2) ) /axx"2) ~(1/2) / (c*x"4+b*x~2+
a)~(1/2)*EllipticF(1/2*x*2~ (1/2) * ((-b+(-4*a*xc+b~2)~(1/2))/a)~(1/2) ,1/2*(-4+
2%b* (b+(-4*xaxc+b~2)~(1/2))/a/c)~(1/2))-1/2x(-3/5*a/c+8/15%b"2/c~2) *a*x2~(1/2
)/ ((-b+(-4*a*xc+b~2)~(1/2))/a) " (1/2) * (4-2% (-b+(-4*a*c+b~2) " (1/2) ) /a*x~2) " (1/
2) * (4+2* (b+(—-4*axc+b~2) " (1/2)) /a*x"2)~(1/2) / (c*x~4+b*xx"2+a) ~ (1/2) / (b+(-4*ax
c+b”2)~(1/2) ) * (E1lipticF (1/2*x*2~ (1/2) * ((~b+(-4*axc+b~2)~(1/2))/a)~(1/2),1/
2% (—4+2xb* (b+(-4*a*xc+b™2)~(1/2))/a/c)~(1/2))-EllipticE(1/2*x*2~(1/2) * ((-b+(
—-4xaxc+b~2)~(1/2))/a)~(1/2),1/2x(-4+2xb* (b+(-4*a*xc+b~2)~(1/2))/a/c)~(1/2)))
)+ (A*xe”2+2xBxd*e) * (1/3*x* (c*x~4+b*xx"2+a) " (1/2) /c-1/12*a/cx2~(1/2) / ((-b+(-4x*
a*xc+b~2)~(1/2))/a) " (1/2) * (4-2x (-b+(-4*axc+b~2) ~(1/2) ) /a*x"2) = (1/2) * (4+2* (b+
(-4*xaxc+b~2)~(1/2)) /a*x~2)~(1/2) / (c*x~4+b*xx"2+a) ~(1/2)*E11lipticF (1/2*x*2~ (1
/2)*((-b+(-4*a*xc+b~2)~(1/2))/a)~(1/2) ,1/2% (-4+2xb* (b+(-4*a*xc+b~2)~(1/2))/a/
c)~(1/2))+1/3%b/c*a*x2~(1/2) / ((-b+(-4*a*xc+b~2)~(1/2))/a) ~(1/2) * (4-2% (-b+(-4*
axc+b™2) " (1/2)) /a*xx~2) ~(1/2) * (4+2% (b+(-4*axc+b~2)~(1/2) ) /a*xx~2)~(1/2) / (c*xx~
4+bxx~2+a) ~(1/2) / (b+(-4*axc+b~2) ~(1/2) ) * (E11lipticF (1/2*x*2~ (1/2) * ((-b+(-4*a
*c+b~2)~(1/2))/a)~(1/2) ,1/2x (—4+2xb* (b+ (-4*a*xc+b~2) " (1/2))/a/c)~(1/2))-El1li
pticE(1/2xx*27 (1/2)* ((-b+(-4*a*c+b~2)~(1/2))/a)~(1/2) ,1/2% (-4+2%b* (b+(-4*ax
c+b”2)7(1/2))/a/c)~(1/2))))-1/2* (2xA*d*e+B*d~2) *a*x2~(1/2) / ((-b+(-4*a*xc+b~2)
~(1/2))/2)~(1/2) % (4-2% (-b+(-4*a*xc+b~2) ~(1/2) ) /a*xx~2) = (1/2) * (4+2* (b+(-4*a*c+
b"2)"(1/2))/a*x"2)~(1/2) / (c*x"4+b*x"2+a) " (1/2) / (b+(-4*a*xc+b~2) " (1/2) ) *(E11li
pticF(1/2xxx27(1/2)* ((-b+(-4*a*c+b~2)~(1/2))/a)~(1/2) ,1/2% (-4+2xbx (b+(-4*a*
c+b~2)~(1/2))/a/c)~(1/2))-E1lipticE(1/2*x*2~ (1/2) * ((-b+(-4*axc+b~2)~(1/2))/
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a)~(1/2) ,1/2x(-4+2xbx (b+(-4*a*c+b~2)~(1/2)) /a/c)~(1/2)) ) +1/4*A*d~2%2~(1/2)/
((-b+(~4*axc+b~2)"(1/2))/a) " (1/2) * (4-2*% (-b+(-4*a*xc+b~2)~(1/2)) /a*x"2)~(1/2)
* (4+2x (b+(-4xa*xc+b™2) ~(1/2) ) /a*x"2) " (1/2) / (cxx~4+b*x"2+a) " (1/2) *E1llipticF (1
/2xxx27 (1/2) % ((-b+(-4*axc+b~2)~(1/2))/a) " (1/2) ,1/2% (-4+2xb* (b+(-4*a*xc+b~2)~
(1/2))/a/c)~(1/2))

Maxima [F]

time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((B*x~2+A)*(e*x~2+d) "2/ (c*x"4+bxx"2+a)~(1/2),x, algorithm="maxima"
)

[Out] integrate((B*x"2 + A)*(x"2xe + d)~2/sqrt(c*x~4 + bxx"2 + a), x)

Fricas [F(-2)]

time = 0.00, size = 0, normalized size = 0.00

Exception raised: TypeError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((Bxx~2+A)*(exx~2+d) "2/ (cxx"4+b*x~2+a)~(1/2),x, algorithm="fricas"
)

[Out] Exception raised: TypeError >> Symbolic function elliptic_ec takes exactly
1 arguments (2 given)

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

dx

/ (A + Ba?) (d + ez?)’
va + bx? + cxt

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((Bxx**2+A)* (e*x**2+d)**2/ (cxx**x4+bxx**2+a) *x*(1/2) ,x)
[Out] Integral((A + Bkx**2)*(d + exx**2)**2/sqrt(a + bxx**2 + c*x**4), x)

Giac [F|
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate((B*x~2+A)*(e*x~2+d) "2/ (c*x"4+bxx~2+a)~(1/2),x, algorithm="giac")

[Out] integrate((B*x~2 + A)*(x"2%e + d)~2/sqrt(c*x”4 + b*x"2 + a), x)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.00

/(Bac2+A) (ex? +d)° i
Vext+bz2+a

Verification of antiderivative is not currently implemented for this CAS.

[In] int(((A + Bxx"2)*(d + exx"2)"2)/(a + b*x"2 + c*x~4)~(1/2),x)
[Out] int(((A + Bxx"2)*(d + exx~2)"2)/(a + b*x"2 + c*x~4)~(1/2), x)
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A+B:c (d+ex2) d
f Va + bx? + cxt

Optimal. Leaf size=368

3.19

va' (3Bcd — 2bBe + 3Ace) (va' ++/c'z
Bexva+bz® + cx' | (3Bed — 2bBe + 3Ace)rvVa + bz? + ezt

3¢ - 362 (\a + Ve 7?)

[Out] 1/3*Bke*x* (cxx~4+b*x~2+a) " (1/2)/c+1/3*(3*A*c*xe-2xBxbkxe+3*Bxcxd) *x* (c*x~4+bx*
x"2+a)~(1/2)/c~(3/2)/(a~(1/2)+x~2xc~(1/2))-1/3*%a~ (1/4) * (3xA*c*e-2*xBxb*xe+3*B

xc*xd) * (cos(2xarctan(c~(1/4)*x/a~(1/4)))~2)~(1/2)/cos(2*arctan(c”~(1/4) *x/a"(
1/4)))*EllipticE(sin(2*arctan(c”(1/4)*x/a"~(1/4))),1/2*(2-b/a~(1/2)/c~(1/2))
~(1/2))*(a~(1/2)+x"2xc~ (1/2) ) * ((c*x~4+b*x"2+a) / (a~ (1/2) +x~2xc~(1/2))~2)~(1/
2)/c”(7/4) / (c*xx~4+bxx~2+a) " (1/2)+1/6%a" (1/4) *(cos (2*xarctan(c~(1/4) *x/a"~(1/4
)))~2)~(1/2) /cos(2*arctan(c”(1/4)*x/a~(1/4)))*EllipticF(sin(2*arctan(c~(1/4
)*x/a~(1/4))),1/2%x(2-b/a~(1/2)/c~(1/2))~(1/2) )*(a~(1/2)+x~2xc~(1/2) ) * (3*B*c
*d—-2*xb*B*e+3*xAxcxe+(3*A*xcxd-B*xa*e)*c~(1/2)/a” (1/2) ) *((c*x~4+bxx"2+a) /(a~(1/
2)+x"2xc~(1/2))72)~(1/2) /c~(7/4) / (c*x~4+b*x~2+a) ~(1/2)

Rubi [A]
time = 0.16, antiderivative size = 368, normalized size of antiderivative = 1.00, number of

number of rules
integrand size = 0.129,

steps used = 4, number of rules used = 4, integrand size = 31,
Rules used = {1693, 1211, 1117, 1209}

e e
, et ;
2 (ssci-ae) Ves\ 1 .
+3Ace — 2Be + 3B u) V@ (VE + Ve [ 1:( Ts,n( / )\—(2— )) (84ce — 2bBe + 3Bed)
@ \, (Va +vez?)’ Va ) I\"T Vave , 2VaT bt (3hce — ?!B +3Bcd) | BerVaT b Tt
3¢/ + ba? + cr' 3672 (Va' + Vea? 3

Antiderivative was successfully verified.
[In] Int[((A + Bxx"2)*(d + exx~2))/Sqrt[a + b*xx"2 + c*x"4],x]

[Out] (Bxe*x*Sqrtl[a + bxx~2 + c*x~4])/(3xc) + ((3*Bkcxd - 2%b*Bke + 3*A*c*e)*x*Sq
rtla + b*x"2 + c*x~4])/(3*%c~(3/2)*(Sqrt[a]l + Sqrtlcl*x~2)) - (a~(1/4)*(3*Bx*

ckd - 2xb*Bke + 3xAxcke)*(Sqrt[al + Sqrtlcl*x~2)*Sqrtl[(a + b*x"2 + c*xx~4)/(
Sqrt[a] + Sqrtlcl*x~2) 2]*EllipticE[2*xArcTan[(c~(1/4)*x)/a~(1/4)], (2 - b/(
Sqrt[al*Sqrt[cl))/41)/(3*%c”(7/4)*Sqrta + b*x~2 + c*x~4]) + (a~(1/4)*(3*B*c

*d - 2%b*Bxe + 3%Axckxe + (Sqrt[c]l*(3*A*c*d - axB*e))/Sqrt[al)*(Sqrt[al + Sq
rt[c]*x"2)*Sqrt[(a + b*x~2 + c*x74)/(Sqrt[a] + Sqrt[cl*x~2)~2]*EllipticF[2x*
ArcTan[(c™(1/4)*x)/a~(1/4)]1, (2 - b/(Sqrtl[al*Sqrtlcl))/4]1)/(6%c~(7/4)*Sqrt[

a + b*x"2 + c*xx74])

Rule 1117

Int[1/Sqrtl(a_) + (b_.)*(x_)"2 + (c_.)*(x_)"4], x_Symbol] :> With[{q = Rtlc
/a, 41}, Simp[(1 + gq~2*x"2)*(Sqrt[(a + b*x"2 + c*x~4)/(ax(1 + q~2*x~2)"2)]/
(2xg*Sqrt[a + b*x"2 + c*x~4]))*EllipticF[2*ArcTan[q*x], 1/2 - b*x(q~2/(4*c))
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1, x1]1 /; FreeQ[{a, b, c}, x] && NeQ[b~2 - 4xa*c, 0] && PosQ[c/a]

Rule 1209

Int[((d)) + (e_.)*(x_)"2)/Sqrtl(a_) + (b_.)*(x_)"2 + (c_.)*(x_)"4], x_Symbo
1] :> With[{q = Rtlc/a, 4]}, Simp[(-d)*x*(Sqrt[a + b*x"2 + c*x~4]/(a*x(1 + q
~2xx72))), x] + Simp[d*(1 + q~2*x"2)*(Sqrt[(a + b*x~2 + c*xx~4)/(ax(1 + q 2%
x72)72)]/(g*Sqrt[a + b*x"2 + c*xx"4]))*EllipticE[2*ArcTan[qg*x], 1/2 - b*(q~2
/(4xc))], x] /; EqQle + dxq~2, 0]] /; FreeQ[{a, b, c, d, e}, x] && NeQ[b~2
- 4xaxc, 0] && PosQ[c/al

Rule 1211

Int[((d_) + (e_.)*(x_)"2)/Sqrtl(a_) + (b_.)*(x_)"2 + (c_.)*(x_)"4], x_Symbo
1] :> With[{q = Rt[c/a, 2]}, Dist[(e + d*q)/q, Int[1/Sqrt[a + b*x"2 + c*xx~4
1, x], x] - Dist[e/q, Int[(1 - g*x~2)/Sqrt[a + b*x"2 + c*x74], x], x] /; Ne
Qe + d*q, 011 /; FreeQ[{a, b, c, d, e}, x] && NeQ[b~2 - 4xa*c, 0] && PosQ[
c/al

Rule 1693

Int[(Pg )*((a_) + (b_.)*(x_)"2 + (c_.)*(x_)"4)"(p_), x_Symbol] :> With[{q =
Expon[Pq, x72], e = Coeff[Pq, x~2, Expon[Pq, x"2]]1}, Simp[e*x~(2%q - 3)*((
a + bxx™2 + c*xx”4)"(p + 1)/(cx(2xq + 4%p + 1))), x] + Dist[1/(cx(2%q + 4x*p
+ 1)), Int[(a + b*x"2 + c*x"4) pxExpandToSum[c*(2*q + 4*p + 1)*Pq - a*e*(2%
q - 3)*x7(2%q - 4) - b*ex(2xq + 2%p - 1)*x"(2%q - 2) - cxe*x(2%q + 4*p + 1)*
x~(2xq), x], x], x1] /; FreeQ[{a, b, c, p}, x] && PolyQ[Pq, x~2] && Expon[P
q, x°2] > 1 && NeQ[b~2 - 4%a*c, 0] && !LtQlp, -1]

Rubi steps

3Acd—aBe+(3Bcd—2bBe+3Ace)x? dz

/ (A + Bz?) (d + ex?) i — Bexva + bx? + cz* N J Va+ bz2 + ezt
va+ bx? + cxt 3c 3c

Ve

Va

2

Bexa+ bz + et (\/CT (3Bcd — 2bBe + 3Ace)) f T bm2a+ — dx

3c 3c3/2

_ Bexva+bx?+cxt | (3Bcd — 2bBe + 3Ace)zVa + ba? 4 cxt

Va (3B

3c + 3¢32 (va' + +/c'z?)
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Mathematica [C] Result contains complex when optimal does not.
time = 11.31, size = 521, normalized size = 1.42

— 0
8 [ ealat b ) (b4 VTR (<38 + 8B -3
Vo5 VB e )

Antiderivative was successfully verified.

[In] Integrate[((A + B*x"2)*(d + e*x"2))/Sqrt[a + b*x"2 + c*x74],x]

[Out] (4#B*c*Sqrtlc/(b + Sqrt[b~2 - 4*a*c])]*xexxx(a + b*x"2 + c*x74) - I*(-b + Sq
rt[b72 - 4*a*xc])*(-3*B*xckd + 2xb*Bke - 3xAxcke)*Sqrt[(b + Sqrt[b~2 - 4*axc]
+ 2xc*xx"2) /(b + Sqrt[b~2 - 4*axc])]*Sqrt[(2¥b - 2%Sqrt[b~2 - 4*xaxc] + 4x*c*
x72)/(b - Sqrt[b~2 - 4*a*c])]*EllipticE[I*ArcSinh[Sqrt[2]*Sqrt[c/(b + Sqrtl
b~2 - 4xaxc])]*x], (b + Sqrt[b~2 - 4xaxc])/(b - Sqrt[b~2 - 4xa*xc])] + I*(-2
*b"2%Bke — cx(6*Axckd + 3*BxSqrt[b~2 - 4*akxc]xd - 2xaxBxe + 3xAxSqrt[b”2 -
4xaxc]*e) + bx(3*Bxckxd + 3*Axcxe + 2*¥BxSqrt[b~2 - 4*axc]*e))*Sqrt[(b + Sqrt
[0"2 - 4xaxc] + 2*c*x"2)/(b + Sqrt[b”2 - 4xa*c])]1*Sqrt[(2*b - 2*Sqrt[b~2 -
4xaxc] + 4*c*x”2)/(b - Sqrt[b™2 - 4xa*c])]*EllipticF[I*ArcSinh[Sqrt[2]*Sqrt
[c/(b + Sqrt[b™2 - 4xa*c])]*x], (b + Sqrt[b~2 - 4*a*c])/(b - Sqrt[b~2 - 4x*a
xc])]1)/(12xc~2+Sqrt[c/(b + Sqrt[b~2 - 4xaxc])]*Sqrt[a + b*x"2 + c*x74])

Maple [B] Leaf count of result is larger than twice the leaf count of optimal. 758 vs.
2(360) = 720.
time = 0.04, size = 759, normalized size = 2.06

method | result

(Ad—“fce)\/? \/4 ~ 2(—b+\/—4aac+ b2 >x2 | \/4+ 2(b+\/—4ac+ b? )x2‘

El

a

7 p ‘
elliptic Bez\CZT ?—’tb:c ta |

4\/—b+\/ —éllzac + b2 Ve

2(—b+ Vv —4ac + b? >z2 | 2(b+\/ —4ac + b?
(3Ace—2Bbe+3Bcd)a\/§ — a 4 +

a

7 T
risch Bez\CZT ;ic—bx ta
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/2 \/ _ 2("b+\/m)mz | \/4+ 2(b+\/m>x2‘

P p Ellipti
4 b 2 + CL‘
default | Be sVea +ba — —
3 12c\/—th\/ —4ac + b2 \

Verification of antiderivative is not currently implemented for this CAS.

[In] int((B*x~2+A)*(exx~2+d)/(cxx~4+b*x~2+a)~(1/2) ,x,method=_RETURNVERBOSE)

[Out] Bxex(1/3xx*(c*x~4+b*x"2+a) ~(1/2)/c-1/12*xa/cx2~(1/2)/ ((-b+(-4*a*xc+b~2)~(1/2)

)/a) " (1/2)*(4-2% (-b+(-4*xa*xc+b™2) ~(1/2)) /a*x"2) ~(1/2) * (4+2*x (b+(-4*a*xc+b~2) ~ (
1/2))/a*x~2)~(1/2) / (c*x"4+b*x"2+a) ~(1/2) #*E1lipticF (1/2*x*27~(1/2) * ((-b+(-4*a
*xc+b~2)~(1/2)) /a)~(1/2) ,1/2% (—4+2%b* (b+(-4*axc+b~2)~(1/2)) /a/c)~(1/2))+1/3%
b/c*a*2~(1/2)/ ((-b+(-4*axc+b~2)~(1/2))/a) " (1/2) * (4-2% (-b+(-4*a*c+b~2)~(1/2)
)/a*xx"2) " (1/2) % (4+2% (b+(-4*a*c+b~2) ~(1/2)) /a*x~2) " (1/2) / (c*x~4+b*x"2+a) "~ (1/
2)/ (b+(-4*a*xc+b~2)~(1/2))*(E1lipticF (1/2*x*2~(1/2) * ((-b+(-4*a*c+b~2)~(1/2))
/a)~(1/2) ,1/2% (-4+2%b* (b+(-4*axc+b~2)~(1/2))/a/c)~(1/2))-EllipticE(1/2*x*2~
(1/2)*((-b+(-4*a*xc+b2)~(1/2))/a)~(1/2) ,1/2x (-4+2xb* (b+(-4*a*c+b~2) " (1/2))/
a/c)~(1/2))))-1/2%(Axe+Bxd) *a*2~(1/2) / ((-b+(-4*a*xc+b~2)~(1/2))/a)~(1/2) *(4-
2% (=b+(—4*a*c+b~2) " (1/2)) /a*x~2) " (1/2) * (4+2* (b+ (-4*axc+b~2) ~(1/2)) /a*x~2) ~(
1/2) / (c*x"4+b*x"2+a) " (1/2) / (b+(-4*a*c+b~2) ~(1/2) ) * (E1lipticF (1/2*x*2~ (1/2) *
((-b+(-4*a*xc+b~2)~(1/2))/a)~(1/2) ,1/2%(-4+2*b* (b+(-4*a*xc+b~2)~(1/2)) /a/c)~(
1/2))-E1llipticE(1/2*x*2~(1/2)* ((~b+(-4*axc+b~2)~(1/2))/a)~(1/2),1/2x(-4+2*b
* (b+(-4*a*xc+b~2)~(1/2))/a/c)~(1/2)))+1/4xAxd*2~ (1/2) / ((-b+(-4*axc+b~2)~(1/2
))/a) " (1/2)*(4-2% (-b+(-4*a*xc+b~2) ~(1/2)) /a*x"2) ~(1/2) * (4+2x (b+(-4*a*xc+b~2) "
(1/2))/a*x~2)~(1/2) / (cxx~4+b*x"2+a) " (1/2) *E1lipticF (1/2*x*27 (1/2) * ((-b+(-4x*
axc+b~2)7(1/2))/a)~(1/2) ,1/2%(-4+2%b* (b+(-4*a*xc+b~2)~(1/2)) /a/c)~(1/2))

Maxima [F]
time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((B*x~2+A)*(exx~2+d)/(c*xx~4+b*x"2+a)~(1/2),x, algorithm="maxima")

[Out] integrate((B*x~2 + A)*(x"2%e + d)/sqrt(c*x”4 + b*x"2 + a), x)

Fricas [F(-2)]
time = 0.00, size = 0, normalized size = 0.00

Exception raised: TypeError
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((B*x~2+A)*(e*x~2+d)/(c*x~4+b*x~2+a)~(1/2),x, algorithm="fricas")
[Out] Exception raised: TypeError >> Symbolic function elliptic_ec takes exactly
1 arguments (2 given)

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

/ (A + Bz?) (d + ex?) i

va + bx? + cxt

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((B*x**2+A)* (exx**2+d)/ (cxxk*x4+b*x**2+a)**(1/2) ,x)
[Out] Integral((A + Bxx**2)*(d + e*xx**2)/sqrt(a + bkx**2 + cxx**4), Xx)

Giac [F|
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((B*x~2+A)*(e*x~2+d)/(c*x~4+bxx~2+a)~(1/2),x, algorithm="giac")

[Out] integrate((Bxx~2 + A)*(x"2%e + d)/sqrt(c*x”4 + b*x"2 + a), x)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.00

/(Bx2+A) (ex? +d) i
Vext+bz2+a

Verification of antiderivative is not currently implemented for this CAS.

[In] int(((A + B*x"2)*(d + e*x"2))/(a + b*x~2 + c*x~4)~(1/2) ,x)
[Out] int(((A + Bx*x"2)*(d + e*x"2))/(a + b*x"2 + c*x~4)~(1/2), x)
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A+Bz? dx
/ va—+bx2+ cxt

Optimal. Leaf size=283

3.20

S

BevaTErrar oW Ve \/wi lf\;;) Bz (Y ) 1 (2~ vz )

— -

Ve (Va' ++/c'z?) c3/4v/a + bx? + cxt

[Out] B*xx*(c*x~4+bxx~2+a)~(1/2)/c~(1/2)/(a~(1/2)+x"2*xc~(1/2))-a~(1/4) *B* (cos (2*ar
ctan(c™(1/4)*x/a~(1/4)))~2)~(1/2) /cos(2xarctan(c~(1/4)*x/a~(1/4)))*Elliptic
E(sin(2*arctan(c~(1/4)*x/a~(1/4))),1/2x(2-b/a~(1/2)/c~(1/2))~(1/2))*(a~(1/2
Y+x"2%c”(1/2) ) * ((c*x~4+bxx~2+a) /(a~ (1/2)+x"2*%c~(1/2))"2)~(1/2) /c~(3/4) / (c*x
~4+b*x"2+a) ~(1/2)+1/2%a~(1/4) *(cos (2*arctan(c~(1/4)*x/a~(1/4)))~2)~(1/2)/co
s(2xarctan(c~(1/4)*x/a~(1/4)))*EllipticF(sin(2*arctan(c~(1/4)*x/a~(1/4))),1

/2% (2-b/a~(1/2)/c~(1/2))~(1/2) )*x(a~(1/2)+x~2*xc~(1/2) ) *» (B+A*c~(1/2) /a~(1/2))
*((cxx"4+b*xx"2+a) /(a~ (1/2)+x"2*%c~(1/2))~2)~(1/2) /c~(3/4) / (c*x~4+b*x"2+a) ~ (1

/2)

Rubi [A]
time = 0.05, antiderivative size = 283, normalized size of antiderivative = 1.00, number of

number of rules _
' integrand size 0.125,

steps used = 3, number of rules used = 3, integrand size = 24
Rules used = {1211, 1117, 1209}

. + bz? + cat Vs
g +Vea? (—A‘/Z+B> e F(?A T (L N -
Va' (Va +c'z?) Ve W+ \/?12)2 rcTan Ve I3 v
- +
263/4v/a + ba? + cat c34v/a + ba? + czt Ve (Va + Ve'a?)

Antiderivative was successfully verified.
[In] Int[(A + B*x"2)/Sqrtla + b*x~2 + c*x74],x]

[Out] (B*x*Sqrtl[a + b*x~2 + c*x~4])/(Sqrt[cl*(Sqrtla]l + Sqrtlcl*x~2)) - (a~(1/4)*
Bx(Sqrt[a] + Sqrtlc]*x~2)*Sqrt[(a + b*x"2 + c*xx~4)/(Sqrt[a] + Sqrtlc]l*x~2)~
2]*EllipticE[2*ArcTan[(c™(1/4)*x)/a~(1/4)], (2 - b/(Sqrt[al*Sqrtlc]l))/41)/(
c~(3/4)*Sqrt[a + b*x"2 + c*x74]) + (a~(1/4)*(B + (AxSqrt[c]l)/Sqrt[a])*(Sqrt

[a] + Sqrtlc]l*x~2)*Sqrt[(a + b*x"2 + c*xx~4)/(Sqrt[a] + Sqrtl[c]l*x"2) 2]*E1li
pticF[2*ArcTan[(c™(1/4)*x)/a~(1/4)], (2 - b/(Sqrt[al*Sqrtlcl))/4]1)/(2xc~(3/
4)*Sqrt[a + bxx"2 + c*x"4])

Rule 1117

Int[1/Sqrtl(a_) + (b_.)*(x_)"2 + (c_.)*(x_)"4], x_Symbol] :> With[{q = Rtlc
/a, 41}, Simp[(1 + q72*x"2)*(Sqrt[(a + b*x"2 + c*x"4)/(a*x(1 + q~2*x~2)"2)]/
(2xg*Sqrt[a + b*x"2 + c*xx"4]))*EllipticF[2*ArcTan[qg*x], 1/2 - b*x(q~2/(4%c))
1, x1] /; FreeQ[{a, b, c}, x] && NeQ[b~2 - 4xaxc, 0] &% PosQ[c/al

Rule 1209
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Int[((d)) + (e_.)*(x_)"2)/Sqrtl(a_) + (b_.)*(x_)"2 + (c_.)*(x_)"4], x_Symbo
1] :> With[{q = Rtlc/a, 4]}, Simp[(-d)*x*(Sqrtla + b*x~2 + c*x"4]/(a*x(1 + q
~2xx72))), x] + Simp[d*(1 + q~2*x"2)*(Sqrt[(a + b*x"2 + c*xx~4)/(ax(1 + q~2%
x72)72)]/(g*Sqrt[a + b*x"2 + c*xx"4]))*EllipticE[2*ArcTan[qg*x], 1/2 - b*(q~2
/(4xc))], x] /; EqQle + dxq~2, 0]] /; FreeQ[{a, b, c, d, e}, x] && NeQ[b~2
- 4xaxc, 0] && PosQ[c/al

Rule 1211

Int[((d)) + (e_.)*(x_)"2)/Sqrtl(a_) + (b_.)*(x_)"2 + (c_.)*(x_)"4], x_Symbo
1] :> With[{q = Rt[c/a, 2]}, Dist[(e + d*q)/q, Int[1/Sqrt[a + b*x"2 + c*xx~4
1, x], x] - Distle/q, Int[(1 - g*x~2)/Sqrtl[a + b*x"2 + c*x"4], x], x] /; Ne
Qle + dxq, 0]] /; FreeQ[{a, b, c, d, e}, x] && NeQ[b~2 - 4*axc, 0] && PosQ[
c/al

Rubi steps
B CE—
A+ Bz? i —<A fB) (\/(; )f\/a+bx2-|—cm4 o
va+ bx? + cxt \/a+bx2—|—cx4 Ve
+ba? +caxt L
V@ B(VT +ea?) |- E(2tan_1 (T
_ Bzva+ba?+czt (Va' +\/g$2)2 V'
Ve (Va + Ve o) TN r—

Mathematica [C] Result contains complex when optimal does not.
time = 10.14, size = 302, normalized size = 1.07

< yb+W> @) (bB—ZAchm)F(

Vb+ ﬁi v Va+ bz + czt

‘ ‘

T 2 | 2

Jrr Ve e [ (B(-+ vir=5ac) B s
V o+ vE—dac V" o VP dac

Antiderivative was successfully verified.

[In] Integrate[(A + B*x~2)/Sqrtl[a + b*x"2 + c*xx~4],x]

[Out] ((I/2)*Sqrtl[(b + Sqrt[b~2 - 4xa*xc] + 2*c*x~2)/(b + Sqrt[b~2 - 4*a*xc])]*Sqrt
[1 + (2%c*x"2)/(b - Sqrt[b~2 - 4*a*xc])]*(B*(-b + Sqrt[b~2 - 4*axc])*Ellipti
cE[I*ArcSinh[Sqrt[2]*Sqrt[c/(b + Sqrt[b~2 - 4*axc])]*x], (b + Sqrt[b~2 - 4x%
axc])/(b - Sqrt[b”™2 - 4*a*c])] + (b*B - 2%A*c - B*Sqrt[b~2 - 4*axc])*Ellipt
icF[I*ArcSinh[Sqrt[2]*Sqrt[c/(b + Sqrt[b~2 - 4xaxc])]*x], (b + Sqrt[b”"2 - 4
*xaxc])/(b - Sqrt[b~2 - 4xaxc])]))/(Sqrt[2]*cxSqrtlc/(b + Sqrt[b~2 - 4*axc])
1*Sqrt[a + b*x"2 + cxx74])
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Maple [A]
time = 0.02, size = 362, normalized size = 1.28

method | result

a a

Bav/2 \[4 — 2(_b+\/m)w2 | \/4+ 2(”+\/m)w2 | EllipticF[Zﬂ \/;

default | —
2\/-b+\/—4ac + b2 w
2<—b+\/ —4ac + b? >m2 | 2(b+ vV —4ac+ b? )z2 | NV =AY —4ac
Bav2 \/ 4 — ~ 4+ ” EllipticF | ~

elliptic | —
2\/—b+\/ —4ac + b? w

Verification of antiderivative is not currently implemented for this CAS.

[In] int((B*x~2+A)/(c*xx~4+b*x~2+a)~(1/2) ,x,method=_RETURNVERBOSE)

[Out] -1/2xBxax2~(1/2)/((-b+(-4*xa*xc+b”~2)~(1/2))/a)~(1/2)*(4-2%(-b+(-4*a*xc+b~2) "~ (1

/2))/a*x”2) " (1/2) * (4+2% (b+ (—4*axc+b~2) ~(1/2) ) /axx"2) " (1/2) / (c*x~4+b*x~2+a) "~
(1/2) / (b+(-4*a*xc+b~2)~(1/2) ) * (E1llipticF (1/2*x*2~ (1/2) * ((-b+(-4*a*c+b~2) ~(1/
2))/a)~(1/2) ,1/2% (-4+2%b* (b+(-4*axc+b~2)~(1/2))/a/c)~(1/2))-EllipticE(1/2*x
*27(1/2) % ((-b+(-4*axc+b~2)~(1/2))/a)~(1/2) ,1/2x (-4+2xb* (b+(-4*a*xc+b~2) " (1/2
))/a/c)~(1/2)))+1/4xAx2~(1/2) / ((-b+(-4*a*c+b~2)~(1/2))/a) ~(1/2) * (4-2x (-b+(-
4xa*xc+b~2) " (1/2)) /a*x~2) ~(1/2) * (4+2* (b+(~4*axc+b~2) ~(1/2)) /a*x"2)~(1/2) / (c*
X"4+b*xx"2+a) " (1/2)*E1llipticF (1/2*x*2~ (1/2) * ((-b+(-4*a*c+b~2)~(1/2)) /a)~(1/2
), 1/2% (-4+2xb* (b+(-4*a*c+b~2) ~(1/2))/a/c)~(1/2))

Maxima [F]

time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((B*x~2+A)/(c*x~4+b*x~2+a)~(1/2),x, algorithm="maxima")
[Out] integrate((B*x~2 + A)/sqrt(c*x”4 + b*x"2 + a), x)
Fricas [F(-2)]

time = 0.00, size = 0, normalized size = 0.00

Exception raised: TypeError
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((B*x~2+A)/(c*x~4+b*x~2+a)~(1/2),x, algorithm="fricas")

[Out] Exception raised: TypeError >> Symbolic function elliptic_ec takes exactly
1 arguments (2 given)

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

A+ Bz?

dz
va + bx? + cxt

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((Bxx**2+A)/(ckx**4+b*x**2+a)**(1/2),x)
[Out] Integral((A + B*xx**2)/sqrt(a + bxx**2 + c*x*x4), Xx)

Giac [F|
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((B*x~2+A)/(c*x~4+b*x~2+a)~(1/2),x, algorithm="giac")
[Out] integrate((B*x~2 + A)/sqrt(c*x”4 + b*x"2 + a), x)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.00

Bz’+ A
_dz
Vezt+ba2+a

Verification of antiderivative is not currently implemented for this CAS.

[In] int((A + B*x"2)/(a + b*x"2 + c*xx~4)~(1/2),x)
[Out] int((A + B*x"2)/(a + b*x"2 + c*x74)"(1/2), x)
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3.21 A+Ba” dz
f (d+ex?) \/CL + bx? + cxt

Optimal. Leaf size=436

— Ae) tan-1 Ved? — bde + ae? « Vva B — Av/c) (Va + e z? a+bx2+cx42F
(B~ ey (e b sgde ) | ! )\/szxz) (

2\/(7\/3\/cd2—bde—|-a62‘ B 2\4/67\4/3(\/Ed—\/(76)\/a_—+

[Out] -1/2%(-A*e+Bxd)*arctan(x*(a*e”2-b*d*e+cxd~2)~(1/2)/d~(1/2)/e~(1/2)/(c*x~4+b
*x"2+a) " (1/2))/d"(1/2) /e~ (1/2) / (a*e~2-bxd*e+c*d~2) ~(1/2)-1/2*(cos (2*arctan(
c~(1/4)*x/a~(1/4)))~2)~(1/2) /cos(2*arctan(c~(1/4)*x/a~(1/4)))*EllipticF(sin
(2xarctan(c~(1/4)*x/a~(1/4))),1/2%x(2-b/a~(1/2)/c~(1/2))~(1/2) ) *(Bxa~(1/2)-A
*c~(1/2))*(a” (1/2)+x72*c™ (1/2) ) *((c*x"4+bxx"2+a) /(a~ (1/2)+x"2*xc~(1/2)) ~2) ~(
1/2)/a~(1/4)/c~(1/4)/ (—exa~(1/2)+d*c”~(1/2)) / (c*xx~4+b*x"2+a) ~(1/2) +1/4*a~ (3/
4)* (-Axe+B*d) * (cos (2*arctan(c”(1/4)*x/a"~(1/4)))~2)~(1/2) /cos(2*arctan(c~(1/
4)*x/a~(1/4)))*EllipticPi(sin(2*arctan(c~(1/4)*x/a~(1/4))),-1/4*x(-exa~(1/2)
+dxc~(1/2))"2/d/e/a”~(1/2)/c~(1/2) ,1/2%(2-b/a~(1/2)/c~(1/2))~(1/2))*(a~(1/2)
+x72%c~(1/2)) *(e+d*c~(1/2) /a~(1/2) ) "2 ((c*xx~4+b*x"2+a) /(a~ (1/2)+x~2*xc~ (1/2)
)"2)7(1/2)/c”(1/4) /d/e/ (—axe™2+c*d~2) / (c*xx~4+b*xx~2+a) ~(1/2)

Rubi [A]
time = 0.27, antiderivative size = 436, normalized size of antiderivative = 1.00, number of

number of rules _ ( 091
’ integrand size ’

steps used = 3, number of rules used = 3, integrand size = 33
Rules used = {1722, 1117, 1720}

) [avbitat ' (oa. \ (Veuvae) A ) v ;
v === - - ;28 o 32— _ N 2V ae? — bde + c a ¢z’ @' B — )/ rcTan )2 - =~
) e ey (Yt e) Aﬂm( v e (S k(2 2 ) | o apectn( TR ) (T ER) (8- avE) [P # (o (Y2 ) (2 7))
49/ deJa + b2 + e (o — ae?) - 2Vd /e vae? — bde + cd - 20a Ve Vatb® et (Vod— vae)

Antiderivative was successfully verified.
[In] Int[(A + B*x~2)/((d + exx~2)*Sqrt[a + b*x™2 + c*x~4]),x]

[Out] -1/2*%((B*d - Axe)*ArcTan[(Sqrt[c*d~2 - b*d*e + a*e”2]#*x)/(Sqrt[d]*Sqrt[e]*S
qrtla + b*x"2 + c*x74])]1)/(Sqrt[d]*Sqrt[e]*Sqrt[c*d~2 - bxdxe + a*e~2]) - (
(Sqrt[al*B - AxSqrt[c])*(Sqrt[al + Sqrt[cl*x~2)*Sqrt[(a + b*x~2 + c*x"4)/(S
grtlal + Sqrtlcl*x~2)~2]*EllipticF[2*ArcTan[(c~(1/4)*x)/a~(1/4)], (2 - b/(S
qrt[al*Sqrt[cl))/41)/(2*xa~(1/4)*c~(1/4)*(Sqrt [c]*d - Sqrt[al*e)*Sqrt[a + bx
X"2 + c*x74]) + (a~(8/4)*((Sqrtlcl*d)/Sqrtla] + e)~2x(Bxd - Axe)*(Sqrt[a] +

Sqrt [c]*x~2)*Sqrt[(a + b*x"2 + c*xx~4)/(Sqrt[a]l + Sqrtlc]*x~2)~2]*EllipticP
i[-1/4*%(Sqrt[c]*d - Sqrt[al*e)~2/(Sqrt[a]l*Sqrt[c]*d*e), 2xArcTan[(c”(1/4)x*x
)/a~(1/4)], (2 - b/(Sqrtlal*Sqrtlcl))/4]1)/(4*c™(1/4)*d*ex(cxd"2 - a*e~2)*Sq

rt[a + b*x"2 + c*xx~4])

Rule 1117
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Int[1/Sqrt[(a_) + (b_.)*(x_)"2 + (c_.)*(x_)"4], x_Symbol] :> With[{q = Rtlc
/a, 41}, Simp[(1 + gq72*x"2)*(Sqrt[(a + b*x"2 + c*x"4)/(a*(1 + q~2*x~2)"2)]/
(2xg*Sqrt[a + b*x"2 + c*xx~4]))*EllipticF[2*ArcTan[g*x], 1/2 - b*x(q~2/(4*c))
1, x1] /; FreeQ[{a, b, c}, x] && NeQ[b~2 - 4*axc, 0] &% PosQ[c/al

Rule 1720

Int[((A)) + (B_.)*(x_)"2)/(((d_) + (e_.)*(x_)"2)*Sqrtl(a_) + (b_.)*(x_)"2 +

(c_.)*(x_)"4]), x_Symbol] :> With[{q = Rt[B/A, 2]}, Simp[(-(Bxd - Axe))*(A
rcTan[Rt[-b + cx(d/e) + ax(e/d), 2]*(x/Sqrtla + b*x"2 + c*xx"4])]/(2xd*e*Rt [
-b + cx(d/e) + ax(e/d), 2]1)), x] + Simp[(Bxd + A*e)*(A + B*x~2)*(Sqrt[A~2x*(
(a + bxx"2 + c*xx”4)/(ax(A + Bxx"2)72))]/(4*d*e*xA*q*Sqrt[a + b*x"2 + c*x"4])
)*EllipticPi[Cancel [-(Bxd - Axe)~2/(4xdxexA*B)], 2*ArcTan[g*x], 1/2 - b*x(A/
(4%axB))], x1]1 /; FreeQ[{a, b, c, d, e, A, B}, x] && NeQ[b~2 - 4xaxc, 0] &&
NeQ[c*d~™2 - bxdxe + a*e~2, 0] &% NeQ[cxd~2 - a*e”2, 0] && PosQ[c/al && EqQ
[cxA™2 - axB~2, 0]

Rule 1722

Int[((A_.) + (B_.)*(x_)"2)/(((d)) + (e_.)*(x_)"2)*Sqrtl[(a_) + (b_.)*(x_)"2
+ (c_.)*(x_)"4]), x_Symbol] :> With[{q = Rtl[c/a, 2]}, Dist[(A*(c*d + a*exq)
- axBx(e + dxq))/(c*d"2 - axe”2), Int[1/Sqrt[a + b*x"2 + c*x74], x], x] +
Dist[ax(B*d - Axe)*((e + d*q)/(c*d™2 - axe”2)), Int[(1 + g*x~2)/((d + e*x"2
)xSqrt[a + b*x~2 + c*x~4]), x], x]] /; FreeQ[{a, b, c, d, e, A, B}, x] & N
eQ[b~2 - 4*axc, 0] && NeQ[c*d"2 - b*d*e + a*e”2, 0] && NeQ[c*d~2 - a*e”2, 0

] && PosQ[c/al && NeQ[c*xA~2 - axB~2, 0]

Rubi steps
1
— 1 —
A+ Ba? dr — — (VaB-Ave) [ Va +bx? + cat de + (Va(Bd—4e)) | (dtez?)V/
(d+ ex?) Va + bx? + cxt Ved—+a'e Ved—a

— Ae) tan—1 Ved? — bde + ae? s a B— Av/c ¢
_ (Bd— 4ot (\/CT\/E\/a+bw2+cx4) e ve) v

2vd /e Ved? — bde + ae®

Mathematica [C] Result contains complex when optimal does not.
time = 10.34, size = 298, normalized size = 0.68

N 2 2 ! b+Vb? — dac )e
M“ Y~ dac + 2 ¢1+ Ze (BdF(isinh’l (\/f\/ ‘ x) |V — dac ) +(—Bd+Ae)H<( ;isinh™! (\/7\/ ¢ z) &
b-

b+ VB? — dac b— VB — dac b+ VB —dac ) 's-Vb? —dac 2ed ’ b+ Vb® — dac

+V/b?2 — dac
-Vb? — dac

\/Zﬁ\/; deva + ba? + cxt
b+ Vb? — dac
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Antiderivative was successfully verified.

[In] Integrate[(A + B*x~2)/((d + e*x~2)*Sqrtl[a + b*x~2 + c*x~4]),x]

[Out] ((-I)*Sqrt[(b + Sqrt[b~2 - 4*axc] + 2xcxx~2)/(b + Sqrt[b~2 - 4*axc])]*Sqrt[
1 + (2%c*x72)/(b - Sqrt[b~2 - 4*axc])]*(Bkd*EllipticF[I*ArcSinh[Sqrt[2]*Sqr
tlc/(b + Sqrt[b~2 - 4xaxc])]*x], (b + Sqrt[b~2 - 4xaxc])/(b - Sqrt[b”2 - 4x
axc])] + (-(Bxd) + Axe)*EllipticPi[((b + Sqrt[b~2 - 4x*axc])*e)/(2*c*xd), I*A
rcSinh[Sqrt [2] *Sqrt[c/(b + Sqrt[b~2 - 4*a*xc])]*x], (b + Sqrt[b~2 - 4x*axc])/
(b - Sqrt[b™2 - 4xaxc])]))/(Sqrt[2]*Sqrtlc/(b + Sqrt[b~2 - 4*a*c])]*d*exSqr
tla + b*x"2 + c*x"4])

Maple [A]
time = 0.16, size = 359, normalized size = 0.82

method | result

NG \/—b+\/—é(llac + b

5T 4_2(—b+@)x2\/4+2<b+\/m)$2

T
2 EllipticF 5

default I —
4e\/_b+ v _%ac_*' b2 Vezrt+bz2+a

B2 \/4_|_ 2bax2 _ 2x2\/—4aac+b2‘ | \/4+ 2b52 i 2x2\/—4aac+b2‘ | BllipticF | * 2

—b++v/ —4ac

elliptic —
4e\/—§ + —~,—4aac—|-l)2 Vert +bz2+a

Verification of antiderivative is not currently implemented for this CAS.

[In] int((B*x~2+A)/(exx~2+d)/(cxx~4+b*x~2+a)~(1/2) ,x,method=_RETURNVERBOSE)

[Out] 1/4xB/ex2~(1/2)/((-b+(-4*a*xc+b~2)~(1/2))/a)~(1/2)*(4-2*%(-b+(-4*axc+b~2)~(1/

2))/a*x"2) " (1/2) * (4+2* (b+ (-4*a*c+b~2) " (1/2)) /a*xx"2) ~(1/2) / (c*x"4+b*x"2+a) ~(
1/2)*E1lipticF (1/2%x%27(1/2) * ((-b+(-4*a*xc+b~2)~(1/2))/a)~(1/2) ,1/2* (-4+2*xb*
(b+(-4*a*xc+b~2)~(1/2))/a/c)~(1/2))+(Axe-Bxd) /e/d*2~(1/2) / (-b/a+1/a* (-4*a*c+
b"2)"(1/2))"(1/2) *(1+1/2*xb*x"2/a-1/2*x"2/a* (-4*xaxc+b~2)~(1/2)) " (1/2)*(1+1/2
*xbxx~2/a+1/2xx~2/a* (-4xaxc+b~2) ~(1/2))~(1/2) / (cxx~4+b*x~2+a) ~(1/2) *Elliptic
Pi(1/2%x*2~(1/2)* ((-b+(-4*a*xc+b~2)~(1/2))/a)~(1/2) ,-2/ (-b+(-4*a*xc+b~2)~(1/2
))*axe/d, (-1/2% (b+(-4*a*xc+b~2)~(1/2))/a)~(1/2)*2"(1/2) / ((-b+(-4*a*xc+b~2) ~ (1
/2))/a)~(1/2))

Maxima [F]
time = 0.00, size = 0, normalized size = 0.00

Failed to integrate
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Verification of antiderivative is not currently implemented for this CAS.
[In] integrate((B*x~2+A)/(e*x~2+d)/(c*x~4+b*x~2+a)~(1/2),x, algorithm="maxima")
[Out] integrate((B*x~2 + A)/(sqrt(c*x”4 + b*x~2 + a)*(x"2xe + d)), x)

Fricas [F(-1)] Timed out
time = 0.00, size = 0, normalized size = 0.00

Timed out
Verification of antiderivative is not currently implemented for this CAS.
[In] integrate((B*x~2+A)/(e*x~2+d)/(c*x~4+b*x~2+a)~(1/2),x, algorithm="fricas")
[Out] Timed out

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

/ A+ Bz?
dz
(d+ ex?) Va + bx? + ca*

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((Bkx**2+A)/ (exx**2+d)/(ckx**4+brx**2+a)**(1/2),%)
[Out] Integral((A + Bkx**2)/((d + exx**2)*sqrt(a + b¥x**2 + ckxx**4)), x)

Giac [F|
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.
[In] integrate((Bxx~2+A)/(exx~2+d)/(c*x 4+b*x~2+a)”~(1/2),x, algorithm="giac")

[Out] integrate((Bxx~2 + A)/(sqrt(c*x~4 + b*x"2 + a)*(x"2xe + d)), x)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.00

/ Bz>+ A
- dx
(ex? +d) Vert +bx2+a
Verification of antiderivative is not currently implemented for this CAS.

[In] int((A + Bxx~2)/((d + exx"2)*(a + b*x"2 + c*x~4)~(1/2)),x%)
[Out] int((A + B*x~2)/((d + e*xx~2)*(a + b*x"2 + c*x~4)~(1/2)), x)
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3.22 A+Bz” dz
f (d—l—ea:2)2 \/a, + bx? + cx?

Optimal. Leaf size=782

B 3 _ 2\ _ A 2 2 _
V¢ (Bd — Ae)zVa + bx? + cxt e(Bd — Ae)zVa + bz? + cx* (Bled” — ade”) e(3ed” — e(2bd

2d (cd? — bde + ae?) (vVa + v/ca?) 2d(cd® — bde + ae?) (d + ez?) Ad3/2 /e (i

[Out] -1/4%(B*(-a*d*e~2+c*xd"3)-A*xe* (3*c*d~2-ex (—a*xe+2*b*xd))) *arctan (x* (axe~2-b*xd*
e+cxd~2) " (1/2)/d~(1/2) /e~ (1/2) / (c*x~4+bxx"2+a) " (1/2))/d"(3/2) / (a*xe”2-b*d*e+
cxd"2)~(3/2)/e”(1/2)-1/2%ex (-A*xe+B*d) *x* (cxx"4+b*x~2+a) ~(1/2) /d/ (a*xe”2-b*xdx*
e+c*d™2)/ (exx”2+d) +1/2x (~A*xe+B*d) *x*c~ (1/2) * (c*x"4+b*x"2+a) " (1/2) /d/ (a*e~2-
bxd*e+c*xd~2)/(a”~ (1/2)+x"2*c~(1/2))-1/2*%a~ (1/4) *c~ (1/4) * (~Axe+B*d) * (cos (2*ar
ctan(c™(1/4)*x/a~(1/4)))~2)~(1/2) /cos(2*arctan(c~(1/4)*x/a~(1/4)))*Elliptic
E(sin(2*arctan(c”(1/4)*x/a~(1/4))),1/2%(2-b/a~(1/2)/c~(1/2))~(1/2))*(a~(1/2
)+x"2%c”(1/2) ) * ((c*x~4+b*xx"2+a) /(a~ (1/2)+x"2xc~(1/2))"2)~(1/2) /d/ (axe~2-b*d
xe+cxd”2) / (c*xx~4+b*x"2+a) ~(1/2)+1/2*%Axc”(1/4) * (cos (2*xarctan(c~(1/4) *x/a~(1/
4)))~2)~(1/2)/cos(2*arctan(c~(1/4)*x/a~(1/4)))*EllipticF(sin(2*arctan(c~(1/
4)xx/a~(1/4))),1/2x(2-b/a~(1/2)/c~(1/2))~(1/2))*(a~(1/2)+x~2*xc~(1/2) ) * ((c*x
“4+bxx"2+a)/(a~(1/2)+x"2*xc~(1/2))"2)~(1/2)/a~(1/4)/d/ (-e*a~ (1/2)+d*c~(1/2))
/ (c*x~4+b*x~2+a) ~(1/2)+1/8* (B (—axd*e~2+c*d"3) —Axe* (3xc*d~2-e* (—a*xe+2*xb*d))
)Y*x(cos(2*arctan(c”(1/4)*x/a~(1/4)))~2)~(1/2) /cos(2*arctan(c~(1/4)*x/a~(1/4)
))*EllipticPi(sin(2*arctan(c~(1/4)*x/a~(1/4))),-1/4*(-exa”(1/2)+d*c~(1/2))"
2/d/e/a~(1/2)/c~(1/2),1/2%(2-b/a~(1/2)/c~(1/2))~(1/2) ) *(exa~ (1/2)+d*c~(1/2)
Yx(a~(1/2)+x"2%c~(1/2)) * ((cxx~4+b*xx~2+a) /(a~ (1/2)+x~2*%c~(1/2))"2)~(1/2) /a~(
1/4)/c~(1/4)/d"2/e/ (axe”2-b*d*e+cxd”2) / (—exa”~ (1/2)+d*c~(1/2)) / (c*x~4+b*x~2+
a)~(1/2)

Rubi [A]
time = 0.96, antiderivative size = 782, normalized size of antiderivative = 1.00, number of

number of rules _ ( ;g9
> integrand size ’

steps used = 6, number of rules used = 6, integrand size = 33
Rules used = {1710, 1728, 1209, 1722, 1117, 1720}

e (EN e (TR oot — (@) B e \ . e ‘ B Y

Antiderivative was successfully verified.
[In] Int[(A + B*x"2)/((d + e*x~2)"2xSqrt[a + b*x"2 + c*x~4]),x]

[Out] (Sqrtlcl*(Bxd - A*xe)*xxSqrt[a + b*x"2 + c*x74])/(2xd*(c*d”™2 - b*d*e + a*xe™2
)*(Sqrt[a] + Sqrtlcl*x~2)) - (ex(B*d - Axe)*xxSqrt[a + b*x~2 + c*x74])/(2*d
*(c*d”2 - b*d*e + axe”2)*(d + e*x"2)) - ((B*(c*xd™3 - axdxe”2) - Axe*x(3*c*d~
2 - ex(2xbxd - a*e)))*ArcTan[(Sqrt[c*d™2 - bxd*e + axe~2]*x)/(Sqrt[d]*Sqrtl[
el*Sqrta + b*x"2 + c*x"4])])/(4%xd~(3/2)*Sqrt[e]*(c*d"2 - bxd*e + a*e~2)~ (3
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/2)) - (a~(1/4)*c~(1/4)*(B*d - Axe)*(Sqrtl[al + Sqrtlcl*x"2)*Sqrt[(a + b*x"2
+ cxx~4)/(Sqrt[al + Sqrtlcl*x~2)~2]*EllipticE[2*ArcTan[(c~(1/4)*x)/a~(1/4)
1, (2 - b/(Sqrt[al*Sqrtlcl))/4]1)/(2*%d*(c*d"2 - b*xd*e + a*e~2)*Sqrt[a + b*x~
2 + cxx"4]) + (Axc~(1/4)*(Sqrt[a] + Sqrtlcl*x~2)*Sqrt[(a + b*x"2 + c*x74)/(
Sqrt[a] + Sqrtlcl*x~2) 2]*EllipticF[2*xArcTan[(c~(1/4)*x)/a~(1/4)], (2 - b/(
Sqrt[al*Sqrtcl))/4]1)/(2*a~(1/4)*d*(Sqrt [c]*d - Sqrt[al*e)*Sqrt[a + b*x~2 +
c*x”4]) + ((Sqrtlcl*d + Sqrtl[al*e)*(Bx(c*d™3 - a*d*e”2) - Axex(3*cxd™2 - e
*(2xb*d - axe)))*(Sqrtl[a]l + Sqrtlcl*x~2)*Sqrt[(a + b*x~2 + c*xx~4)/(Sqrt[al
+ Sqrt[c]*x~2)~2]*EllipticPi[-1/4*(Sqrt[c]*d - Sqrt[al*e)~2/(Sqrt[al*Sqrtl[c
1xd*e), 2*ArcTan[(c™(1/4)*x)/a~(1/4)]1, (2 - b/(Sqrtlal*Sqrtlc]))/4]1)/(8*a~(
1/4)*c~(1/4)*d"2xex(Sqrt [c]*d - Sqrt[al*e)*(c*xd"2 - bxdxe + a*e~2)*Sqrt[a +
b*x~2 + c*xx"4])

Rule 1117

Int[1/Sqrt[(a_) + (b_.)*(x_)"2 + (c_.)*(x_)"4], x_Symbol] :> With[{q = Rtlc
/a, 41}, Simp[(1 + q~2*x72)*(Sqrt[(a + b*x~2 + c*x"4)/(a*x(1 + q"2*x~2)"2)]/
(2xg*Sqrt[a + b*x"2 + c*xx~4]))*EllipticF[2*ArcTan[qg*x], 1/2 - b*x(q~2/(4*c))
1, x1] /; FreeQ[{a, b, c}, x] && NeQ[b~2 - 4xaxc, 0] && PosQ[c/al

Rule 1209

Int[((d)) + (e_.)*(x_)"2)/Sqrtl[(a_) + (b_.)*(x_)"2 + (c_.)*(x_)"4], x_Symbo
1] :> With[{q = Rtlc/a, 4]}, Simp[(-d)*x*(Sqrtla + b*x~2 + c*x"4]/(a*x(1 + q
~2xx72))), x] + Simp[d*x(1 + q~2*x"2)*(Sqrt[(a + b*x"2 + c*x"4)/(a*(1 + q~2%
x72)72)]/(g*Sqrt[a + b*x"2 + c*xx~4]))*EllipticE[2*ArcTan[q*x], 1/2 - bx(q~2
/(4xc))], x] /; EqQle + d*q~2, 0]] /; FreeQ[{a, b, c, d, e}, x] && NeQ[b~2
- 4xaxc, 0] && PosQ[c/al

Rule 1710

Int [((P4x_)*((d_) + (e_.)*(x_)"2)"(q_))/Sqrtl(a_) + (b_.)*(x_)"2 + (c_.)*(x
_)~4], x_Symbol] :> With[{A = Coeff[P4x, x, 0], B = Coeff[P4x, x, 2], C=C
oeff [P4x, x, 4]}, Simp[(-(C*d"2 - Bxdxe + A*e~2))*x*(d + e*x"2)"(q + 1)*(Sq
rtla + bxx"2 + c*x"4]/(2*d*(q + 1)*(c*d™2 - b*xdxe + a*e”2))), x] + Dist[1/(
2xdx(q + 1)*(c*d™2 - bxd*e + a*e”2)), Int[((d + exx"2)"(q + 1)/Sqrt[a + b*x
~2 + c*x74])*Simp[axd*(C*xd - B*xe) + Ax(a*xe™2x(2xq + 3) + 2*d*(c*d - bxe)*(q
+ 1)) - 2x((Bxd - Axe)*(bxex(q + 2) - c*d*(q + 1)) - C*d*(b*d + axex(q + 1
)))*x"2 + cx(Cxd™2 - Bxd*e + A*e~2)*(2xq + 5)*x~4, x], x], x]] /; FreeQ[{a,
b, c, d, e}, x] && PolyQ[P4x, x~2] && LeQ[Expon[P4x, x], 4] && NeQ[b~2 - 4
xaxc, 0] && NeQ[cxd~2 - bxdxe + a*e”2, 0] && ILtQ[q, -1]

Rule 1720

Int [((A) + (B_.)*(x_)"2)/(((d_) + (e_.)*x(x_)"2)*Sqrt[(a_) + (b_.)*(x_)"2 +
(c_.)*(x_)"4]1), x_Symbol] :> With[{q = Rt[B/A, 21}, Simp[(-(B*d - Axe))*(A
rcTan[Rt[-b + cx(d/e) + ax(e/d), 2]*(x/Sqrtla + b*x"2 + c*xx~4])]/(2xd*e*Rt [
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-b + cx(d/e) + ax(e/d), 2]1)), x] + Simp[(Bxd + A*xe)*(A + B*x~2)*(Sqrt[A~2x*(
(a + b*x"2 + c*xx74)/(ax(A + Bxx"2)72))]/(4*dxexA*q*Sqrt[a + bxx"2 + c*x"4])
)*EllipticPi[Cancel [-(Bxd - Axe)~2/(4*d*exA*B)], 2*ArcTan[qg*x], 1/2 - b*x(A/
(4xaxB))], x]] /; FreeQ[{a, b, c, d, e, A, B}, x] && NeQ[b~2 - 4xaxc, 0] &&
NeQ[c*d~2 - b*d*e + axe”2, 0] && NeQ[c*d~2 - axe”2, 0] && PosQ[c/al && EqQ
[cxA™2 - axB~2, 0]

Rule 1722

Int[((A_.) + (B_.)*(x_)"2)/(((d.) + (e_.)*(x_)"2)*Sqrtl[(a_) + (b_.)*(x_)"2
+ (c_.)*(x_)"4]), x_Symbol] :> With[{q = Rtl[c/a, 2]}, Dist[(A*(c*d + a*xexq)
- axBx(e + dxq))/(c*d"2 - axe”2), Int[1/Sqrt[a + b*x"2 + c*x74], x], x] +
Dist [ax(B*d - Axe)*((e + d*q)/(c*d"2 - axe”2)), Int[(1 + g*x~2)/((d + e*x"2
)xSqrt[a + b*x~2 + c*x~4]), x], x]] /; FreeQ[{a, b, c, d, e, A, B}, x] & N
eQ[b~2 - 4xaxc, 0] && NeQ[c*d"2 - bxd*e + axe™2, 0] && NeQ[c*d"2 - a*xe”™2, 0O

] && PosQ[c/al && NeQ[c*xA~2 - axB~2, 0]

Rule 1728

Int [(P4x_)/(((d) + (e_.)*(x_)"2)*Sqrtl[(a_) + (b_.)*(x_)"2 + (c_.)*(x_)"4])
, x_Symbol] :> With[{q = Rtl[c/a, 2], A = Coeff[P4x, x, 0], B = Coeff[P4x, x
, 2], C = Coeff[P4x, x, 4]}, Dist[-C/(exq), Int[(1 - g*x~2)/Sqrtl[a + b*x"2
+ cxx~4], x], x] + Dist[1/(c*e), Int[(A*c*e + axCxd*q + (B*cxe - Cx(cxd - a
*xe*xq) ) *x72)/((d + e*x~2)*Sqrt[a + b*x"2 + c*xx~4]), x], x]] /; FreeQ[{a, b,
c, d, e}, x] && PolyQ[P4x, x~2, 2] && NeQ[b~2 - 4xaxc, 0] && NeQ[c*xd~2 - bx*
dxe + axe”2, 0] && NeQ[c*d"2 - axe”™2, 0] && PosQ[c/al && !GtQ[b~2 - 4xaxc,
0]

Rubi steps
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f —aBde—A(2cd?—e(2bd—ae) ) —2cd(Bd— Ae)z?

/ A+ Ba? dp — — e(Bd — Ae)zvVa +bz* + ezt (d+ez?)Va + bx? + cx*
d+ ex? 2 a + bx? + cxt ~ 2d(cd? — bde + ae?) (d + ex? 2d (cd? — bde + ae?
(d+ ex?)* Va + ba? +
— \/CT c3/2de(Bd—Ae)+ce(—aBde—A(2cd?—
_ _e(Bd—Ae)zva+bz®+czt / (d+
2d (cd? — bde + ae?) (d + ex?) 2c

_ \/c(Bd— Ae)zva + ba? + cxt _ e(Bd— Ae)zva+bz® +cxt
 2d(cd? — bde + ae?) (va ++/cx?)  2d(cd? —bde + ae?) (d+ ex?)

_ Ve (Bd—Ae)zva+br®+ext  e(Bd— Ae)zVa+ba? +cxt
 2d(cd? — bde + ae?) (vVa +/cx?)  2d(cd? — bde + ae?) (d + ex?)

Mathematica [C] Result contains complex when optimal does not.
time = 12.00, size = 1853, normalized size = 2.37

Antiderivative was successfully verified.

[In] Integrate[(A + B*x"2)/((d + exx”2)~2*Sqrt[a + b*x"2 + c*x"4]),x]

[Out] ((-1/8*I)*((-4*I)*Sqrtlc/(b + Sqrt[b~2 - 4xaxc])]*d*xe 2% (B*d - Axe)*xx(a +
b*xx~2 + c*x"4) + Sqrt[2]*B*(b - Sqrt[b~2 - 4xaxc])*d"2xexSqrt[(b + Sqrt[b~2
- 4xaxc] + 2xc*x”2)/(b + Sqrt[b~2 - 4xaxc])]*Sqrt[1 + (2*c*x~2)/(b - Sqrtl
b~2 - 4xaxc])]*(d + exx"2)*(EllipticE[I*ArcSinh[Sqrt[2]*Sqrt[c/(b + Sqrt([b~”
2 - 4xaxc])]*x], (b + Sqrt[b~2 - 4xa*c])/(b - Sqrt[b~2 - 4*a*xc])] - Ellipti
cF[I*ArcSinh[Sqrt[2]*Sqrt[c/(b + Sqrt[b~2 - 4*axc])]*x], (b + Sqrt[b~2 - 4x%
axc])/(b - Sqrt[b~2 - 4xaxc])]) + Sqrt[2]*A*(-b + Sqrt[b~2 - 4xaxc])*d*xe”2x
Sqrt[(b + Sqrt[b™2 - 4xa*xc] + 2*c*x~2)/(b + Sqrt[b~2 - 4*axc])]*Sqrt[1 + (2
*xc*xx~2) /(b - Sqrt[b~2 - 4*axc])]*(d + exx"2)*(EllipticE[I*ArcSinh[Sqrt[2]*S
qrtlc/(b + Sqrt[b~2 - 4*axc])]*x], (b + Sqrt[b~2 - 4*axc])/(b - Sqrt[b~2 -
4xaxc])] - EllipticF[I*ArcSinh[Sqrt[2]*Sqrt[c/(b + Sqrt[b~2 - 4*axc])]*x],
(b + Sqrt[b~2 - 4xaxc])/(b - Sqrt[b~2 - 4xaxc])]) + 2xSqrt[2]*Bxc*d~3*Sqrt[
(b + Sqrt[b~2 - 4xaxc] + 2*c*x"2)/(b + Sqrt[b~2 - 4xaxc])]*Sqrt[1l + (2%c*x~
2)/(d - Sqrt[b~2 - 4xaxc])]1*(d + exx~2)*EllipticF[I*ArcSinh[Sqrt[2]*Sqrt[c/
(b + Sqrt[b~2 - 4*axc])]*x], (b + Sqrt[b™2 - 4xa*xc])/(b - Sqrt[b~2 - 4*axc]
)] - 2%Sqrt[2]*Axc*d~2*exSqrt[(b + Sqrt[b~2 - 4*axc] + 2xcxx~2)/(b + Sqrt[b
~2 - 4xaxc])]*Sqrt[1 + (2%xcxx~2)/(b - Sqrt[b~2 - 4*axc])]*(d + exx~2)*Ellip
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ticF[I*ArcSinh[Sqrt[2]*Sqrt[c/(b + Sqrt[b~2 - 4xa*c])]*x], (b + Sqrt[b~2 -
4xaxc])/(b - Sqrt[b™2 - 4xa*c])] - 2*xSqrt[2]*B*c*d~3*Sqrt[(b + Sqrt[b~2 - 4
*xaxc] + 2%c*x72)/(b + Sqrt[b™2 - 4*a*xc])]*Sqrt[1 + (2xc*x~2)/(b - Sqrt[b~2
- 4xaxc])]*(d + exx"2)*EllipticPi[((b + Sqrt[b~2 - 4*axc])*e)/(2xc*d), I*Ar
cSinh[Sqrt [2]*Sqrt[c/(b + Sqrt[b~2 - 4*axc])]*x], (b + Sqrt[b~2 - 4*axc])/(
b - Sqrt[b”2 - 4xaxc])] + 6*Sqrt[2]*A*cxd~2xe*xSqrt[(b + Sqrt[b~2 - 4xaxc] +
2xcxx~2) /(b + Sqrt[b~2 - 4*a*xc])]*Sqrt[1 + (2*xc*xx~2)/(b - Sqrt[b~2 - 4*axc
DI1*(d + exx"2)*EllipticPi[((b + Sqrt[b~2 - 4xaxc])*e)/(2xc*d), IxArcSinh[S
qrt [2] *Sqrt[c/(b + Sqrt[b~2 - 4*a*xc])]*x], (b + Sqrt[b~2 - 4x*axc])/(b - Sqr
t[b~2 - 4xaxc])] - 4xSqrt[2]*Axb*xd*e”2xSqrt[(b + Sqrt[b~2 - 4*a*xc] + 2kcxx~
2)/(b + Sqrt[b~2 - 4xaxc])]*Sqrt[1 + (2*c*x~2)/(b - Sqrt[b~2 - 4xa*xc])]*(d
+ exx"2)*EllipticPi[((b + Sqrt[b~2 - 4*axc])*e)/(2xcxd), I*ArcSinh[Sqrt[2]=*
Sqrtlc/(b + Sqrt[b~2 - 4*a*xc])]*x], (b + Sqrt[b~2 - 4*axc])/(b - Sqrt[b~2 -
4xaxc])] + 2*Sqrt[2]*a*Bxd*e~2xSqrt[(b + Sqrt[b~2 - 4*axc] + 2xc*x"2)/(b +
Sqrt[b™2 - 4xa*xc])]*Sqrt[1 + (2*c*x"2)/(b - Sqrt[b™2 - 4*a*xc])]*(d + e*xx™2
)*E11lipticPi[((b + Sqrt[b~2 - 4xaxc])*e)/(2*c*d), I*ArcSinh[Sqrt[2]*Sqrt[c/
(b + Sqrt[b™2 - 4*xaxc])]*x], (b + Sqrt[b~2 - 4xaxc])/(b - Sqrt[b~2 - 4xaxc]
)] + 2xSqrt[2]*xaxA*e~3*Sqrt[(b + Sqrt[b~2 - 4*a*c] + 2*c*x~2)/(b + Sqrt[b~2
- 4*a*xc])]*Sqrt[1 + (2xc*x"2)/(b - Sqrt[b™2 - 4xaxc])]*(d + exx"2)*Ellipti
cPi[((b + Sqrt[b~2 - 4*axc])*e)/(2*cxd), I*ArcSinh[Sqrt[2]*Sqrtl[c/(b + Sqrt
[b°2 - 4xaxc])]*x], (b + Sqrt[b~2 - 4*a*c])/(b - Sqrt[b~2 - 4x*a*xc])]))/(Sqr
tlc/(b + Sqrt[b~2 - 4*axc])]*dxe*x(cxd~3 + dxex(-(bxd) + axe))*(d + e*x"2)*S
qrtla + b*x"2 + c*x74])

Maple [B] Leaf count of result is larger than twice the leaf count of optimal. 1494 vs.
2(745) = 1490.
time = 0.15, size = 1495, normalized size = 1.91

method | result size
default | Expression too large to display | 1495

elliptic | Expression too large to display | 2301

Verification of antiderivative is not currently implemented for this CAS.

[In] int((B*x~2+A)/(exx~2+d) "2/ (c*x"4+b*x"2+a)~(1/2) ,x,method=_RETURNVERBOSE)

[Out] B/e/d*x2~(1/2)/(-b/a+1/a*(-4*xa*xc+b~2)~(1/2))~(1/2)*(1+1/2*%b*x"2/a-1/2*x"2/a*
(-4xaxc+b~2)~(1/2)) " (1/2) *(1+1/2xbxx"2/a+1/2*x"2/a* (-4*xa*xc+b~2)~(1/2))~(1/2
)/ (c*xx~4+b*x~2+a) " (1/2) *E1lipticPi (1/2*x*27 (1/2) * ((-b+(-4*a*xc+b~2)~(1/2))/a
)=(1/2) ,-2/ (-b+(-4*a*xc+b~2) " (1/2) ) *axe/d, (-1/2x (b+(-4*a*xc+b~2)~(1/2))/a)~ (1
/2)*27(1/2) / ((-b+(-4*a*c+b~2)~(1/2))/a)~(1/2) ) +(Axe-Bxd) /e* (1/2xe” 2*x* (c*xx~
4+b*xx~2+a) "~ (1/2)/d/ (a*e”2-b*d*e+c*d~2) / (exx~2+d)-1/8*c/ (a*e”2-b*d*e+cxd~2) *
27(1/2)/(-b/a+1/ax(-4*a*xc+b~2) ~(1/2)) " (1/2) * (4+2xb*x"2/a-2*x"2/a* (-4*a*xc+b~
2)7(1/2)) " (1/2) * (4+2xb*x"2/a+2*x~2/a*x (-4d*xaxc+b~2) ~(1/2))~(1/2) / (c*x"4+b*x"2
+a) ~(1/2)*E1lipticF(1/2*x*2~(1/2)*((-b+(-4*a*c+b~2)~(1/2))/a)~(1/2) ,1/2% (-4
+2%b* (b+(—4*a*c+b~2)~(1/2))/a/c)~(1/2))+1/4*xc*xe/d/ (axe”2-b*d*e+cxd~2) *a*2" (
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1/2)/(-b/a+1/a* (-4*axc+b~2) "~ (1/2) )~ (1/2) * (4+2*xb*x~2/a-2*x"2/a* (-4*axc+b~2) "~
(1/2)) " (1/2) * (4+2%b*x"2/a+2*x"2/a* (—4*xa*xc+b~2) ~(1/2)) ~(1/2) / (c*x"4+b*x"2+a)
~(1/2)/ (b+(-4*axc+b~2)~(1/2))*E1lipticF (1/2*x*2~ (1/2) * ((-b+(-4*a*c+b~2)~(1/
2))/a)~(1/2) ,1/2%(-4+2*b* (b+(-4*a*xc+b~2)~(1/2)) /a/c)~(1/2))-1/4*c*xe/d/ (axe”
2-bxd*xe+c*d~2) *ax2"(1/2) /(-b/a+1/a* (-4*xaxc+b~2)~(1/2) )~ (1/2) * (4+2*b*x~2/a-2
*x"2/a* (—4*axc+b”2) " (1/2)) " (1/2) * (4+2xb*xx"2/a+2*x"2/a* (-4*a*xc+b~2) ~(1/2) )~ (
1/2) / (c*x"4+b*xx~2+a) ~(1/2) / (b+(-4*a*xc+b~2) ~(1/2) ) *E1lipticE(1/2*x*2~(1/2) *(
(-b+(-4*a*xc+b™2)~(1/2))/a)~(1/2) ,1/2% (-4+2%b* (b+(-4*axc+b~2)~(1/2))/a/c)~(1
/2))+1/2/ (axe~2-bxd*e+c*d~2) /d"2*%e~2*2"(1/2) / (-b/a+1/a* (-4*a*c+b~2)~(1/2))"
(1/2)*(1+1/2%b*x"2/a-1/2*x"2/ax (-4*a*xc+b~2) ~(1/2)) ~(1/2) *(1+1/2xb*x"2/a+1/2
*x"2/a* (-4*xaxc+b™2)~(1/2))~(1/2) / (c*x~4+b*xx"2+a) ~(1/2) *E11lipticPi (1/2%x*2~(
1/2)*x((-b+(-4*a*xc+b~2)~(1/2))/a)~(1/2) ,-2/ (-b+(-4*a*c+b~2) ~(1/2) ) *xaxe/d, (-1
/2% (b+(=4*a*xc+b™2) ~(1/2))/a) " (1/2)*27(1/2) / ((~b+(-4*a*xc+b~2)~(1/2)) /a)~(1/2
))*a-1/(a*xe”2-b*d*e+c*d~2) /dxex2~(1/2) /(-b/a+1/a*(-4*xa*xc+b~2)~(1/2))~(1/2)*
(1+1/2%b*x"2/a-1/2*%x"2/a*x(-4*xaxc+b~2) ~(1/2))~(1/2) *(1+1/2*b*x"2/a+1/2*x"2/a
* (—4*a*xc+b”~2)~(1/2))~(1/2) / (c*xx~4+b*x~2+a) " (1/2) *E1lipticPi (1/2*x*2~ (1/2) *(
(-b+(-4*axc+b~2)"(1/2))/a)~(1/2) ,-2/ (-b+(-4*a*xc+b~2) " (1/2) ) *axe/d, (-1/2x (b+
(—4*axc+b~2)"(1/2))/a)~(1/2)*27(1/2) / ((-b+(-4*axc+b~2)~(1/2)) /a) ~(1/2))*b+3
/2/ (a*xe”2-bxd*e+c*xd~2)*2~(1/2) / (-b/a+1/a*x(-4*xaxc+b~2)~(1/2))~(1/2) *(1+1/2*b
*x"2/a-1/2*%x"2/a*x(-4*xaxc+b~2)~(1/2)) " (1/2) *(1+1/2*xb*x"2/a+1/2*%x~2/a* (-4*a*c
+b72)7(1/2))~(1/2) / (c*x™4+b*x"2+a) ~(1/2) *E11lipticPi (1/2*x*27 (1/2) * ((-b+(-4x*
a*xc+b~2)"(1/2))/a)~(1/2) ,-2/ (-b+(-4*a*xc+b~2) " (1/2) ) *axe/d, (-1/2* (b+(-4*a*c+
b~2)"(1/2))/a)~(1/2)*27(1/2) / ((~b+(-4*axc+b~2)~(1/2))/a)~(1/2) ) *c)

Maxima [F]

time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((B*x~2+A)/(e*x~2+d) 2/ (c*x"4+bxx~2+a)~(1/2),x, algorithm="maxima"
)

[Out] integrate((B*x~2 + A)/(sqrt(c*x”4 + b*x~2 + a)*(x"2%e + d)~2), x)

Fricas [F]

time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((B*x~2+A)/(e*x~2+d) 2/ (c*x"4+bxx~2+a)~(1/2),x, algorithm="fricas"
)

[Out] integral(sqrt(c*x~4 + b*x~2 + a)*(B*x~2 + A)/(c*d"2*x"4 + bxd~2%x"2 + axd™2
+ (c*x™8 + b*x"6 + a*x"4)*e”2 + 2% (cxd*x~6 + bxd*x~4 + a*xd*x"2)*e), x)
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Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

2
/ A+ Bz i

(d + ex?)? Va + ba? + ca

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((B*x**2+A)/(exx**2+d)**2/ (c*x**4+b*x**2+a)**(1/2) ,x)
[Out] Integral((A + Bkx**2)/((d + e*x**2)*x2xsqrt(a + b*x**2 + cxx**x4)), X)

Giac [F]
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.
[In] integrate((B*x~2+A)/(e*x~2+d) "2/ (c*x"4+b*x"2+a)~(1/2),x, algorithm="giac")

[Out] integrate((B*x~2 + A)/(sqrt(c*x”4 + b*x~2 + a)*(x"2%e + d)~2), x)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.00

/ Bz’ + A

5 - dx
(ex2+d)*Vext+ba2+a
Verification of antiderivative is not currently implemented for this CAS.

[In] int((A + B*xx~2)/((d + exx~2)"2x(a + b*x~2 + c*x~4)~(1/2)),x)
[Out] int((A + B*x~2)/((d + e*x~2)"2%(a + b*x"2 + c*xx~4)~(1/2)), x)
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3.23 A+Ba’ da
f (d+ea:2)3 \/a + bx? + cx?

Optimal. Leaf size=1125

Ve (3Ae(3cd® — e(2bd — ae)) — Bd(5cd® — e(2bd + ae))) xVa + bz + cat  e(Bd — Ae)zva+bz® + cx
82 (cd? — bde + ae?)® (va' + v/ x?) 4d (cd? — bde + ae?) (d + ex

[Out] -1/16%(Bxd*(3*c™2*xd"4-10*a*cxd"2xe”2+a*e”3* (—a*xe+4*b*d) ) —Axe* (15xc~2xd~4-2x%
cxd~2ke* (-3*axe+10*b*d) +e~2*x (3*a~2*e~2-8*a*b*d*e+8*xb~2*d"2) ) ) xarctan (x* (axe
~2-b*d*e+c*xd~2)~(1/2)/d"~(1/2) /e~ (1/2) / (c*x~4+b*xx"2+a) " (1/2))/d~(5/2) / (a*xe~2
-b*xd*xe+c*d”2)~(5/2) /e~ (1/2)-1/4*e* (~A*xe+B*xd) *x* (c*x~4+b*x"2+a) ~(1/2) /d/ (axe
~2-bxd*xe+c*d~2) / (exx~2+d) “2+1/8*e* (3xAxe*x (3kc*d~2-e*x (—a*xe+2*bxd) ) -B*xd* (5xcx*
d~2-ex(axe+2xb*d) ) ) *x* (c*x~4+b*x"2+a) "~ (1/2) /d"2/ (a*xe”2-b*d*e+c*d~2) "2/ (exx~
2+d)-1/8% (3xAxe* (3kcxd~2-e* (—axe+2xb*d) ) -B*d* (5xc*d~2-e* (a*e+2%b*xd) ) ) *x*c™ (
1/2)*x (c*x~4+bxx"2+a) " (1/2) /d"2/ (axe”2-bxd*e+cxd"2) "2/ (a~ (1/2)+x"2xc~(1/2) )+
1/8*a~(1/4)*c™ (1/4) * (3xA*xe* (3xcxd~2-e* (—a*xe+2xb*d) ) -Bxd* (5xc*d~2-ex (axe+2*b
*d)))*(cos(2*xarctan(c™(1/4)*x/a~(1/4)))"2)~(1/2) /cos(2*xarctan(c~(1/4)*x/a"(
1/4)))*EllipticE(sin(2*arctan(c”~(1/4)*x/a~(1/4))),1/2%(2-b/a~(1/2)/c~(1/2))
~(1/2))x(a”(1/2) +x"2*%c~ (1/2) ) * ((c*x~4+bxx~2+a) /(a~ (1/2)+x"2*xc~(1/2))"2)~(1/
2)/d"2/ (axe~2-bxd*e+c*d~2) "2/ (c*x~4+b*x"2+a) ~(1/2)+1/32* (B*d* (3*c~2*d~4-10x%
axcxd~2xe " 2+axe” 3% (—a*xe+4xbxd) ) —A*xe* (15xc~2*d"4-2*xcxd” 2*e* (-3*xaxe+10*b*d) +e
2% (3*a"2%e”2-8*axbxd*xe+8xb~2x%d~2) ) ) * (cos(2*%arctan(c~(1/4)*x/a~(1/4)))"2)~(
1/2) /cos(2*arctan(c”(1/4)*x/a~(1/4)))*E1llipticPi(sin(2*arctan(c~(1/4)*x/a~(
1/4))),-1/4x(-exa~(1/2)+d*c~(1/2))~2/d/e/a~(1/2)/c~(1/2) ,1/2%x(2-b/a~(1/2) /c
~(1/2))"(1/2))*(exa~ (1/2)+d*c™(1/2))*(a~ (1/2)+x~2%c~(1/2) ) * ((c*xx~4+b*x"2+a)
/(@ (1/2)+x~2xc~(1/2))"2)~(1/2)/a~(1/4) /c~(1/4)/d"3/e/ (a*xe”~2-bxd*e+c*xd~2) "2
/(—exa”~(1/2)+d*xc~(1/2) )/ (c*x"4+b*x"2+a) ~(1/2)+1/8*c~(1/4) *(cos (2*%arctan(c™(
1/4)*x/a~(1/4)))~2)~(1/2) /cos(2*arctan(c~(1/4)*x/a~(1/4)))*EllipticF(sin(2*
arctan(c~(1/4)*x/a~(1/4))),1/2x(2-b/a~(1/2)/c~(1/2))~(1/2))*(a~(1/2)+x"2*c~
(1/2)) * (a*xex (3xA*xe+B*d) +4xA*xd* (~b*xe+c*xd) +d* (~Axe+B*xd) *a~ (1/2) *c~(1/2) ) *((c*
X" 4+b*x"2+a) /(a”~ (1/2)+x~2*c~(1/2))"2)~(1/2)/a~(1/4) /d"2/ (a*xe”2-b*d*e+c*xd"2)
/(—exa”~(1/2)+dxc~(1/2) )/ (c*x~4+b*x"2+a) ~(1/2)

Rubi [A]

time = 2.27, antiderivative size = 1125, normalized size of antiderivative = 1.00, number

e =33 number of rules _ 0.182,
integrand size

of steps used = 7, number of rules used = 6, integrand siz
Rules used = {1710, 1728, 1209, 1722, 1117, 1720}

Antiderivative was successfully verified.
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[In] Int[(A + B*x"2)/((d + e*x~2)"3*Sqrt[a + b*x"2 + c*x~4]),x]

[Out] -1/8%(Sqrt[c]l*(3*A*ex(3*cxd~2 — e*x(2*b*d - axe)) - Bx(5kcxd~3 - d*ex(2*¥bxd
+ axe)))*x*Sqrta + b*x"2 + c*x”4])/(d"2x(c*xd"2 - b*d*e + a*xe”2) 2*(Sqrt[al
+ Sqrtlc]*x72)) - (ex(Bxd - Axe)*x*Sqrt[a + b*x~2 + c*x~4])/(4*d*(c*xd~2 -
bxdxe + axe”2)*(d + exx"2)72) + (ex(3*A*ex(3xc*xd™2 - ex(2*%bxd - axe)) - Bx(
B*xc*d~3 - d¥ex(2+bxd + a*e)))*x*Sqrtla + b*x"2 + c*x"4])/(8*%d"2x(cxd"2 - b*
dxe + a*e”2)72x(d + e*x”2)) - ((B*(3*c™2xd"5 - 10*a*c*d~3*e”2 + a*xd*e”3*(4x*
bxd - axe)) - Axex(15%xc™2xd"4 - 2kckd~2%e*x(10%b*d - 3*akxe) + e~ 2x(8%b~2%d"2
- 8xaxbkxd*e + 3*a"2*e”2)))*ArcTan[(Sqrt[c*d~2 - b*dxe + a*e”2]*x)/(Sqrt[d]
xSqrt [el*Sqrt[a + b*x"2 + c*x~4])])/(16%d”(5/2)*Sqrt[e]*(c*d"2 - bxd*e + ax
e"2)7(5/2)) + (a~(1/4)*c”(1/4)*(3xAxex(3*xcxd"2 - ex(2¥bxd - a*e)) - Bx(5xcx
d~3 - d*ex(2*b*d + axe)))*(Sqrt[al + Sqrtl[cl*x"2)*Sqrtl[(a + b*x"2 + c*xx~4)/
(Sqrt[a] + Sqrtlcl*x~2)~2]*EllipticE[2*ArcTan[(c~(1/4)*x)/a~(1/4)], (2 - b/
(Sqrt[al*Sqrtlcl))/4])/(8*d"2*(c*d™2 - b*d*e + axe”2) 2*Sqrt[a + bxx"2 + c*
x74]) + (c~(1/4)*(Sqrt[al*Sqrtc]*d*(Bxd - Axe) + akxex(Bxd + 3xAxe) + 4*xA*xd
*x(c*d - bxe))*(Sqrt[a] + Sqrtlcl*x~2)*Sqrt[(a + b*x~2 + c*xx~4)/(Sqrt[a] + S
qrt [c]*x~2)"2]*E1llipticF [2*ArcTan[(c~(1/4)*x)/a~(1/4)], (2 - b/(Sqrt[a]l*Sqr
tlcl))/4]1)/(8xa~(1/4)*d"2*(Sqrt[cl*d - Sqrt[al*e)*(cxd"2 - bxdxe + a*e”2)*S
grtla + b*x"2 + c*x74]) + ((Sqrtlcl*d + Sqrt[al*e)*(Bx(3*c™2*d"5 - 10*axc*d
“3%e”2 + axdxe”3*(4xb*d - axe)) - Axex(15%c”2*d"4 - 2*c*kd"2*ex(10*¥b*d - 3*a
xe) + e72%(8%b"2xd"2 - 8*axbk*d*e + 3xa~2*xe”2)))*(Sqrt[a] + Sqrt[c]l*x~2)*Sqr
t[(a + b*x"2 + c*x~4)/(Sqrt[a] + Sqrtlc]*x~2)~2]*EllipticPi[-1/4*(Sqrt[c]*d
- Sqrt[al*e)~2/(Sqrt[al*Sqrt[c]l*d*e), 2*ArcTan[(c~(1/4)*x)/a~(1/4)], (2 -
b/ (Sqrt [al*Sqrt[c]))/4])/(32*a~(1/4)*c~(1/4)*d"3xe*(Sqrt [c]*d - Sqrt[a]*e)=*
(cxd™2 - bxdxe + a*e”2) 2*xSqrt[a + b*x"2 + c*xx~4])

Rule 1117

Int[1/Sqrt[(a_) + (b_.)*(x_)"2 + (c_.)*(x_)"4], x_Symbol] :> With[{q = Rtlc
/a, 41}, Simp[(1 + q72*x"2)*(Sqrt[(a + b*xx"2 + c*x"4)/(a*x(1 + q~2*x~2)"2)]/
(2xg*Sqrt[a + b*x"2 + c*x~4]))*EllipticF[2*ArcTan[q*x], 1/2 - b*(q~2/(4*c))
1, x1] /; FreeQ[{a, b, c}, x] && NeQ[b~2 - 4xaxc, 0] && PosQ[c/al

Rule 1209

Int [((d_) + (e_.)*(x_)"2)/Sqrtl(a_) + (b_.)*(x_)"2 + (c_.)*(x_)"4], x_Symbo
1] :> With[{q = Rtlc/a, 4]}, Simp[(-d)*x*(Sqrtla + b*x~2 + c*x"4]/(a*x(1 + q
~2xx72))), x] + Simp[d*(1 + q~2%x"2)*(Sqrt[(a + b*x"2 + c*x"4)/(a*(1 + q~2%
x72)72)]/(g*Sqrt[a + b*x"2 + c*xx"4]))*EllipticE[2*ArcTan[qgq*x], 1/2 - b*(q~2
/(4xc))], x] /; EqQle + dxq~2, 0]]1 /; FreeQ[{a, b, c, d, e}, x] && NeQ[b~2

- 4xaxc, 0] && PosQ[c/al

Rule 1710

Int [((P4x_)*((d_) + (e_.)*(x_)"2)"(q_))/Sqrtl(a_) + (b_.)*(x_)"2 + (c_.)*(x
_)~4], x_Symbol] :> With[{A = Coeff[P4x, x, 0], B = Coeff[P4x, x, 2], C=C
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oeff [P4x, x, 4]}, Simp[(-(C*d"2 - Bxdxe + A*e~2))*x*(d + e*x"2)"(q + 1)*(Sq
rt[a + b*xx"2 + c*xx~4]/(2*d*(q + 1)*(c*d™2 - bxd*e + a*e~2))), x] + Dist[1/(
2xd*(q + 1)*(cxd"2 - bxdxe + axe”2)), Int[((d + e*x"2)"(q + 1)/Sqrtla + bxx
~2 + c*x74])*Simp[a*xd*(C*xd - Bkxe) + Ax(axe™2x(2xq + 3) + 2*d*(c*d - bxe)*(q
+ 1)) - 2x((B*d - A*xe)x(b*xex(q + 2) - c*d*(q + 1)) - Ckxdx(b*d + axex(q + 1
)))*x"2 + cx(C*d~2 - Bxdke + Axe~2)*(2*xq + 5)*x~4, x], x], x]] /; FreeQl{a,
b, c, d, e}, x] & PolyQ[P4x, x~2] && LeQ[Expon[P4x, x], 4] &% NeQ[b~2 - 4
xaxc, 0] && NeQ[c*d™2 - bxd*e + axe™2, 0] && ILtQ[q, -1]

Rule 1720

Int[((A)) + (B_.)*(x_)"2)/(((d_) + (e_.)*(x_)"2)*Sqrtl(a_) + (b_.)*(x_)"2 +
(c_.)*(x_)"4]), x_Symbol] :> With[{q = Rt[B/A, 2]}, Simp[(-(B*d - Axe))*(A
rcTan[Rt[-b + cx(d/e) + ax(e/d), 2]*(x/Sqrtla + b*x"2 + c*xx"4])]/(2xd*e*Rt [
-b + cx(d/e) + ax(e/d), 2]1)), x] + Simp[(Bxd + A*xe)*(A + B*x~2)*(Sqrt[A~2x*(
(a + b*x"2 + c*xx"4)/(ax(A + B*xx"2)72))]/(4*d*exA*q*Sqrt[a + b*xx"2 + c*x"4])
)*EllipticPi[Cancel [-(Bxd - Axe)~2/(4xdxexA*B)], 2*ArcTan[g*x], 1/2 - b*x(A/
(4%axB))], x1]1 /; FreeQ[{a, b, c, d, e, A, B}, x] && NeQ[b~2 - 4xaxc, 0] &&
NeQ[c*d™2 - bxdxe + a*e”2, 0] &% NeQ[c*d~2 - a*e”2, 0] && PosQ[c/al && EqQ
[cxA™2 - axB~2, 0]

Rule 1722

Int [((A_.) + (B_.)*(x_)"2)/(((d_) + (e_.)*(x_)"2)*Sqrt[(a_) + (b_.)*(x_)"2
+ (c_.)*(x_)"4]), x_Symbol] :> With[{q = Rtlc/a, 2]}, Dist[(A*(c*d + axexq)
- axBx(e + dxq))/(c*d"2 - axe”2), Int[1/Sqrt[a + b*x"2 + c*x74], x], x] +
Dist [ax(B*d - Axe)*((e + d*q)/(c*d™2 - axe”2)), Int[(1 + g*x~2)/((d + e*x"2
)*¥Sqrt[a + b*x"2 + c*x74]), x], x]1] /; FreeQ[{a, b, c, d, e, A, B}, x] & N
eQ[b~"2 - 4*xaxc, 0] && NeQ[c*d~2 - b*d*e + axe”2, 0] && NeQ[c*d"2 - a*e”™2, 0

] && PosQ[c/al] && NeQ[c*xA~2 - axB~2, 0]

Rule 1728

Int[(P4x_)/(((d)) + (e_.)*x(x_)"2)*Sqrtl(a_) + (b_.)*(x_)"2 + (c_.)*(x_)"4])
, x_Symbol] :> With[{q = Rtl[c/a, 2], A = Coeff[P4x, x, 0], B = Coeff[P4x, x
, 2], C = Coeff[P4x, x, 4]}, Dist[-C/(exq), Int[(1 - g*x~2)/Sqrtl[a + b*x"2
+ c*x74], x], x] + Dist[1/(cxe), Int[(A*cxe + a*xCkdxq + (Bxc*e - C*(c*d - a
*exq))*x~2)/((d + exx~2)*Sqrt[a + b*x"2 + c*x~4]), x], x]] /; FreeQ[{a, b,
c, d, e}, x] && PolyQ[P4x, x~2, 2] && NeQ[b~2 - 4xaxc, 0] && NeQ[cxd"2 - bx*
d*xe + axe™2, 0] && NeQ[c*d"2 - axe”™2, 0] && PosQ[c/al && !GtQ[b~2 - 4xaxc,
0]

Rubi steps
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f —4Acd?—aBde+Ae(4bd—3ae)—2(Bd— Ae)|

A+ Bz? e(Bd — Ae)zVa + bz? + cz?t d+es?)*Va + ba? -

(d + ex?)® Va + ba? + ca? 4d (cd? — bde + ae?) (d + ex?)? 4d (cd? — bde +
__ e(Bd— Ae)zvVa+bz® + cxt n e(3Ae(3cd? — e(2bd — ae)) — B(5

" 4d(cd? — bde + ae?) (d + ex?)” 8d2 (cd? — bd

_e(Bd—Ae)zvVa+bz®+ ezt e(3Ae(3cd® — e(2bd — ae)) — B(5
4d (cd? — bde + ae?) (d + ex?)” 8d2 (cd? — bde

V¢ (34e(3cd? — e(2bd — ae)) — B(5cd® — de(2bd + ae))) zvVa + b
82 (cd? — bde + ae?)® (va' + /¢ x?)

Vc' (3Ae(3cd? — e(2bd — ae)) — B(5cd® — de(2bd + ae))) v a + bx?
82 (cd? — bde + ae?)® (va' + v/ x?)

Mathematica [C] Result contains complex when optimal does not.
time = 13.31, size = 781, normalized size = 0.69

Antiderivative was successfully verified.

[In] Integrate[(A + B*x"2)/((d + exx"2)~3*Sqrt[a + b*x"2 + c*x~4]),x]

[Out] ((-4*d*e”2*xx*x(a + b*x"2 + c*xx~4)*(2xd*(B*d - Axe)*(c*d”2 + e*x(-(b*d) + axe)
) + (-3xAxex(3*%c*d™2 + e*x(-2%b*d + a*e)) + B*(5xcxd™3 - d*xex(2xbxd + axe)))
x(d + exx"2)))/(d + e*x"2)"2 - (I*Sqrt[2]*Sqrt[(b + Sqrt[b~2 - 4xaxc] + 2xc
*x72) /(b + Sqrt[b~2 - 4xaxc])]*Sqrt[1 + (2%c*x~2)/(b - Sqrt[b~2 - 4xaxc])]*
((-b + Sqrt[b~2 - 4xaxc])*d*ex(3*xAxe*x(3xc*d"2 + ex(-2%b*d + axe)) + B*x(-5xc
*d~3 + dkex(2*bxd + a*e)))*EllipticE[I*ArcSinh[Sqrt[2]*Sqrt[c/(b + Sqrt[b~2
- 4xaxc])]*x], (b + Sqrt[b~2 - 4xaxc])/(b - Sqrt[b~2 - 4xa*xc])] + d*x(B*d*(
6*c~2xd"3 + cxdxex(-5*bxd + 5*Sqrt[b~2 - 4xaxc]xd - 6*axe) - (-b + Sqrt[b~2
- 4xaxc])*e”2*(2xbxd + axe)) - Axex(14*c™2*d"3 - 3*%(-b + Sqrt[b~2 - 4xaxc]
) %€~ 2% (2*¥b*d - axe) + ckdkex(-17*bxd + 9*Sqrt[b~2 - 4xaxc]*d + 2*axe)))*Ell
ipticF[I*ArcSinh[Sqrt[2]*Sqrt[c/(b + Sqrt[b~2 - 4*axc])]*x], (b + Sqrt[b~2
- 4xaxc])/(b - Sqrt[b”™2 - 4xa*xc])] + 2x(B*(-3*c~2%d"5 + 10*axcxd~3*e”2 + ax
d*e”~3*%(-4*xbxd + axe)) + Axex(15%c™2*%d"4 + 2%c*kd~2%e*(-10*bxd + 3*axe) + e~2
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*(8%b~2%d"2 - 8*axbxd*e + 3*a~2%e”2)))*EllipticPi[((b + Sqrt[b~2 - 4xa*c])x*
e)/(2xc*d), I*ArcSinh[Sqrt[2]*Sqrtlc/(b + Sqrt[b~2 - 4xa*c])]*x], (b + Sqrt
[b~2 - 4*axc])/(b - Sqrt[b~2 - 4*xa*xc])]))/Sqrtlc/(b + Sqrt[b~2 - 4x*axc])])/
(32%d"3*ex(c*xd"2 + ex(-(b*d) + axe)) 2*Sqrt[a + b*x~2 + c*x"4])

Maple [B] Leaf count of result is larger than twice the leaf count of optimal. 4475 vs.
2(1080) = 2160.
time = (.15, size = 4476, normalized size = 3.98

method | result size

default | Expression too large to display | 4476
elliptic | Expression too large to display | 5671

Verification of antiderivative is not currently implemented for this CAS.

[In] int((B*x~2+A)/(exx~2+d) 3/ (c*x"4+b*x"2+a)~(1/2) ,x,method=_RETURNVERBOSE)

[Out] (Axe-Bxd)/ex(1/4*e~2/d/(a*e”2-bxd*e+cxd~2)*x* (c*x~4+b*x"2+a) ~(1/2)/(exx~2+d
) "2+3/8%e"2x (a*e”2-2*bxd*e+3*c*d~2) / (a*e”2-b*d*e+c*d”2) ~2/d " 2*x* (c*x~4+b*x~
2+a)~(1/2) / (exx~2+d) -3/8*e"2*xc/ (a*e”2-bxd*xe+c*d~2) “2/d*a*2~(1/2) /(-b/a+1/ax
(-4*a*xc+b~2) " (1/2)) " (1/2) * (4+2xb*xx"2/a-2*%x"2/a* (-4*xa*xc+b~2)~(1/2))~(1/2)* (4
+2xb*x"2/a+2*x"2/ax (~4*a*xc+b~2) ~(1/2) )~ (1/2) / (c*x~4+b*x~2+a) ~(1/2) / (b+(-4*a
*xC+b~2) " (1/2) ) *E1llipticF(1/2*x*2~(1/2) * ((-b+(-4*axc+b~2)~(1/2))/a)~(1/2),1/
2% (—4+2*xb* (b+ (-4*axc+b~2)~(1/2))/a/c)~(1/2)) *b+3/8*e”2*c/ (a*e~2-b*d*e+c*d "2
)"2/d*a*x2~(1/2)/(-b/a+1/ax(-4*a*xc+b~2) " (1/2) )~ (1/2) * (4+2xb*x"2/a-2*%x"2/a*x (-
dxaxc+b™2) " (1/2)) 7 (1/2) * (4+2%b*xx~2/a+2*x"2/ax (-4*a*c+b~2) ~(1/2))~(1/2) / (c*x
“4+b*xx"2+a) " (1/2) / (b+(-4*axc+b~2) ~(1/2) ) *E1lipticE(1/2*x*2~(1/2) * ((-b+(-4*a
xc+b~2)~(1/2))/a)~(1/2) ,1/2% (—4+2%b* (b+(-4*axc+b~2)~(1/2))/a/c)~(1/2) ) *b-1/
32xc/ (axe”2-b*d*e+c*d”2) "2/d*2"(1/2) / (-b/a+1/a* (-4*axc+b~2)~(1/2))~(1/2)*(4
+2%b*x"2/a-2*%x"2/ax (—4*xa*xc+b~2) ~(1/2)) " (1/2) * (4+2%b*x"2/a+2*x"2/a* (—4*a*c+b
~2)7(1/2))°(1/2) / (c*x™4+b*xx"2+a) " (1/2) *E11lipticF (1/2*x*2~(1/2) * ((-b+(-4*axc
+b~2)~(1/2))/a) " (1/2) ,1/2% (-4+2%b* (b+ (-4*a*xc+b~2)~(1/2))/a/c) ~(1/2)) *xaxe™2+
3/8/ (axe”2-b*d*e+c*xd~2) "2/d"3*xe”4*2~(1/2) /(-b/a+1/ax(-4*a*c+b~2)~(1/2))~(1/
2)*(1+1/2*%b*x"2/a-1/2*%x"2/ax (-4*a*c+b~2) ~(1/2) )~ (1/2) *(1+1/2*b*x"2/a+1/2*x~
2/ax(—4*a*c+b~2)~(1/2))~(1/2) / (c*x~4+b*x"2+a) ~(1/2) *E1lipticPi (1/2*x*2~ (1/2
)* ((-b+(-4*a*xc+b~2)~(1/2))/a)~(1/2) ,-2/ (-b+(-4*a*c+b~2) " (1/2) ) *axe/d, (-1/2*
(b+(-4*a*xc+b~2)~(1/2))/a)~(1/2)*2~(1/2) / ((-b+(-4*xa*xc+b~2)~(1/2))/a)~(1/2) ) *
a~2+1/(a*e”2-b*d*et+cxd~2) “2/d*e”2*%27(1/2) /(-b/at+1/a* (-4*axc+b~2)~(1/2))~(1/
2) % (1+1/2xbxx"2/a-1/2*%x"2/a* (-4*a*xc+b~2) ~(1/2) )~ (1/2) * (1+1/2%b*x~2/a+1/2*x~
2/ax(—4*a*c+b~2)~(1/2))~(1/2)/ (c*x~4+b*x"2+a) ~(1/2) *E1lipticPi (1/2*x*2~ (1/2
)*x((-b+(-4*xaxc+b~2)~(1/2))/a)~(1/2),-2/ (-b+(-4*axc+b~2) ~(1/2) ) *a*xe/d, (-1/2*
(b+(-4*a*xc+b~2)~(1/2))/a)~(1/2)*2~(1/2) / ((-b+(-4*a*xc+b~2)~(1/2))/a)~(1/2) ) *
b~2+9/16*e*xc”2/ (a*e”2-b*d*e+cxd~2) “2xa*x2~(1/2) /(-b/a+1/a*x(-4*xaxc+b~2)~(1/2)
)T (1/2) % (4+2%b*x"2/a-2*%x"2/ax (-4*xaxc+b~2) ~(1/2)) ~(1/2) ¥ (4+2*xbxx~2/a+2*xx"2/a
*(—4xa*xc+b~2)~(1/2)) " (1/2) / (c*x"4+b*xx"2+a) " (1/2) / (b+(-4*a*c+b~2) " (1/2) ) *E1l
ipticF (1/2*%x*27(1/2)* ((~b+(-4*axc+b~2)~(1/2))/a)~(1/2) ,1/2x (-4+2*b* (b+(-4*a
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*c+b~2)~(1/2))/a/c)~(1/2))-3/16*e"3*c/ (a*e”2-b*d*e+cxd~2) ~2/d"2*a~ 22~ (1/2)
/(-b/a+1/a*(-4*axc+b~2) " (1/2)) " (1/2) * (4+2xb*x"2/a-2*xx"2/a* (-4*axc+b~2) ~(1/2
)) " (1/2) % (4+2*xb*x~2/a+2xx”2/a* (-4*xaxc+b~2) ~(1/2)) ~(1/2) / (cxx~4+b*x"2+a) ~(1/
2)/ (b+(-4*axc+b~2)~(1/2) ) *E1llipticE(1/2*x*2~(1/2) * ((-b+(-4*axc+b~2)~(1/2))/
a)~(1/2),1/2x(-4+2xb*x (b+(-4*a*c+b~2)~(1/2))/a/c)~(1/2))-9/16*e*xc"2/ (a*e”2-b
*dxe+c*xd™2) "2xax2” (1/2) /(-b/a+1/a* (-4*axc+b~2) "~ (1/2) )~ (1/2) * (4+2*xb*x~2/a-2*
x"2/ax (-4*xa*xc+b~2)~(1/2)) " (1/2) * (4+2%b*x"2/a+2*x"2/a* (-4*a*xc+b~2)~(1/2))~ (1
/2)/ (c*x~4+b*x~2+a) ~(1/2) / (b+(-4*a*c+b~2) ~(1/2) ) *E1lipticE(1/2*x*2~(1/2) * ((
-b+(-4*axc+b~2)~(1/2))/a)~(1/2) ,1/2*x (-4+2*xb*x (b+(-4*a*xc+b~2)~(1/2))/a/c)~(1/
2))-5/2/(axe”2-b*d*e+c*d~2) ~2*e*2~(1/2) /(-b/a+1/a* (-4*axc+b~2)~(1/2))~(1/2)
*(1+1/2%b*x"2/a-1/2*x"2/ax (-4*a*xc+b~2) ~(1/2)) " (1/2) *(1+1/2xb*xx"2/a+1/2*%x"2/
ax (—4xa*xc+b~2)~(1/2))~(1/2) / (cxx~4+b*x~2+a) " (1/2) *E1lipticPi (1/2*x*2~ (1/2) *
((-b+(-4*a*c+b~2)"(1/2))/a)~(1/2) ,-2/ (-b+(-4*a*xc+b~2) ~(1/2) ) *xaxe/d, (-1/2* (b
+(-4*xaxc+b~2)~(1/2))/a)~(1/2)*27(1/2) / ((-b+(-4*a*xc+b~2)~(1/2)) /a)~(1/2) ) *b*
c+3/16*%e"3*c/ (axe”2-b*d*e+cxd”~2) ~2/d~2xa"~ 22~ (1/2) / (-b/a+1/ax (-4*a*xc+b~2) ~(
1/2))°(1/2) % (4+2xb*x"2/a-2*%x"2/a*x (-4d*xaxc+b~2) ~(1/2)) ~(1/2) * (4+2*%b*x~2/a+2*x
~2/ax(—4*a*xc+b~2) " (1/2))"(1/2) / (c*x~4+b*x"2+a) " (1/2) / (b+(-4*axc+b~2) ~(1/2))
*E11ipticF(1/2*x*27 (1/2) * ((-b+(-4*a*xc+b~2)~(1/2))/a)~(1/2) ,1/2% (-4+2xb* (b+(
-4*a*xc+b~2)~(1/2))/a/c)~(1/2))+15/8/ (a*e”2-bxd*e+c*xd~2) “2*%d*2~(1/2) /(-b/a+1
/ax(=4d*xaxc+b~2)~(1/2))~(1/2) *(1+1/2*%b*x"2/a-1/2*x"2/a* (-4*a*c+b~2) ~(1/2) )~ (
1/2) % (1+1/2%b*xx"2/a+1/2*%x"2/a* (-4*xaxc+b~2)~(1/2))~(1/2) / (c*xx~4+b*x"2+a) ~(1/
2)*E1lipticPi(1/2*x*27 (1/2) *((-b+(-4*a*c+b~2)~(1/2))/a)~(1/2) ,-2/(-b+(-4*ax
c+b™2)~(1/2) ) *axe/d, (-1/2*(b+(-4*a*xc+b~2)~(1/2))/a)~(1/2)*2~(1/2) / ((-b+(-4*
axc+b~2)~(1/2))/a)~(1/2))*c~2+1/8*c/ (axe~2-b*d*e+cxd~2) "2%2~(1/2)/(-b/a+1/a
*(—4*a*xc+b”2) " (1/2)) " (1/2) * (4+2xb*x"2/a-2*%x"2/a* (-4d*xaxc+b~2) ~(1/2) )~ (1/2) *(
4+2%b*x"2/a+2*%x"2/a*x (—4*axc+b”2) " (1/2))~(1/2) / (c*x~4+bxx"2+a) ~(1/2)*Ellipti
cF(1/2*%x*2~(1/2) * ((-b+(-4*axc+b~2)~(1/2))/a)~(1/2),1/2% (-4+2xb* (b+(-4*a*xc+b
~2)7(1/2))/a/c) " (1/2)) *exb-1/(a*e”2-bxd*e+c*d~2) ~2/d"2*e~3%2~(1/2) /(-b/a+1/
ax(-4xaxc+b”2)~(1/2)) " (1/2)*(1+1/2%b*x"2/a-1/2*x"2/a* (-4*a*c+b~2)~(1/2)) "~ (1
/2) % (1+1/2%bxx"2/a+1/2*%x"2/a* (-4*a*xc+b~2)~(1/2))~(1/2) / (c*x"4+b*x"2+a) ~(1/2
)*E1lipticPi(1/2*x%27 (1/2) *((-b+(-4*a*xc+b~2)~(1/2))/a)~(1/2) ,-2/ (~b+(-4*axc
+b72) " (1/2) ) *axe/d, (-1/2* (b+(-4*a*xc+b~2)~(1/2))/a)~(1/2)*27(1/2) / ((-b+(-4*a
*c+b~2)~(1/2))/a) " (1/2) ) *axb+3/4/ (axe~2-b*d*e+cxd~2) ~"2/d*e~2*x2"(1/2) /(-b/a+
1/a*(-4xaxc+b~2)~(1/2)) " (1/2)*(1+1/2*%b*x"2/a-1/2*x"2/ax (-4*a*c+b~2) ~(1/2))"
(1/2)*(1+1/2%b*x"2/a+1/2*x"2/a*x (-4*a*c+b~2) ~(1/2)) " (1/2) / (c*x~4+b*xx"2+a) ~ (1
/2)*E11lipticPi(1/2*xx2~(1/2)* ((-b+(-4*a*c+b~2)~(1/2))/a)~(1/2) ,-2/(-b+(-4*a
*xc+b~2) ~(1/2))*a*xe/d, (-1/2% (b+(-4*axc+b~2)~(1/2))/a)~(1/2)*2~(1/2) / ((-b+(-4
*a*xc+b~2) " (1/2))/a) " (1/2) ) *xaxc-7/32*%c~2/ (a*xe”2-...

Maxima [F]
time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate((B*x~2+A)/(e*x~2+d) "3/ (c*x"4+bxx~2+a)~(1/2),x, algorithm="maxima"

)
[Out] integrate((B*x~2 + A)/(sqrt(c*x™4 + b*x"2 + a)*(x"2%e + d)~3), x)

Fricas [F(-1)] Timed out
time = 0.00, size = 0, normalized size = 0.00

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((B*x~2+A)/(e*x~2+d) ~3/(c*x"4+b*x"2+a)~(1/2),x, algorithm="fricas"
)
[Out] Timed out

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

2
/ A+ Bz s

(d + ex?)® Va + ba? + ca?

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((B*x**2+A)/(exx**2+d)**3/ (c*xx**4+b*x**2+a)**(1/2) ,x)
[Out] Integral((A + Bkx**2)/((d + e*x**2)*x3xsqrt(a + b*x**2 + ckxx*x4)), Xx)

Giac [F|
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.
[In] integrate((B*x~2+A)/(e*x~2+d) ~3/(c*x~4+b*x~2+a)”~(1/2),x, algorithm="giac")
[Out] integrate((B*x~2 + A)/(sqrt(c*x™4 + b*x"2 + a)*(x"2*e + d)~3), x)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.00

/ Bz>+ A
3 - dx
(ex? +d)’ Vext +b22 +a
Verification of antiderivative is not currently implemented for this CAS.

[In] int((A + Bxx"2)/((d + exx"2)"3x(a + b*xx"2 + c*x~4)~(1/2)),x)
[Out] int((A + B*x~2)/((d + e*x~2)"3%(a + b*x~2 + c*xx~4)~(1/2)), x)
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A+Bz?) (d+ex?)’
3.24 f ((a+baz2?i-(cx4)3/2) dz

Optimal. Leaf size=859

z(Ac(b?cd® — 2acd(cd? — 3ae?) — abe(3cd? + ae?)) + aB(ab’e® + 2ace(3cd? — ae?) — bed(cd? + 3ae?)) — (a
ac? (b2 — 4ac) Va +

[Out] x*x(Axc*(b~2xcxd~3-2*a*cxd* (—-3*a*e”2+cxd”2) —a*xbxex (axe”~2+3*cxd~2) ) +a*B* (axb™
2xe” 3+2xa*ckex* (—axe 2+3*c*d"2) —~bxckd* (3ka*xe”2+cxd”2) ) - (a*B*x (-bxe+2*c*xd) *(c”
2%d"2+b"2*e " 2-cxex (3*a*e+bxd) ) +A*xc* (axb~2xe”3+2*axcxex (—a*e 2+3*c*kd”2) -bxcx*
d* (3*axe~2+c*d"2)))*x"2) /a/c”2/ (-4*xa*c+b~2) / (c*xx"4+b*x"2+a) " (1/2)+1/3*B*e"3
*x* (ckx"4+b*x"2+a) " (1/2) /c~2+1/3* (a*B* (6*c~3*d"3-8*b~3*e~3-9*c~2*xd*e* (6*a*xe
+b*d) +bxcxe” 2% (29*axe+18*b*d) ) +3xAxc* (2*xaxb~2xe " 3+6*axcxe* (—a*xe”2+c*xd”2) -b*
c*xd* (3*a*xe”2+c*kd”2)) ) *x* (cxx~4+b*x"2+a) ~(1/2) /a/c~(5/2) / (-4*a*xc+b~2) /(a~(1/
2)+x"2%c~(1/2))-1/3% (a*B* (6%c~3%d~3-8*b~3%e~3-9*c~2*d*e* (6*a*e+b*d) +bxc*e~2
* (29*%a*xe+18*bxd) ) +3*A*xc* (2*xa*xb~2*e~3+6*xa*xc*e* (—axe”2+c*d~2) -bxckxd* (3*xaxe”~2+
c*d~2)))*(cos(2*arctan(c~(1/4)*x/a~(1/4)))"2)~(1/2) /cos(2*xarctan(c~(1/4) *x/
a~(1/4)))*EllipticE(sin(2*arctan(c~(1/4)*x/a~(1/4))),1/2*(2-b/a~(1/2)/c~(1/
2))"(1/2))*(a~ (1/2)+x~2%xc~(1/2) ) *((c*x~4+bxx"2+a) /(a~(1/2) +x~2*xc~(1/2))"2)"
(1/2)/a~(3/4)/c”(11/4) / (—4*a*c+b~2) / (c*x"4+bxx~2+a) ~(1/2)-1/6*(cos (2*xarctan
(c~(1/4)*x/a~(1/4)))"2)~(1/2) /cos(2*arctan(c~(1/4)*x/a~(1/4)) ) *EllipticF(si
n(2xarctan(c”(1/4)*x/a~(1/4))),1/2x(2-b/a~(1/2)/c~(1/2))~(1/2) ) * (3*xA*xc~3*d"
3-5xa~2*xBkxc*e 3+axex* (-2*¥b*xe+3*xc*d) * (3xAxckxe—4*Bxbxe+3*Bxc*d) -3*xc” (5/2) *d~2x*
(3*%Axe+B*d) *a~ (1/2)+3*a~ (3/2) *e~2* (3xA*xc*xe-4*B*b*e+9*Bkc*xd) *c~(1/2) )*x(a~(1/
2)+x72*%c”~(1/2) ) *((c*x~4+bxx"2+a) /(a~ (1/2)+x~2*c~(1/2))~2)~(1/2) /a~(3/4) /c~(
11/4) / (b-2*xa~ (1/2)*c~(1/2) )/ (c*x~4+b*x"2+a) ~(1/2)

Rubi [A]

time = 0.89, antiderivative size = 859, normalized size of antiderivative = 1.00, number of

number of rules _ ( 159
integrand size ’

steps used = 5, number of rules used = 5, integrand size = 33,
Rules used = {1692, 1693, 1211, 1117, 1209}

Antiderivative was successfully verified.
[In] Int[((A + B*x~2)*(d + exx"2)"3)/(a + b*x~2 + c*x~4)~(3/2),x]

[Out] (xx(A*xc*(b~2xcxd"3 - 2*xaxckxd*(c*d™2 - 3*a*e”2) - axbke*(3*xcxd™2 + a*xe”2)) +
axBx (axb~2%e”~3 + 2kaxckxex(3*xc*xd™2 - a*xe”2) - bxcxdx(cxd™2 + 3*axe”2)) - (a

*Bx (2%c*d - bxe)*(c™2+%d"2 + b"2%e”2 - ckxe*x(b*d + 3*a*e)) + Axckx(a*b”2xe”3 +
2xaxckxex (3*c*d™2 — a*e”2) - bkxckd*(c*xd™2 + 3*axe”2)))*x72))/(axc”2*(b"2 -

4xaxc)*Sqrt[a + b*x"2 + cxx"4]) + (B*e"3xxxSqrt[a + b*x~2 + c*x74])/(3*c”2)
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+ ((a*xBx(6%c™3*d~3 - 8%b~3%e~3 - 9kc~2*d*ex(bxd + 6*axe) + bxcke~2%(18*b*d
+ 29%a*e)) + 3kAkxck(2%axb~2%e”3 + 6xakxckex(ckd"2 - a*e”2) - bxcxdx(cxd"2 +
3kaxe~2)))*x*Sqrt[a + b*x"2 + c*x74])/(3*axc”(5/2)*(b~2 - 4*axc)*(Sqrt[a]
+ Sqrtlc]l*x72)) - ((a*Bx(6%c~3*%d~3 - 8*b~3%e”3 - 9xc~2*d*e*x(b*d + 6xaxe) +
bxc*e~2%(18xb*xd + 29%a*e)) + 3*A*xck(2*a*b~2xe”3 + 6Gkaxcxe*(cxd"2 - axe”2) -
bxc*d*(c*d~2 + 3xaxe”2)))*(Sqrt[a] + Sqrtlcl*x~2)*Sqrt[(a + b*x"2 + c*x74)
/(Sqrt[a] + Sqrtlcl*x~2)~2]*EllipticE[2*ArcTan[(c~(1/4)*x)/a~(1/4)], (2 - b
/(Sqrt[al*Sqrt[cl))/41)/(3*xa~(3/4)*c~(11/4)* (b2 - 4*a*xc)*Sqrt[a + b*x"2 +
c*x74]) - ((3%A*c™3%d"3 - 5xa~2xBxcxe”3 - 3xSqrt[a]l*c”(5/2)*d"2x(B*d + 3*Ax
e) + axex(3xckxd - 2%bxe)*(3xBkxcxd — 4xb*Bkxe + 3xAxcke) + 3*a~(3/2)*Sqrt[c]*
e"2x(9*Bxcxd — 4*b*Bxe + 3*Axcxe))*(Sqrt[a] + Sqrtl[cl*x~2)*Sqrt[(a + b*x~2
+ cxx"4) /(Sqrt[al + Sqrtlcl*x~2)~2]*EllipticF[2*ArcTan[(c~(1/4)*x)/a~(1/4)]
, (2 - b/(Sqrt[al*Sqrtlcl))/41)/(6xa~(3/4)*(b - 2*Sqrt[al*Sqrt[c]l)*c~(11/4)
xSqrt[a + b*x"2 + c*x74])

Rule 1117

Int[1/Sqrt[(a_) + (b_.)*(x_)"2 + (c_.)*(x_)"4], x_Symbol] :> With[{q = Rtlc
/a, 41}, Simp[(1 + gq~2*x"2)*(Sqrt[(a + b*x"2 + c*x~4)/(ax(1 + q~2%x~2)"2)]/
(2xg*Sqrt[a + b*x~2 + c*x~4]))*EllipticF[2*ArcTan[q*x], 1/2 - b*x(q~2/(4*c))
1, x11 /; FreeQ[{a, b, c}, x] && NeQ[b~2 - 4xaxc, 0] && PosQ[c/a]

Rule 1209

Int[((d)) + (e_.)*(x_)"2)/Sqrtl(a_) + (b_.)*(x_)"2 + (c_.)*(x_)"4], x_Symbo
1] :> With[{q = Rtlc/a, 41}, Simp[(-d)*x*(Sqrt[a + b*x"2 + c*x~4]/(a*x(1 + q
~2xx72))), x] + Simp[d*(1 + q~2*x"2)*(Sqrt[(a + b*x"2 + c*x"4)/(a*x(1 + q 2%
x72)72)]/(g*Sqrt[a + b*x~2 + c*x74]))*EllipticE[2*ArcTan[qg*x], 1/2 - b*x(q~2
/(4xc))], x] /; EqQle + dxq~2, 0]] /; FreeQ[{a, b, c, d, e}, x] && NeQ[b~2

- 4xaxc, 0] && PosQ[c/al

Rule 1211

Int[((d)) + (e_.)*(x_)"2)/Sqrtl(a_) + (b_.)*(x_)"2 + (c_.)*(x_)"4], x_Symbo
1] :> With[{q = Rt[c/a, 2]}, Dist[(e + d*q)/q, Int[1/Sqrt[a + b*x"2 + c*xx~4
1, x], x] - Dist[e/q, Int[(1 - g*x~2)/Sqrtl[a + b*x"2 + c*x"4], x], x] /; Ne
Qle + dxq, 0]] /; FreeQ[{a, b, c, d, e}, x] && NeQ[b~2 - 4*axc, 0] && PosQ[
c/al

Rule 1692

Int[(Pg )*((a_) + (b_.)*(x_)"2 + (c_.)*(x_)"4)"(p_), x_Symbol] :> With[{d =
Coeff [PolynomialRemainder[Pq, a + b*x"2 + c*x~4, x], x, 0], e = Coeff[Poly
nomialRemainder[Pq, a + b*x"2 + c*x"4, x], x, 2]}, Simp[x*(a + b*x"2 + c*x~
4)~(p + 1)*((axb*e - d*(b"2 - 2xa*c) - c*x(b*d - 2*axe)*x~2)/(2*ax(p + 1)*(b
~2 - 4xaxc))), x] + Dist[1/(2xa*x(p + 1)*x(b"2 - 4*a*c)), Int[(a + b*xx"2 + cx*
x"4)"(p + 1)*ExpandToSum[2*a*x(p + 1)*(b™2 - 4xaxc)*PolynomialQuotient[Pq, a
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+ b*xx"2 + c*x"4, x] + b72xd*(2xp + 3) - 2*axcxd*x(4xp + 5) - a*bkxe + cx(4*p
+ T)*(bxd - 2%axe)*x~2, x], x], x]] /; FreeQ[{a, b, c}, x] && PolyQ[Pq, x~
2] && Expon[Pq, x72] > 1 && NeQ[b~2 - 4xa*c, 0] && LtQ[p, -1]

Rule 1693

Int[(Pg )*((a_) + (b_.)*(x_)"2 + (c_.)*(x_)"4)"(p_), x_Symbol] :> With[{q =
Expon[Pq, x~2], e = Coeff[Pq, x~2, Expon[Pq, x~2]1]1}, Simpl[e*x~(2*q - 3)*((
a + bxx™2 + c*xx”4)"(p + 1)/(cx(2%q + 4%p + 1))), x] + Dist[1/(cx(2%q + 4*p
+ 1)), Int[(a + b*x"2 + c*x"4) “p*ExpandToSum[c*(2%q + 4*p + 1)*Pq - axe*(2x
q - 3)*x"(2%q - 4) - bxe*x(2xq + 2*p - 1)*x~(2%q - 2) - c*e*x(2%q + 4xp + 1)*
x~(2*q), x], x1, x]1] /; FreeQ[{a, b, c, p}, x] && PolyQ[Pq, x~2] && Expon[P
q, x72] > 1 && NeQ[b~2 - 4*axc, 0] && !'LtQ[p, -1]

Rubi steps

(A+ Baz?) (d + ez?)’ z(Ac(b?cd® — 2acd(cd? — 3ae?) — abe(3cd? + ae®)) + aB(ab’e® + 2ace(3cd?

(a + ba? + czt)*/?

z(Ac(b?cd® — 2acd(cd?® — 3ae?) — abe(3cd® + ae®)) + aB(ab’e® + 2ace(3cd?

z(Ac(b?cd® — 2acd(cd? — 3ae?) — abe(3cd? + ae®)) + aB(ab’e® + 2ace(3cd?

z(Ac(b*cd® — 2acd(cd® — 3ae?) — abe(3cd? + ae?)) + aB(ab?e® + 2ace(3cd?

Mathematica [C] Result contains complex when optimal does not.
time = 14.74, size = 1058, normalized size = 1.23

Antiderivative was successfully verified.

[In] Integrate[((A + Bxx"2)*(d + e*x72)73)/(a + b*x™2 + c*x74)7(3/2),x]

[Out] (-4*cxSqrtlc/(b + Sqrt[b~2 - 4*axc])]*x*(3*xAxc*(b~2*(cxd~3 - a*e”3*x"2) + b

*(-(a"2%e”3) + c™2%d"3*x"2 - 3xakxckdxex(d - e*xx"2)) + 2%axcx(axe”2*%(3xd + e
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*x72) - c*d"2%(d + 3*%e*xx”2))) + axBx(4*b"3*%e”3*%x"2 + b"2%e"2%(4*axe - 9xcxd
*X"2 + ckexx"4) - b¥ck(3xcxd"2x(d - 3*exx"2) + axe"2%(9xd + 13%e*x"2)) - 2%
c*x(5*a"2%e”3 + 3kcT2xd"3*%x"2 + akcke*x(-9*%d”"2 - 9*d*e*x”2 + 2%e"2%x74)))) +
Ix(-b + Sqrt[b~2 - 4x*axc])*(a*xBx(-6*%c~3*d"3 + 8*%b~3*e~3 + 9*kc~2xd*e*(bxd +
B*a*xe) - bxcxe”2x(18xbxd + 29%axe)) + 3kAxc*(-2%a*xb~2%e”3 + 6xaxckex(-(c*d”
2) + a*e”2) + bxcxd*(cxd"2 + 3*axe”2)))*Sqrt[(b + Sqrt[b~2 - 4*axc] + 2xc*x
~2)/(b + Sqrt[b~2 - 4*a*xc])]*Sqrt[(2+%b - 2xSqrt[b~2 - 4*axc] + 4xcxx~2)/(b
- Sqrt[b~2 - 4xaxc])]*EllipticE[I*ArcSinh[Sqrt[2]*Sqrt[c/(b + Sqrt[b~2 - 4%
axc])]*x], (b + Sqrt[b~2 - 4*axc])/(b - Sqrt[b~2 - 4*axc])] - Ix(a*xB*x(8*b~3
*(-b + Sqrt[b~2 - 4xa*c])*e”3 - 6*%c~3*xd"2*(Sqrt[b~2 - 4*axc]*d - 6xaxe) + b
xcxe 2% (18%b~2xd - 18%b*Sqrt[b~2 - 4xa*c]*d + 37*a*bke - 29*axSqrt[b~2 - 4x
axc]*e) + c"2xex(-9*%b”"2xd"2 + 2*a*xex(27*Sqrt[b~2 - 4xaxcl*d - 10*axe) + 9%*b
*xd* (Sqrt [b™2 - 4*akxcl*d - 8*axe))) + 3*A*xcx(2*axb~3*e”3 - b~2x(c"2xd"3 + 3%
akckxd*xe”2 + 2xaxSqrt[b~2 - 4*axc]*e”3) + bxck(cxSqrt[b~2 - 4*xaxc]*d~3 + axe
2% (3*%Sqrt [b”2 - 4*axc]xd - 8xake)) + 2xakxcx(2xc~2*d"3 + 3*a*xSqrt[b~2 - 4x*a
xc]*e~3 - 3kckd*ex(Sqrt[b~2 - 4*a*xc]*d - 2*axe))))*Sqrt[(b + Sqrt[b™2 - 4xa
xc] + 2xc*x"2)/(b + Sqrt[b~2 - 4xaxc])]*Sqrt[(2*b - 2*Sqrt[b~2 - 4xaxc] + 4
xcxx~2) /(b - Sqrt[b~2 - 4x*axc])]*EllipticF[I*ArcSinh[Sqrt[2]*Sqrt[c/(b + Sq
rt[b™2 - 4xaxc])]l*x], (b + Sqrt[b™2 - 4*a*c])/(b - Sqrt[b~2 - 4*a*c])])/(12
xaxc~3*%(-b"2 + 4*axc)*Sqrtlc/(b + Sqrt[b™2 - 4xa*c])]*Sqrtla + b*x"2 + c*x”
4]1)

Maple [B] Leaf count of result is larger than twice the leaf count of optimal. 2444 vs.
2(841) = 1682.
time = 0.16, size = 2445, normalized size = 2.85

method | result

9 <2A a2c2e3—Aa b2c e3+3Aab c2d 62—6Aa c3d2e+Abc3d3—BB a2bc e3+6B a202de2+Ba bSeS—BBa b2cd e2+3Bab c2d2e—2Ba c3d3)m3 (z
c —
2c3a(4ac—b2)

elliptic | — -
\/ (x4 4 ba? 2)

c Cc

default | Expression too large to display

risch Expression too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int((B*x~2+A)*(e*x~2+d) "3/ (cxx"4+b*xx~2+a) ~(3/2) ,x,method=_RETURNVERBOSE)

[Out] B*xe~3*(-2*c*x(-1/2%b/c~3*(3*a*c-b"2)/(4d*a*c-b"2)*x"3-1/2* (2*xa*xc-b~2)*a/c~3/(
4xaxc-b~2)*x)/((x~4+b/c*x"2+a/c)*c) ~(1/2)+1/3/c”2*x* (c*x"4+b*x"2+a) ~(1/2)+1
/4* (—ax(2*xa*c-b~2)/(4d*a*c-b"2)/c"2-1/3*a/c”2) %2~ (1/2) / ((-b+(-4*axc+b~2) "~ (1/
2))/a) " (1/2)*x(4-2x (-b+(-4*a*c+b~2) ~(1/2)) /a*xx"2) " (1/2) * (4+2* (b+ (-4*a*c+b~2)
~(1/2))/a*x"2)~(1/2) / (c*x"4+b*x"2+a) " (1/2) *E11lipticF (1/2*x*2~ (1/2) * ((-b+(-4
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*axc+b”~2)~(1/2))/a) " (1/2),1/2*% (—4+2xb*x (b+(-4*a*c+b~2)~(1/2))/a/c)~(1/2))-1/
2% (-5/3*%b/c"2-b* (3*xa*xc-b"2) /c~2/ (4*a*c-b"2) ) *a*2~ (1/2) / ((-b+(-4*a*xc+b~2) ~ (1
/2))/a)~ (1/2)*(4-2x (-b+(-4*axc+b~2) ~(1/2)) /a*x"2) ~(1/2) * (4+2* (b+(-4*a*c+b~2
)~(1/2)) /a*x~2)~(1/2) / (c*x~4+b*x~2+a) " (1/2) / (b+(-4*axc+b~2) " (1/2) ) *(Ellipti
cF(1/2%x*27 (1/2) * ((-b+(-4*axc+b~2)~(1/2))/a)~(1/2) ,1/2* (-4+2%b* (b+(-4*axc+b
~2)°(1/2))/a/c)~(1/2))-EllipticE(1/2*x*2~ (1/2) * ((-b+(-4*a*c+b~2)~(1/2))/a)~
(1/2) ,1/2% (-4+2*b* (b+(-4*a*xc+b~2)~(1/2))/a/c)~(1/2))) ) +(A*xe~3+3*B*d*e~2) *x (-
2%cx(1/2/c” 2% (2*xaxc-b~2) / (d*xaxc-b~2) *x~3-1/2*a*b/c~2/ (d*a*c-b~2) *x) / ((x~4+b
/cxx"2+a/c)*c) " (1/2)-1/4*axb/c/(d*a*c-b~2)*2~(1/2) / ((-b+(-4*a*c+b~2) " (1/2))
/a)~(1/2) % (4-2% (-b+(-4*a*c+b~2) " (1/2) ) /a*xx~2) " (1/2) * (4+2* (b+(-4*a*xc+b~2) ~ (1
/2))/a*xx~2)~(1/2) / (c*xx~4+b*x~2+a) " (1/2) *E1lipticF (1/2*%x*2~(1/2) * ((~b+(-4*ax
c+b~2)~(1/2))/a)~(1/2) ,1/2% (-4+2*b* (b+(-4*axc+b~2)~(1/2))/a/c)~(1/2))-1/2x(
1/c+(2*xaxc-b~2) /c/ (d*xaxc-b~2) ) *ax2”~ (1/2) / ((-b+(-4*a*xc+b~2)~(1/2))/a)~(1/2) *
(4-2% (-b+(-4*a*c+b~2) " (1/2)) /axx"2) ~(1/2) * (4+2* (b+(-4*a*xc+b~2) ~(1/2) ) /a*xx"2
)~ (1/2) / (c*x™4+b*x~2+a) ~(1/2) / (b+ (-4*a*c+b~2) = (1/2) ) * (E1lipticF (1/2*x*2~ (1/
2) *((-b+(-4*xaxc+b~2)~(1/2))/a) ~(1/2) ,1/2x (-4+2xb*x (b+(-4*a*c+b~2) ~(1/2))/a/c
)~ (1/2))-E1llipticE(1/2*x*2~(1/2)* ((-b+(-4*axc+b~2)~(1/2))/a)~(1/2),1/2*(-4+
2%b* (b+(—4*a*c+b~2) " (1/2))/a/c)~(1/2))) ) +(3*A*d*e”2+3*B*d"2*e) * (—2*xc* (1/2%Db
/c/ (dxaxc-b~2)*x"3+a/c/ (4*a*c-b~2) *x) / ((x~4+b/c*xx"2+a/c) *c) ~(1/2)+1/2*a/ (4%
axc-b~2)*27(1/2) / ((-b+(-4*axc+b~2)~(1/2)) /a) ~(1/2) * (4-2% (-b+(-4*a*xc+b~2) ~ (1
/2)) /a*xx”2) " (1/2) * (4+2x (b+ (-4*a*xc+b~2) ~(1/2)) /a*xx"2) ~(1/2) / (c*x~4+b*x"2+a)~
(1/2)*E1lipticF(1/2*x*27(1/2) *((-b+(-4*a*c+b~2)~(1/2))/a)~(1/2) ,1/2%(-4+2%b
* (b+(—4*a*c+b~2)~(1/2))/a/c)~(1/2))-1/2xb/ (4*a*xc-b~2) *a*2~ (1/2) / ((-b+(-4*ax
c+b™2)7(1/2))/a) " (1/2) * (4-2% (~b+(-4*a*xc+b~2) " (1/2)) /a*xx~2) " (1/2) * (4+2x (b+ (-
dxaxc+b~2)~(1/2))/a*x"2) " (1/2) / (c*x"4+b*x"2+a) ~(1/2) / (b+(-4*a*xc+b~2)~(1/2))
*(E1lipticF (1/2%x%27(1/2) * ((-b+(-4*a*xc+b~2)~(1/2))/a)~(1/2) ,1/2* (-4+2*xb* (b+
(-4*axc+b~2)~(1/2))/a/c)~(1/2))-EllipticE(1/2*x*2~ (1/2) * ((-b+(-4*axc+b~2) ~(
1/2))/a)~(1/2) ,1/2% (-4+2*b* (b+(-4*a*xc+b~2)~(1/2))/a/c)~(1/2))) ) +(3*xAxd~2*e+
B*d"3) * (-2*%c* (-1/(4*axc-b~2) *x~3-1/2*b/ (4*xaxc-b~2) /c*x) / ((x~4+b/cxx"2+a/c) *
c)~(1/2)-1/4*b/ (4*xaxc-b~2)*2~(1/2) / ((-b+(-4*a*xc+b~2)~(1/2))/a) " (1/2) * (4-2x(
-b+(-4*xaxc+b~2)~(1/2)) /a*x~2) ~(1/2) * (4+2x (b+(-4*axc+b~2) ~(1/2)) /a*xx~2)~(1/2
)/ (c*x~4+b*x~2+a) " (1/2) *E1lipticF (1/2*x*2~ (1/2) * ((-b+(-4*axc+b~2)~(1/2))/a)
~(1/2) ,1/2%(-4+2*%b*x (b+ (-4*a*xc+b~2)~(1/2))/a/c)~(1/2) ) +c/ (d*xaxc-b~2) *a*x2~ (1/
2)/ ((-b+(-4*a*xc+b~2)~(1/2))/a) " (1/2) * (4-2x (-b+(-4*a*xc+b~2) ~(1/2)) /a*xx"2)~ (1
/2) % (4+2% (b+(-4*a*xc+b~2) " (1/2)) /a*x~2) " (1/2) / (c*x~4+b*x"2+a) " (1/2) / (b+(-4*a
*xc+b~2) " (1/2) ) *(E1llipticF (1/2*x*2~(1/2) * ((-b+(-4*axc+b~2)~(1/2))/a)~(1/2),1
/2% (-4+2xbx (b+(-4*a*c+b~2)~(1/2))/a/c)~(1/2))-EllipticE(1/2*x*2~(1/2) *((-b+
(—4*axc+b~2)~(1/2))/a)~(1/2) ,1/2% (-4+2%b* (b+(-4*axc+b~2) ~(1/2))/a/c)~(1/2))
))+A*d"3* (-2xc* (1/2/a*xb/ (d*a*xc-b~2) *x~3-1/2* (2*xaxc-b~2) /a/ (dxa*c-b~2) /c*xx)/
((x~4+b/c*x"2+a/c)*c) " (1/2)+1/4x(1/a- (2*a*c-b"2) /a/ (d*axc-b~2) ) *2~(1/2) / ((-
b+(-4*axc+b~2)~(1/2))/a) " (1/2) *(4-2% (-b+(-4*axc+b~2) ~(1/2)) /a*x"2)~(1/2) *(4
+2% (b+(-4*axc+b~2)~(1/2)) /a*x~2) ~(1/2) / (c*x~4+b*xx"2+a) ~(1/2) *E11lipticF(1/2*
x*27(1/2) *((-b+(-4*axc+b~2)~(1/2))/a) ~(1/2) ,1/2*% (—4+2xb* (b+(-4*a*xc+b~2) " (1/
2))/a/c)~(1/2))-1/2%b*c/ (4*xaxc-b~2)*2~(1/2) / ((-b+(-4*a*xc+b~2)~(1/2))/a)~(1/
2) % (4-2*% (=b+(-4*axc+b~2) " (1/2)) /a*x~2) " (1/2) * (4+2* (b+ (-4*a*c+b~2) " (1/2)) /ax
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x72)7(1/2) / (c*xx~4+b*x~2+a) " (1/2) / (b+(-4*a*c+b~2) " (1/2) ) * (E1lipticF (1/2%x*2~
(1/2) % ((-b+(-4*a*xc+b™2) " (1/2)) /a) " (1/2) ,1/2% (-4+2%b* (b+(-4*a*xc+b~2) ~(1/2) )/
a/c)~(1/2))-E1lipticE(1/2%x*2~(1/2) * ((-b+(-4*a*c+b~2)~(1/2))/a)~(1/2) ,1/2%(
-4+2xbx (b+(-4*a*xc+b~2)~(1/2))/a/c)~(1/2))))

Maxima [F]
time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((B*x~2+A)*(e*x~2+d) "3/ (c*x"4+b*xx"2+a)~(3/2),x, algorithm="maxima"
)

[Out] integrate((B*x~2 + A)*(x"2xe + d)~3/(c*x~4 + bxx~2 + a)~(3/2), x)

Fricas [F(-2)]

time = 0.00, size = 0, normalized size = 0.00

Exception raised: TypeError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((B*x~2+A)*(e*x~2+d) ~3/(c*x~4+b*x"2+a)~(3/2) ,x, algorithm="fricas"
)

[Out] Exception raised: TypeError >> Symbolic function elliptic_ec takes exactly
1 arguments (2 given)

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

/ (A + Bz?) (d + ex?)’ s

(a + bx? + cx4)%
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((B*x**2+A)* (exx**2+d)**3/ (c*xx**4+b*x**2+a)**(3/2) ,x)
[Out] Integral((A + Bxxx*2)*(d + e*xx**2)**3/(a + bxx**2 + c*x**4)**(3/2), x)

Giac [F|
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((B*x~2+A)*(e*x~2+d) "3/ (c*x"4+bxx~2+a)~(3/2),x, algorithm="giac")
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[Out] integrate((B*xx~2 + A)*(x"2%e + d)~3/(c*x"4 + b*x"2 + a)~(3/2), x)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.00

dz

/ (Bz?+ A) (ex® +d)°
(cx* +bx? + a)3/2

Verification of antiderivative is not currently implemented for this CAS.

[In] int(((A + B*x"2)*(d + e*x"2)"3)/(a + b*x"2 + c*x~4)~(3/2),%)
[Out] int(((A + Bxx"2)*(d + exx"2)"3)/(a + b*x"2 + c*x~4)~(3/2), x)
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A+ Bz? d+€x22
325 f ((a+baz2?i-(cx4)3/2) dz

Optimal. Leaf size=628

_ z(aB(bed? — 4acde + abe?) — Ac(b*d* — 2abde — 2a(cd® — ae®)) — (Ac(bed” — 4acde + abe®) — aB(2c¢*d? -
ac (b — 4ac) Va + bz? + cx?

[Out] -x*(a*B*(axbxe~2-4*a*ckxd*e+bkc*d™2)-Axc*(b~2+xd~2-2*a*b*d*e-2*a* (-a*e ~2+cxd”
2) ) -(Axc* (a*b*xe~2-4*xa*c*d*e+bxckxd™2) —a*xBx (2*xc™2+%d~2+b~2*e~2-2xc*xex* (a*e+b*d)
))*x72) /a/c/ (—4*xa*xc+b~2) / (c*x~4+b*x~2+a) ~(1/2) - (A*c* (a*xbxe”2-4*a*cxd*e+bkxc*
d"2)-2xa*xB* (c"2*%d"2+b"2*e " 2-cxex (3*a*e+b*d) ) ) *x* (c*x~4+b*x"2+a) ~(1/2)/a/c~(
3/2)/ (4*xa*c+b~2)/(a~ (1/2)+x~2*c™ (1/2) )+ (Axc* (a*xbxe~2-4*a*c*d*e+bkc*d~2) -2x*
a*Bx (c~2*xd"2+b"2xe~2-c*e* (3*a*xe+b*d))) *(cos(2xarctan(c~(1/4)*x/a~(1/4)))"2)
~(1/2) /cos(2*arctan(c~(1/4)*x/a~(1/4)))*EllipticE(sin(2*arctan(c~(1/4)*x/a"
(1/4))),1/2%(2-b/a~(1/2) /c~(1/2))~(1/2) ) *(a~ (1/2) +x~2*c~(1/2) ) * ((c*x~4+b*x"
2+a)/(a~(1/2)+x"2xc~(1/2))"2)~(1/2)/a~(3/4) /c~(7/4) / (-4*a*xc+b"2) / (c*x"4+b*x
~2+a)~(1/2)-1/2*(cos(2xarctan(c~(1/4)*x/a~(1/4)))"2)~(1/2) /cos (2*arctan(c~(
1/4)*x/a~(1/4)))*EllipticF(sin(2*arctan(c”~(1/4)*x/a~(1/4))),1/2x(2-b/a~(1/2
)/c”(1/2))7(1/2)) *(Axc™2xd"2+a*ex (Axckxe-2*B*b*e+2*B*xc*d) —c” (3/2) *d* (2*xA*e+B
*d)*a” (1/2)+3*a”~ (3/2) *Bxe~2xc~ (1/2) ) *(a~ (1/2)+x"2*xc”(1/2) ) * ((c*x"4+b*x"2+a)
/(@ (1/2)+x"2%c~(1/2))"2)~(1/2)/a~(3/4) /c~(7/4) / (b-2*%a~ (1/2) *c~(1/2)) / (c*x~
4+b*x"2+a) " (1/2)

Rubi [A]

time = 0.38, antiderivative size = 633, normalized size of antiderivative = 1.01, number of

number of rules __
integrand size 0.121,

steps used = 4, number of rules used = 4, integrand size = 33,
Rules used = {1692, 1211, 1117, 1209}

) [T e (42 3o )) At st - 2 0 P+ )T+ )| T S22 2 o)) (0 VES e - . 2000 < VTN B4 ARE) (s . . . o)
(s ves F)u(-7r) Vi aveay Fvema(F) (- 7)) (RS A e~ ) ) (e dct ) aB{ Do+ )+ 4 000) T TS Al e i) BB ) P 0]

Antiderivative was successfully verified.
[In] Int[((A + B*x~2)*(d + e*xx"2)"2)/(a + b*x"2 + c*x74)~(3/2),x]

[Out] -((x*(c*((a*Bx(bxc*d™2 - 4xakxcxdxe + a*b*e”2))/c - Ax(b~2%d"2 - 2*xa*bxd*e -
2xax(c*d™2 - axe”2))) - (Axckx(bxcxd™2 - 4*axckdxe + axb*e”2) - a*xBx(2%c”2x
d”2 + b™2*%e”2 - 2*ckex(b*d + axe)))*x"2))/(a*ck(b"2 - 4*xaxc)*Sqrt[a + b*x"2

+ cxx74])) - ((Axcx(b*cxd™2 - 4*axcxdxe + axbxe”2) - 2%a*B*x(c™2*d"2 + b~2%

e”2 - ckex(bxd + 3*xaxe)))*x*Sqrt[a + b*x"2 + c*x"4])/(axc™(3/2)*(b"2 - 4*ax
c)*(Sqrt[al + Sqrtlcl*x~2)) + ((Axc*(b*c*xd~2 - 4*axcxd*e + axbxe”2) - 2%a*B
*x(c72%d"2 + b"2*e”2 - ckxex(b*d + 3xaxe)))*(Sqrt[a] + Sqrtl[cl*x"2)*Sqrt[(a +

b*xx~2 + c*x~4)/(Sqrt[a] + Sqrtlc]l*x~2)~2]*EllipticE[2*ArcTan[(c”~(1/4)*x)/a
~(1/4)], (2 - b/(Sqrtlal*Sqrtlcl))/4]1)/(a~(3/4)*c~(7/4)* (b2 - 4*a*xc)*Sqrt[
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a + bxx"2 + c*xx"4]) - ((Axc™2%d"2 + 3*a~(3/2)*BxSqrt[cl*e”2 - Sqrt[a]l*c~(3/
2) *d* (Bxd + 2xAxe) + axe*(2+Bkckd - 2xb*Bke + Axcxe))*(Sqrt[a] + Sqrt([cl*x~
2)xSqrt[(a + bxx~2 + c*x"4)/(Sqrt[a] + Sqrt[c]*x~2) 2]*EllipticF[2*ArcTan[(
c~(1/4)*x)/a~(1/4)], (2 - b/(Sqrtlal*Sqrtlcl))/4])/(2*xa~(3/4)*(b - 2*Sqrt[a
1xSqrt[c])*c~(7/4)*Sqrt[a + b*x"2 + cxx"4])

Rule 1117

Int[1/Sqrtl(a_) + (b_.)*(x_)"2 + (c_.)*(x_)"4], x_Symbol] :> With[{q = Rtlc
/a, 41}, Simp[(1 + gq~2*x"2)*(Sqrt[(a + b*x"2 + c*x"4)/(a*(1 + q"2*x~2)"2)]/
(2xg*Sqrt[a + b*x"2 + c*xx~4]))*EllipticF[2*ArcTan[g*x], 1/2 - b*x(q~2/(4%c))
1, x1] /; FreeQ[{a, b, c}, x] && NeQ[b~2 - 4xaxc, 0] &% PosQ[c/al

Rule 1209

Int[((d_) + (e_.)*(x_)"2)/Sqrtl(a_) + (b_.)*(x_)"2 + (c_.)*(x_)"4], x_Symbo
1] :> With[{q = Rtlc/a, 4]}, Simp[(-d)*x*(Sqrtla + b*x"2 + c*x"4]/(a*x(1 + q
~2xx72))), x] + Simp[d*(1 + q~2*x"2)*(Sqrt[(a + b*x"2 + c*x"4)/(a*(1 + q~2x%
x72)72)]/(g*Sqrt[a + b*x"2 + c*xx"4]))*EllipticE[2*ArcTan[qg*x], 1/2 - b*(q~2
/(4xc))], x] /; EqQle + dxq~2, 0]] /; FreeQ[{a, b, c, d, e}, x] && NeQ[b~2
- 4xaxc, 0] && PosQ[c/al

Rule 1211

Int[((d)) + (e_.)*(x_)"2)/Sqrtl(a_) + (b_.)*(x_)"2 + (c_.)*(x_)"4], x_Symbo
1] :> With[{q = Rtl[c/a, 2]}, Dist[(e + d*q)/q, Int[1/Sqrt[a + b*x"2 + c*x"4
1, x], x] - Dist[e/q, Int[(1 - g*x~2)/Sqrtl[a + b*x"2 + c*x"4], x], x] /; Ne
Qle + dxq, 011 /; FreeQ[{a, b, c, 4, e}, x] && NeQ[b~2 - 4xaxc, 0] && PosQ[
c/a]

Rule 1692

Int[(Pg )*((a_) + (b_.)*(x_)"2 + (c_.)*(x_)"4)"(p_), x_Symbol] :> With[{d =
Coeff [PolynomialRemainder[Pq, a + b*x"2 + c*x~4, x], x, 0], e = Coeff[Poly
nomialRemainder[Pq, a + b*x"2 + c*x"4, x], x, 2]}, Simp[x*(a + b*x"2 + c*x~
4)~(p + 1)*((a*bxe - d*(b~2 - 2*xaxc) - cx(bxd - 2%a*xe)*x72)/(2xa*x(p + 1)*(b
~2 - 4xa*c))), x] + Dist[1/(2xa*x(p + 1)*(b"2 - 4*a*c)), Int[(a + b*xx"2 + cx*
x74)"(p + 1)+*ExpandToSum[2*ax(p + 1)*(b"2 - 4*a*c)*PolynomialQuotient[Pq, a
+ b*xx"2 + c*x"4, x] + b72xd*(2xp + 3) - 2%axckxd*(4xp + 5) - axbkxe + c*x(4*p
+ 7)x(bxd - 2*axe)*x~2, x], x], x]] /; FreeQ[{a, b, c}, x] && PolyQ[Pq, x~
2] &% Expon[Pq, x~2] > 1 && NeQ[b~2 - 4*axc, 0] && LtQlp, -1]

Rubi steps
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/ (A + Ba?) (d + ea?)’ o _x(c(aB(de _430de+abe ) _ A(b?d? — 2abde — 2a(cd? — ae2))) — (Ac(bed? — 4
(a + bz? 4 czt)*/? ac (b2 — 4ac) Va + bx? +

x(c(“B (de2_4:Cde+“b62) — A(b*d? — 2abde — 2a(cd® — aeQ))> — (Ac(bed? — 4
ac (b?2 — 4ac) Va + bx? +

x<c<aB (b0d2_4:°de+abez) — A(b*d? — 2abde — 2a(cd* — ae2))> — (Ac(bcd? — 4
ac (b2 — 4ac) Va + bx? +

Mathematica [C] Result contains complex when optimal does not.
time = 12.98, size = 766, normalized size = 1.22

Antiderivative was successfully verified.

[In] Integrate[((A + Bxx~2)*(d + e*x~2)72)/(a + b*x~2 + c*x~4)~(3/2),x]

[Out] (-4*cxSqrtlc/(b + Sqrt[b~2 - 4*axc])]*x*(-(a*xB*x(a*bxe™2 + 2%c~2*d"2*%x"2 + b
T2%e"2*%x”"2 + bkxckdx(d - 2%exx"2) - 2kakcke*x(2xd + exx"2))) + Axck(b"2xd"2 +
2*%a”2%e”2 + b*c*kd"2%x72 + axb¥ex(-2%d + exx"2) - 2kakckdkx(d + 2%xe*xx"2))) -
Ix(-b + Sqrt[b~2 - 4*axc])*(-(Axcx(b*c*d™2 - 4*a*xc*d*e + axbxe”2)) + 2xaxB
*(c72%d"2 + b"2*%e"2 - ckex(b*d + 3xaxe)))*Sqrt[(b + Sqrt[b~2 - 4*axc] + 2xc
*x~2) /(b + Sqrt[b~2 - 4*axc])]*Sqrt[(2*%b - 2xSqrt[b~2 - 4*axc] + 4xcxx~2)/(
b - Sqrt[b~2 - 4xaxc])]*EllipticE[I*ArcSinh[Sqrt[2]*Sqrt[c/(b + Sqrt[b~2 -
4xaxc])]*x], (b + Sqrt[b~2 - 4xa*c])/(b - Sqrt[b~2 - 4*a*xc])] + Ix(2*axBx(b
“2x(-b + Sqrt[b”2 - 4*a*xc])*e”2 + c"2xdx(Sqrt[b~2 - 4*a*xc]l*d - 4*xaxe) + cxe
*(b"2%d - b*Sqrt[b~2 - 4xaxc]*d + 4*axbxe - 3*axSqrt[b~2 - 4*akxcl*e)) + Axc
*(b~2*%(c*d™2 + axe”2) - b*Sqrt[b~2 - 4*axc]*x(cxd™2 + a*xe”2) - 4xa*c*x(cxd™2
- Sqrt[b~2 - 4*axc]l*d*e + axe”2)))*Sqrt[(b + Sqrt[b~2 - 4xaxc] + 2*c*x"2)/(
b + Sqrt[b”™2 - 4xaxc])]*Sqrt[(2xb - 2*Sqrt[b~2 - 4*a*c] + 4*c*xx~2)/(b - Sqr
t[b~2 - 4*axc])]*EllipticF[I*ArcSinh[Sqrt[2]*Sqrt[c/(b + Sqrt[b~2 - 4xax*c])
1*x], (b + Sqrt[b™2 - 4*a*c])/(b - Sqrt[b™2 - 4xaxc])])/(4*xa*xc™2x(-b"2 + 4%
axc)*Sqrt[c/(b + Sqrt[b™2 - 4xa*xc])]*Sqrt[a + b*x"2 + c*x"4])

Maple [B] Leaf count of result is larger than twice the leaf count of optimal. 1890 vs.
2(618) = 1236.
time = 0.16, size = 1891, normalized size = 3.01
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method | result

9 (Aabc 62—4d€ c2aA+Ab c2d2+23 a2c 62—Ba b2e2+2Babcde—2Ba c2d2):c3 (2A aZC 62—2Aabcde—2Aa c2d2+A b2cd2—B a2b €2+4d6 a2
c +
2c2a(4ac—b2) 2c2 (4ac—b2)a

Vet +g)e

elliptic | —

default | Expression too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int((B*x~2+A)*(e*x~2+d) "2/ (c*xx~4+b*x~2+a) ~(3/2) ,x,method=_RETURNVERBOSE)

[Out] B*xe~2*(-2*c*x(1/2/c”2*(2*xaxc-b~2)/(4*axc-b~2)*x~3-1/2*a*b/c~2/ (4*a*c-b~2) *x)
/((x~4+b/c*x"2+a/c)*c) ~(1/2)-1/4*a*b/c/ (d*a*xc-b~2)*2~(1/2) / ((-b+(-4*a*c+b~2
)=(1/2))/a) " (1/2) * (4-2x (-b+(-4*a*xc+b~2) " (1/2) ) /axx"2) " (1/2) * (4+2* (b+ (-4*ax*c
+b72)~(1/2)) /a*x"2) " (1/2) / (c*xx~4+b*x~2+a) " (1/2) *E1lipticF (1/2*x*2~ (1/2) * ((-
b+ (-4*axc+b~2)~(1/2))/a) " (1/2),1/2* (-4+2xb* (b+ (-4*a*xc+b~2) ~(1/2))/a/c)~(1/2
))-1/2%(1/c+(2%a*c-b"2) /c/ (d*xaxc-b~2) ) *a*x2~ (1/2) / ((-b+(-4*a*xc+b~2)~(1/2))/a
)~ (1/2) % (4-2x (-b+(—-4*axc+b~2) " (1/2) ) /a*x"2) = (1/2) * (4+2* (b+(-4*a*c+b~2) ~(1/2
))/axx~2)~(1/2) / (c*x"4+b*x~2+a) ~(1/2) / (b+(-4*axc+b~2)~(1/2) ) *(E1lipticF(1/2
*x%27 (1/2) ¥ ((-b+(-4*axc+b~2)~(1/2))/a)~(1/2) ,1/2* (-4+2xb* (b+(-4*a*xc+b~2) ~ (1
/2))/a/c)~(1/2))-EllipticE(1/2*x*2~(1/2) * ((-b+(-4*a*c+b~2)~(1/2))/a)~(1/2),
1/2*% (-4+2xb* (b+(-4*a*c+b~2) " (1/2))/a/c)~(1/2))) ) +(A*xe”2+2%B*d*e) * (-2%c*(1/2
*xb/c/ (dxa*xc-b~2) *x~3+a/c/ (dxa*xc-b~2) *x) / ((x~4+b/c*x"2+a/c) *c) ~(1/2)+1/2*a/(
4xa*xc-b"2)*27(1/2) / ((-b+(-4*a*xc+b~2)~(1/2))/a) " (1/2) * (4-2*% (-b+(-4*a*xc+b~2) "~
(1/2))/a*x72) " (1/2) * (4+2*x (b+(-4*a*xc+b~2) " (1/2)) /a*xx"2) " (1/2) / (c*x"4+b*x"2+a
)~ (1/2)*E1lipticF(1/2*x%27(1/2) * ((-b+(-4*a*c+b~2)~(1/2))/a)~(1/2) ,1/2% (-4+2
*b* (b+ (—4*axc+b~2)~(1/2))/a/c)~(1/2))-1/2%b/ (4d*axc-b~2) *a*x2~(1/2) / ((-b+(-4x*
axc+b~2)~(1/2))/a) " (1/2) * (4-2x (-b+(-4*axc+b~2) ~(1/2) ) /a*x~2) ~(1/2) * (4+2* (b+
(-4xaxc+b~2)~(1/2)) /a*xx~2)~(1/2) / (c*x~4+b*x"2+a) ~(1/2) / (b+(-4*xaxc+b~2) ~(1/2
))*(E1lipticF (1/2*%x*2~(1/2)* ((-b+(-4*a*c+b~2)~(1/2))/a)~(1/2) ,1/2% (-4+2xbx(
b+(-4*axc+b~2)~(1/2))/a/c)~(1/2))-EllipticE(1/2*x*2~ (1/2) * ((~b+(-4*a*xc+b~2)
~(1/2))/2)~(1/2) ,1/2% (-4+2%b* (b+ (-4*axc+b~2)~(1/2)) /a/c)~(1/2))) ) +(2*A*d*e+
B*d~2) * (-2*%c* (-1/(4*axc-b~2) *x~3-1/2*b/ (4*xaxc-b~2) /c*x) / ((x~4+b/cxx"2+a/c) *
c)~(1/2)-1/4%b/ (4*a*xc-b~2)*27(1/2) / ((-b+(-4*axc+b~2)~(1/2)) /a) ~(1/2) * (4-2x(
-b+(-4*xa*xc+b~2)~(1/2)) /a*x"2) " (1/2) * (4+2*x (b+(-4*a*xc+b~2) ~(1/2)) /a*x"2)~(1/2
)/ (c*xx~4+b*x~2+a) " (1/2) *E1lipticF (1/2*x*27~ (1/2) * ((~b+(-4*axc+b~2)~(1/2))/a)
~(1/2) ,1/2%(-4+2*xb*x (b+(-4*a*xc+b~2)~(1/2))/a/c)~(1/2) ) +c/ (d*xa*xc-b~2) *a*x2~(1/
2)/ ((-b+(-4*xaxc+b~2)~(1/2))/a) " (1/2) *(4-2*% (-b+(-4*a*xc+b~2) ~(1/2)) /a*x~2)~ (1
/2) % (4+2% (b+(-4*axc+b~2) ~(1/2)) /axx~2) ~(1/2) / (c*x~4+bxx~2+a) ~ (1/2) / (b+(-4x*a
*xc+b~2)~(1/2) ) *(E11lipticF (1/2*x*2~(1/2) * ((-b+(-4*a*c+b~2)~(1/2))/a)~(1/2),1
/2% (-4+2xbx (b+(-4*a*c+b~2)~(1/2))/a/c)~(1/2))-EllipticE(1/2*x*2~(1/2) *((-b+
(-4*xa*xc+b~2)~(1/2))/a)~(1/2) ,1/2* (-4+2*xb* (b+(-4*a*xc+b~2)~(1/2))/a/c)~(1/2))
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))+A*d" 2% (—2xc* (1/2/a*xb/ (d*a*c-b~2) *x~3-1/2* (2*xaxc-b~2) /a/ (d*xa*c-b~2) /c*xx)/
((x~4+b/c*x"2+a/c)*c) " (1/2)+1/4x(1/a- (2*a*c-b"2) /a/ (d*xaxc-b~2) ) *x2~(1/2) / ((-
b+(-4*axc+b~2)~(1/2))/a) " (1/2)*(4-2x (-b+(-4*axc+b~2) ~(1/2)) /a*x"2)~(1/2)*(4
+2% (b+(-4*axc+b~2)~(1/2))/a*x"2)~(1/2) / (c*x~4+b*x"2+a) ~(1/2) *E1lipticF (1/2*
x*27(1/2) *((-b+(-4*axc+b~2)~(1/2))/a) " (1/2) ,1/2*% (-4+2xb* (b+(-4*a*xc+b~2) " (1/
2))/a/c)~(1/2))-1/2%b*c/ (4*axc-b~2)*2~(1/2) / ((-b+(-4*a*xc+b~2)~(1/2))/a)~(1/
2)*(4-2*% (~b+(-4*axc+b~2)~(1/2)) /a*x"2) ~(1/2) * (4+2* (b+(-4*a*c+b~2) " (1/2)) /ax
x72)7(1/2) / (c*xx~4+b*x"2+a) " (1/2) / (b+(-4*a*xc+b~2) " (1/2) ) * (E1lipticF (1/2*x*2~
(1/2)*((-b+(-4*a*xc+b~2)~(1/2))/a) ~(1/2) ,1/2% (-4+2xbx* (b+(-4*a*c+b~2)~(1/2))/
a/c)~(1/2))-EllipticE(1/2*x*2~(1/2) * ((-b+(-4*a*xc+b~2)~(1/2))/a)~(1/2) ,1/2%(
-4+2xbx (b+(-4*a*c+b™2)~(1/2))/a/c)~(1/2))))

Maxima [F]

time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((B*x~2+A)*(e*x~2+d) "2/ (c*x"4+bxx~2+a)~(3/2),x, algorithm="maxima"
)

[Out] integrate((B*x"2 + A)*(x"2%e + d)~2/(c*x"4 + b*x~2 + a)~(3/2), x)

Fricas [F(-2)]

time = 0.00, size = 0, normalized size = 0.00

Exception raised: TypeError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((B*x~2+A)*(e*x~2+d) "2/ (c*x~4+bxx~2+a)~(3/2),x, algorithm="fricas"
)

[Out] Exception raised: TypeError >> Symbolic function elliptic_ec takes exactly
1 arguments (2 given)

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

/ (A + Bz?) (d + ez?)’ s

(a+ bx? + cx4)%
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((B*x**2+A)* (exx**2+d)**2/ (c*xx**4+b*x**2+a) **(3/2) ,x)
[Out] Integral((A + Bxx**2)*(d + e*xx**2)**2/(a + b*xx**2 + c*x**4)**(3/2), x)
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Giac [F|
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.
[In] integrate((B*x~2+A)*(e*x~2+d) "2/ (c*x"4+bxx~2+a)~(3/2),x, algorithm="giac")

[Out] integrate((B*x~2 + A)*(x"2%e + d)~2/(c*x"4 + b*xx"2 + a)~(3/2), x)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.00

/ (Bz%+ A) (ex® +d)° i
(czt + ba? + a)*?
Verification of antiderivative is not currently implemented for this CAS.

[In] int(((A + B*xx"2)*(d + e*x"2)"2)/(a + b*x"2 + c*x~4)"(3/2),%)
[Out] int(((A + B*x"2)*(d + e*x"2)"2)/(a + b*x"2 + c*x~4)"(3/2), x)
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f (A+Bz?) (d+ez?) d

3.26 (a+bx2+cx4) 3/2

Optimal. Leaf size=481

_ z(aB(bd — 2ae) — A(b*d — 2acd — abe) — (Ac(bd — 2ae) — aB(2cd — be))z®)  (Ac(bd — 2ae) — aB(2cd —
a (b2 — 4ac) Va + bx? + cx* avc (b* — 4ac) (\

[Out] -x*(a*xBx(-2xa*xe+bxd)-A*(-axbxe-2xa*cxd+b~2xd) - (Axc* (—2*a*e+b*d) —a*B* (-b*e+2
xckd) )*x~2) /a/ (—4*xa*xc+b”2) / (c*x~4+b*x"2+a) " (1/2) - (A*xc* (-2xa*xe+bxd) —axB* (~b*
e+2xcxd) ) *x* (c*xx~4+b*x"2+a) ~(1/2) /a/ (-4*axc+b~2) /c~(1/2) /(a~ (1/2)+x"2*c~(1/
2) )+ (Axckx (-2*axe+b*xd) —a*B* (—bxe+2*c*d) ) * (cos (2*arctan(c”~(1/4)*x/a"~(1/4)))"2
)~ (1/2) /cos(2*arctan(c”(1/4)*x/a~(1/4)))*EllipticE(sin(2*arctan(c~(1/4)*x/a
~(1/4))) ,1/2%(2-b/a~(1/2)/c~(1/2))~(1/2))*(a~ (1/2)+x72*c~ (1/2) ) * ((c*x~4+b*x
~2+a)/(a”~(1/2)+x"2*%c~(1/2))~2)~(1/2) /a~(3/4) /c~(3/4) / (—4*a*xc+b~2) / (c*x~4+b*
x"2+a)~(1/2)+1/2*(cos(2*arctan(c~(1/4)*x/a~(1/4)))"2)~(1/2) /cos(2*xarctan(c”
(1/4)*x/a~(1/4)))*EllipticF(sin(2*arctan(c”(1/4)*x/a~(1/4))),1/2x(2-b/a~(1/
2)/c~(1/2))~(1/2))*(B*a~(1/2)-A*c~(1/2) ) *(-e*xa” (1/2)+d*c~ (1/2))*(a~ (1/2) +x~
2xc”(1/2)) *((c*x~4+b*x~2+a) /(a~ (1/2)+x~2%c~(1/2))"2)~(1/2)/a~(3/4) /c~(3/4)/
(b-2%a~(1/2)*c~(1/2)) / (c*xx~4+b*x"2+a) " (1/2)

Rubi [A]

time = 0.24, antiderivative size = 481, normalized size of antiderivative = 1.00, number of

number of rules __
' integrand size 0.129,

steps used = 4, number of rules used = 4, integrand size = 31
Rules used = {1692, 1211, 1117, 1209}

oy [arbE e e, , s 3 (/e e (e o [artrra (Y.
vea) | 5 E(2ArcTan( ¥22 ) 11(2- =+ (Ac(bd — 200) —aB(2ed —be)) (V& + VE) (VB = AVE) | [ g (VEd = Va'e) F( 2cTan (3725 ) 112 - 72+
\ (Ve + vea) ( (wx ) ( Va e )) g ¢ ) (VT VN e+ e e ‘ ( i L @ )‘ ( Va Ve >> _ VAT T (Ac(bd — 2ac) ~ aB(2ed — be)) _ 2(~A(—abe — 2acd + Bd) — (+*(Ac(bd — 2ac) — aB(2ed ~ be)) + aB(bd — 2ac))
g ) e 20 (b= 2y V) Ve T T Ve @ — a0) (Va + Vo] (07— dac) Va+ ba? ezt

Antiderivative was successfully verified.
[In] Int[((A + B*xx"2)*(d + exx"2))/(a + b*x~2 + c*x74)~(3/2),x]

[Out] -((x*(a*B*(b*d - 2*a*xe) - A*(b~2%d - 2*akxckd - axbkxe) - (Axck(b*d - 2%axe)
- axBx(2xcxd - b*e))*x72))/(a*x(b~2 - 4*axc)*Sqrt[a + b*x"2 + c*xx~4])) - ((A
xcx(bxd - 2%akxe) - axBx(2xcxd - b*e))*xxSqrt[a + b*x"2 + c*x74])/(a*Sqrt[c]
* (b2 - 4xaxc)*(Sqrt[al + Sqrtlc]*x"2)) + ((Axcx(b*d - 2%a*e) - a*Bx(2*cx*d
- b*xe))*(Sqrt[a] + Sqrtlcl*x~2)*Sqrt[(a + b*x"2 + c*x~4)/(Sqrt[a] + Sqrt[c]
*x~2) 2] *E1llipticE[2*ArcTan[(c~(1/4)*x)/a~(1/4)], (2 - b/(Sqrt[a]*Sqrt[c]l))
/41)/(a~(3/4)*c~(3/4)*(b~2 - 4xaxc)*Sqrt[a + b*x"2 + cxx~4]) + ((Sqrt[a]*B
- AxSqrt[c])*(Sqrt[cl*d - Sqrt[al*e)*(Sqrt[a] + Sqrtlcl*x~2)*Sqrt[(a + b*x~
2 + cxx”"4)/(Sqrt[a] + Sqrtlc]l*x"2)"2]*EllipticF[2*ArcTan[(c”(1/4)*x)/a"~(1/4
)1, (2 - b/(Sqrtl[al*Sqrtlcl))/4]1)/(2*a~(3/4)*(b - 2xSqrt[al*Sqrt[c])*c~(3/4
)*Sqrt[a + bxx"2 + c*x"4])

Rule 1117
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Int[1/Sqrt[(a_) + (b_.)*(x_)"2 + (c_.)*(x_)"4], x_Symbol] :> With[{q = Rtlc
/a, 41}, Simp[(1 + q72*x72)*(Sqrt[(a + b*x"2 + c*x"4)/(a*(1 + q"2*x~2)"2)]/
(2xg*Sqrt[a + b*x"2 + c*x"4]))*EllipticF[2*ArcTan[g*x], 1/2 - b*x(q~2/(4%c))
1, x1]1 /; FreeQ[{a, b, c}, x] && NeQ[b~2 - 4*a*xc, 0] && PosQ[c/al

Rule 1209

Int[((d_) + (e_.)*(x_)"2)/Sqrtl(a_) + (b_.)*(x_)"2 + (c_.)*(x_)"4], x_Symbo
1] :> With[{q = Rtlc/a, 4]}, Simp[(-d)*x*(Sqrtla + b*x~2 + c*x"4]/(a*x(1 + q
~2xx72))), x] + Simp[d*(1 + q~2*x"2)*(Sqrt[(a + b*x"2 + cxx"4)/(ax(1 + q~2%
x72)72)]/(g*Sqrt[a + b*x"2 + c*xx"4]))*EllipticE[2*ArcTan[qg*x], 1/2 - b*x(q~2
/(4xc))], x] /; EqQle + d*xq~2, 0]] /; FreeQ[{a, b, c, d, e}, x] && NeQ[b~2
- 4xaxc, 0] && PosQ[c/al

Rule 1211

Int[((d)) + (e_.)*(x_)"2)/Sqrtl(a_) + (b_.)*(x_)"2 + (c_.)*(x_)"4], x_Symbo
1] :> With[{q = Rt[c/a, 2]}, Dist[(e + d*q)/q, Int[1/Sqrt[a + b*x"2 + c*xx~4
1, x], x] - Dist[e/q, Int[(1 - g*x~2)/Sqrtl[a + b*x"2 + c*x"4], x], x] /; Ne
Qle + d*q, 011 /; FreeQ[{a, b, c, d, e}, x] && NeQ[b~2 - 4*a*c, 0] && PosQ[
c/al

Rule 1692

Int[(Pg )*((a_) + (b_.)*(x_)"2 + (c_.)*(x_)"4)"(p_), x_Symbol] :> With[{d =

Coeff [PolynomialRemainder[Pq, a + b*x"2 + c*x~4, x], x, 0], e = Coeff[Poly
nomialRemainder[Pq, a + b*x"2 + c*x~4, x], x, 2]}, Simp[x*(a + b*x"2 + c*x~
4)~(p + 1)*((a*bxe - d*(b~2 - 2*xaxc) - cx(bxd - 2%a*xe)*x72)/(2xa*x(p + 1)*(b
"2 - 4xaxc))), x] + Dist[1/(2xax(p + 1)*(b"2 - 4*a*c)), Int[(a + b*x"2 + cx*
x74)"(p + 1)*ExpandToSum[2*ax(p + 1)*(b"2 - 4*a*c)*PolynomialQuotient[Pq, a
+ b*x"2 + c*x"4, x] + b72xd*(2xp + 3) - 2%axckxd*(4xp + 5) - axbkxe + c*x(4*p
+ 7)*(b*d - 2xaxe)*x~2, x], x], x]] /; FreeQ[{a, b, c}, x] && PolyQ[Pq, x~
2] && Expon[Pq, x72] > 1 && NeQ[b~2 - 4xaxc, 0] && LtQ[p, -1]

Rubi steps
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(A + Bz?) (d + ex?) p _ z(aB(bd — 2ae) — A(b*d — 2acd — abe) — (Ac(bd — 2ae) — aB(2cd — be))z?*

T =
(a + bx? + cz)®? a (b2 — 4ac) Va + bx? + cx?

_ z(aB(bd — 2ae) — A(b*d — 2acd — abe) — (Ac(bd — 2ae) — aB(2cd — be))z?*
a (b? — 4ac) Va + bz? + cx*

z(aB(bd — 2ae) — A(b*d — 2acd — abe) — (Ac(bd — 2ae) — aB(2cd — be))x?)
a (b? — 4ac) Va + bz? + cx*

Mathematica [C] Result contains complex when optimal does not.
time = 11.69, size = 597, normalized size = 1.24

— (SR e

e T B k= ) + Aol ) i+ VTR p e s e

Antiderivative was successfully verified.

[In] Integratel[((A + B*x"2)*(d + exx"2))/(a + b*x"2 + c*x74)~(3/2),x]

[Out] (4*c*Sqrtlc/(b + Sqrt[b~2 - 4*a*c])]*xx(a*B*(-2%a*e + 2*c*d*x"2 + b*(d - ex
x72)) + Ax(-(b"2xd) + bx(axe - cxd*x~2) + 2%axc*x(d + e*x~2))) + Ix(-b + Sqr
t[b~2 - 4*axc])*(Axc*(b*d - 2*axe) + axB*(-2xc*d + b*e))*Sqrt[(b + Sqrt[b~2
- 4xaxc] + 2xc*x”2)/(b + Sqrt[b~2 - 4xaxc])]*Sqrt[(2xb - 2*Sqrt[b~2 - 4xax
c] + 4*xc*x"2)/(b - Sqrt[b”2 - 4xa*c])]*EllipticE[I*ArcSinh[Sqrt[2]*Sqrt[c/(
b + Sqrt[b”2 - 4*a*c])]*x], (b + Sqrt[b~2 - 4*axc])/(b - Sqrt[b~2 - 4*ax*c])
] - Ix(Axcx(-(b~2%d) + 4*akxcxd + b*Sqrt[b~2 - 4xaxc]*d - 2*a*xSqrt[b~2 - 4*a
xc]xe) + axB*x(b*(-b + Sqrt[b~2 - 4*axc])*e + cx(-2xSqrt[b~2 - 4*axc]*d + 4%
axe)))*Sqrt [(b + Sqrt[b~2 - 4xaxc] + 2*c*x~2)/(b + Sqrt[b~2 - 4*axc])]*Sqrt
[(2%b - 2xSqrt[b~2 - 4xa*xc] + 4*c*x~2)/(b - Sqrt[b~2 - 4*axc])]*EllipticF[I
xArcSinh [Sqrt [2] *Sqrt [c/(b + Sqrt[b~2 - 4*a*c])]*x], (b + Sqrt[b~2 - 4*ax*c]
)/ (b - Sqrt[b~2 - 4xaxc])])/(4*xaxcx(-b~2 + 4*xaxc)*Sqrt[c/(b + Sqrt[b~2 - 4x
axc])]*Sqrt[a + b*x"2 + c*x74])

Maple [B] Leaf count of result is larger than twice the leaf count of optimal. 1389 vs.
2(471) = 942.
time = 0.04, size = 1390, normalized size = 2.89

’ method ‘ result
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A—Ab2d—2e a? B+ B«

&_i_ Acd—aBe _ Aabe+2acd
c ac

2 2
oo _ (2aceA—Abed—Babet2acdB)s® _ (Aabet2acdA—Ab%d—2e a? B+Babd)w
2ca (4ac—b2) 2ca (4ac—b2) +

a (4ac—b2)

elliptic | — = :
V@ +tEe)e

default | Expression too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int((B*x~2+A)*(e*x~2+d)/(c*x~4+b*x"2+a)~(3/2),x,method=_RETURNVERBOSE)

[Out] Bxex(-2xcx(1/2*b/c/(4*a*xc-b~2)*x"3+a/c/ (d*xaxc-b"2)*x)/((x"4+b/c*x"2+a
~(1/2)+1/2*a/ (4xa*xc-b"2)*27(1/2) / ((-b+(-4*a*c+b~2)~(1/2))/a)~(1/2) *(4-2x(-b
+(=4*axc+b”2) " (1/2))/a*xx"2) "~ (1/2) * (4+2* (b+(-4*a*xc+b~2)~(1/2)) /a*x~2)~(1/2)/
(c*x™4+b*x~2+a) ~(1/2) *E1llipticF (1/2*x*2~(1/2) * ((-b+(-4*a*xc+b~2)~(1/2))/a)~(
1/2) ,1/2% (-4+2%b* (b+(-4*axc+b~2)~(1/2))/a/c)~(1/2))-1/2*%b/ (4*a*c-b~2) *a*x2~ (
1/2) / ((-b+(-4*a*c+b~2)~(1/2))/a) " (1/2) ¥ (4-2x (-b+(-4*axc+b~2) " (1/2)) /a*x"2)~
(1/2) % (4+2*% (b+(—4*a*c+b~2) " (1/2) ) /a*xx~2) ~(1/2) / (cxx"4+b*x"2+a) " (1/2) / (b+(-4
*xaxc+b”2) " (1/2) ) *(EllipticF (1/2%x*2~ (1/2) * ((~b+(-4*a*xc+b~2)~(1/2))/a)~(1/2)
, 1/2% (—4+2xb* (b+(-4*a*c+b~2) ~(1/2)) /a/c)~(1/2))-EllipticE(1/2*x*2~(1/2) *((-
b+(-4*a*xc+b~2)~(1/2))/a)~(1/2) ,1/2*%(-4+2*b* (b+(-4*a*c+b~2)~(1/2)) /a/c)~(1/2
))))+(A*xe+Bxd) * (-2*c* (-1/(4*a*c-b~2) *x"3-1/2%b/ (d*xa*c-b"2) /c*xx) / ((x~4+b/c*xx
~2+a/c)*c)~(1/2)-1/4%b/ (4*xaxc-b~2)*2~(1/2) / ((-b+(-4*a*xc+b~2)~(1/2))/a)~(1/2
)*x (4-2% (-b+(-4*a*xc+b™2) " (1/2)) /a*x~2) " (1/2) * (4+2*x (b+(-4*a*xc+b~2) ~(1/2) ) /axx
~2)7(1/2) / (c*x~4+b*x~2+a) " (1/2) *E11lipticF (1/2*x*2~ (1/2) * ((-b+(-4*a*xc+b~2) ~(
1/2))/a)~(1/2) ,1/2* (-4+2*b* (b+(-4*a*xc+b~2)~(1/2))/a/c)~(1/2))+c/ (4*xaxc-b~2)
*ax27 (1/2) / ((-b+(-4*a*xc+b~2)~(1/2)) /a)~(1/2) * (4-2x (-b+(-4*a*xc+b~2) ~(1/2))/a
*x72) 7 (1/2) % (4+2* (b+ (-4*axc+b~2) ~(1/2) ) /a*x~2) " (1/2) / (c*x~4+b*xx"2+a) ~(1/2)/
(b+(-4*a*xc+b~2)~(1/2))*(E1lipticF (1/2*x*2~(1/2)* ((-b+(-4*a*xc+b~2)~(1/2))/a)
~(1/2) ,1/2% (-4+2%b* (b+ (-4*axc+b~2)~(1/2)) /a/c)~(1/2))-EllipticE(1/2*x*2~(1/
2) *((-b+(-4*xaxc+b~2)~(1/2))/a)~(1/2) ,1/2* (-4+2xb* (b+(-4*a*c+b~2) ~(1/2))/a/c
)=(1/2))) ) +Axd* (-2*c*(1/2/a*b/ (4*axc-b~2) *x~3-1/2* (2*a*c-b"2) /a/ (4*a*xc-b~2)
/cxx) / ((x"4+b/cxx~2+a/c)*c) " (1/2)+1/4*(1/a-(2xaxc-b~2) /a/ (4*a*c-b~2) ) *2~(1/
2) / ((-b+(-4*a*xc+b™2)~(1/2))/a) " (1/2) * (4-2% (-b+(-4*a*c+b~2) " (1/2) ) /a*xx~2) " (1
/2) * (4+2% (b+(-4xa*xc+b™2) ~(1/2)) /a*x~2) " (1/2) / (c*xx~4+b*x"2+a) " (1/2) *Elliptic
F(1/2%xx2~(1/2)*((-b+(-4*a*xc+b~2)~(1/2))/a)~(1/2) ,1/2*% (-4+2%b* (b+(-4*a*c+b~
2)~(1/2))/a/c)~(1/2))-1/2%bxc/ (4d*a*c-b"2)*2~(1/2) / ((-b+(-4*a*xc+b~2)~(1/2))/
a)~(1/2) % (4-2* (-b+(-4*a*c+b~2) " (1/2)) /axx"2) " (1/2) * (4+2* (b+ (-4*a*xc+b~2) ~(1/
2))/axx~2)~(1/2)/ (c*x"4+bxx~2+a) ~(1/2) / (b+(-4*axc+b~2) ~(1/2) ) * (E11lipticF(1/
2%x*27 (1/2) * ((-b+(-4*a*xc+b~2)~(1/2))/a) " (1/2) ,1/2* (-4+2*b* (b+ (-4*a*xc+b~2) ~(
1/2))/a/c)~(1/2))-EllipticE(1/2*x*2~(1/2) * ((-b+(-4*a*xc+b~2)~(1/2))/a)~(1/2)
, 1/2% (-4+2%bx (b+(-4*a*xc+b~2) ~(1/2))/a/c)~(1/2))))

Maxima [F]

/c)*c)
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time = 0.00, size = 0, normalized size = 0.00
Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((B*x~2+A)*(e*x~2+d)/(c*x~4+b*x"2+a)~(3/2),x, algorithm="maxima")
[Out] integrate((B*x"2 + A)*(x"2xe + d)/(c*x"4 + bxx"2 + a)~(3/2), x)

Fricas [F(-2)]
time = 0.00, size = 0, normalized size = 0.00

Exception raised: TypeError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((B*x~2+A)*(e*x~2+d)/(c*x~4+b*x~2+a)~(3/2),x, algorithm="fricas")
[Out] Exception raised: TypeError >> Symbolic function elliptic_ec takes exactly
1 arguments (2 given)

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

/ (A + Bz?) (d + ex?) i
(a + bx? + cx4)%

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((B*x**2+A)* (exx**2+d)/ (ckx**4+bxx**2+a)**(3/2) ,x)
[Out] Integral((A + Bxxx*2)*(d + e*x**2)/(a + b*x*x2 + ckx**4)**(3/2), x)
Giac [F]
time = 0.00, size = 0, normalized size = 0.00
could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((B*x~2+A)*(e*x~2+d)/(c*x~4+b*x~2+a)~(3/2),x, algorithm="giac")
[Out] integrate((B*x~2 + A)*(x"2xe + d)/(c*x™4 + b*x"2 + a)~(3/2), x)
Mupad [F]
time = 0.00, size = -1, normalized size = -0.00
/ (Bx?+ A) (ex? +d) i
(czt + ba? + a)*?

Verification of antiderivative is not currently implemented for this CAS.

[In] int(((A + Bxx"2)*(d + exx"2))/(a + b*x~2 + c*x74)~(3/2),x)
[Out] int(((A + B*xx~2)*(d + e*x"2))/(a + b*xx~2 + c*x~4)"(3/2), x)
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A+ Bz?
3.27 f (a+bx2+cz4)3/2 dz

Optimal. Leaf size=398

(Ab— 2aB)v/c (vVa + /¢
z(Ab? — abB — 2aAc + (Ab — 2aB)cx?) (Ab— 2aB)+/c' zVa + bz + cx*

a (b? — 4ac) Va + bx? + cx? a (b? — 4ac) (va + /c'z?)

[Out] x*(A*b~2-a*bxB-2*axA*c+(A*b-2*B*a)*c*x"2) /a/(-4*a*xc+b~2) /(cxx"4+b*x~2+a) ~ (1
/2) - (Axb-2%Bx*a) *x*xc” (1/2) * (c*xx~4+b*x~2+a) ~(1/2) /a/ (-4*xa*c+b~2) /(a~ (1/2)+x"2
*c”(1/2))+(Axb-2*B*xa)*c~(1/4)*(cos(2*arctan(c”(1/4)*x/a~(1/4)))"2)~(1/2) /co
s(2*arctan(c”™(1/4)*x/a”~(1/4)))*EllipticE(sin(2*arctan(c~(1/4)*x/a~(1/4))),1
/2% (2-b/a~(1/2)/c~(1/2))~(1/2) ) *(a~(1/2) +x~2xc~ (1/2) ) * ((c*x~4+b*x"2+a) / (a~(
1/2)+x72xc”(1/2))72)"(1/2) /a~(3/4) / (m4*a*c+b~2) / (c*x"4+b*xx"2+a) " (1/2) +1/2*(
cos(2*xarctan(c~(1/4)*x/a~(1/4)))"2)~(1/2) /cos(2*arctan(c”(1/4)*x/a"~(1/4)))*
EllipticF(sin(2*arctan(c~(1/4)*x/a~(1/4))),1/2x(2-b/a~(1/2)/c~(1/2))~(1/2))
*(Bxa~ (1/2)-Axc”~(1/2))*(a~(1/2)+x"2*%c~(1/2) ) * ((c*x~4+b*x"2+a) /(a~ (1/2) +x~2x%
c~(1/2))°2)"(1/2)/a~(3/4)/c~(1/4) / (b-2*a~ (1/2)*c~(1/2)) / (c*xx~4+b*x~2+a) ~(1/
2)

Rubi [A]

time = 0.14, antiderivative size = 398, normalized size of antiderivative = 1.00, number of

number of rules _
integrand size 0.167,

steps used = 4, number of rules used = 4, integrand size = 24,
Rules used = {1192, 1211, 1117, 1209}

VT (VT 4 VEe) (b 2aB), |- SFEHE o etan (Y22 ) 1 (22 @+ VEa?) (VaB— AVE) | o tan (Y22 ) 12 (2 2
T+ e )V (V@ +vez?)* ( u(ﬁ)“( «/17\/«7)) N (V&4 VE) (v V) \ (va + vea2)’ ( " (W)"‘( ﬁﬁ)) _ Vea(Ab—2B)Vat bt ert | (es®(Ab— 2B) - 2ade — abB + AV)
@/ (1 — dac) Va + b + or* 20C (b—2v/a Ve ) Va+ bz + o a(¥? —4a0) (Va + Ve o) (5 — 4ac) Va + b+t

Antiderivative was successfully verified.
[In] Int[(A + Bxx"2)/(a + b*x"2 + c*x"4)~(3/2),x]

[Out] (x*(A*b~2 - a*b*B - 2%a*xA*c + (Axb - 2xaxB)*c*x72))/(ax(b”2 - 4*axc)*Sqrt[a
+ b*xx"2 + c*x"4]) - ((Axb - 2%a*B)*Sqrt[c]*x*Sqrt[a + b*xx~2 + c*x~4])/(ax(

b~2 - 4*axc)*(Sqrtla] + Sqrtlc]*x"2)) + ((A*b - 2*axB)*c~(1/4)*(Sqrt[a] + S
qrt[c]*x~2)*Sqrt[(a + b*x~2 + c*x~4)/(Sqrt[a] + Sqrtlcl*x~2)~2]*EllipticE[2
*ArcTan[(c™(1/4)*x)/a~(1/4)], (2 - b/(Sqrt[al*Sqrtlc]))/41)/(a~(3/4)*(b~2 -
4xaxc)*Sqrt[a + b*x"2 + cxx"4]) + ((Sqrt[al*B - A*Sqrt[c])*(Sqrt[a] + Sqrt
[c]*x~2)*Sqrt[(a + b*x"2 + c*x~4)/(Sqrt[a] + Sqrt[c]*x~2)~2]*EllipticF[2*Ar
cTan[(c~(1/4)*x)/a~(1/4)], (2 - b/(Sqrt[al*Sqrtlc]l))/4])/(2*%a~(3/4)*(b - 2%
Sqrt[a]*Sqrt[c])*c~(1/4)*Sqrt[a + b*x"2 + c*xx"4])

Rule 1117

Int[1/Sqrt[(a_) + (b_.)*(x_)"2 + (c_.)*(x_)"4], x_Symbol] :> With[{q = Rtlc
/a, 41}, Simp[(1 + q 2*x~2)*(Sqrt[(a + b*x~2 + c*x~4)/(ax(1 + q~2*x~2)"2)]1/
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(2xg*Sqrt[a + b*x~2 + c*x~4]))*EllipticF[2*ArcTan[q*x], 1/2 - b*x(q~2/(4*c))
1, x11 /; FreeQ[{a, b, c}, x] && NeQ[b~2 - 4xaxc, 0] && PosQ[c/a]

Rule 1192

Int[((d) + (e_.)*(x_)"2)*((a ) + (b_.)*(x_)"2 + (c_.)*(x_)"4)"(p_), x_Symb
ol] :> Simp[x*(axb*e - d*(b~2 - 2xa*xc) - cx(b*d - 2*axe)*x~2)*((a + bxx"2 +
c*x"4)"(p + 1)/(2%a*x(p + 1)*(b~2 - 4xaxc))), x] + Dist[1/(2xax(p + 1)*(b~2
- 4xaxc)), Int[Simp[(2*p + 3)*d*b~2 - axbke - 2%axc*dx(4*p + 5) + (4*xp + 7
)*¥(d*b - 2¥axe)*c*x"2, x]*(a + b*x"2 + cxx4)"(p + 1), x], x] /; FreeQ[{a,

b, c, d, e}, x] && NeQ[b~"2 - 4*xaxc, 0] && NeQ[c*d"2 - bxd*xe + axe”2, 0] &&

LtQlp, -1] && IntegerQ[2*p]

Rule 1209

Int[((d)) + (e_.)*(x_)"2)/Sqrtl(a_) + (b_.)*(x_)"2 + (c_.)*(x_)"4], x_Symbo
1] :> With[{q = Rtlc/a, 41}, Simp[(-d)*x*(Sqrt[a + b*x"2 + c*x~4]/(a*x(1 + q
~2xx72))), x] + Simp[d*(1 + q~2*x"2)*(Sqrt[(a + b*x~2 + c*xx~4)/(ax(1 + q 2%
x72)72)]/(g*Sqrt[a + b*x"2 + c*x"4]))*EllipticE[2*ArcTan[qg*x], 1/2 - b*(q~2
/(4xc))], x] /; EqQle + d*q~2, 0]] /; FreeQ[{a, b, c, d, e}, x] && NeQ[b~2
- 4xaxc, 0] && PosQ[c/al

Rule 1211

Int [((d_) + (e_.)*(x_)"2)/Sqrtl(a_) + (b_.)*(x_)"2 + (c_.)*(x_)"4], x_Symbo
1] :> With[{q = Rt[c/a, 2]}, Dist[(e + d*q)/q, Int[1/Sqrt[a + b*x"2 + c*xx~4
1, x], x] - Dist[e/q, Int[(1 - g*x~2)/Sqrt[a + b*x"2 + c*x74], x], x] /; Ne
Qe + d*q, 011 /; FreeQ[{a, b, c, d, e}, x] && NeQ[b~2 - 4xa*c, 0] && PosQ[
c/al

Rubi steps
f —a(bB—2Ac)+(Ab—2aB)cx? dr
/ A+ Bz? - z(Ab* — abB — 2aAc + (Ab — 2aB)cz?®) Va + bz + ezt
(a + bz? + czt)®/? a (b2 — 4ac) Va + bx? + cxt a (b* — 4ac)
1- Ve
Va
_ z(Ab? — abB — 2aAc + (Ab — 2aB)cz?) ((4b—2aB)ve) | Va + bz + ezt

a (b — dac) Va + bz? + cxt Va' (b? — 4ac)

_ z(Ab® — abB — 2aAc+ (Ab—2aB)cz®)  (Ab— 2aB)vc zva +bz? + cat
a (b® — 4ac) Va + bx? + cx* a (b —4ac) (Va' + /¢ z?)
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Mathematica [C] Result contains complex when optimal does not.
time = 10.90, size = 497, normalized size = 1.25

4 [ w(aB(b+ 2e?) — (¥ ~ 2ac + bex?)) +i(Ab — 20B) (b + VF — &
Vv e ) - Al +ber)) + ) (-b+

Antiderivative was successfully verified.

[In] Integrate[(A + B*x"2)/(a + b*x"2 + c*x74)~(3/2),x]

[Out] -1/4%(4xSqrtlc/(b + Sqrt[b~2 - 4xaxc])]*x*(a*xB*x(b + 2*c*x~2) - Ax(b"2 - 2%a

*xC + b*c*x~2)) + I*(A*b - 2*xaxB)*(-b + Sqrt[b~2 - 4xaxc])*Sqrt[(b + Sqrt[b~
2 - 4xaxc] + 2*c*x”"2)/(b + Sqrt[b~2 - 4*a*xc])]*Sqrt[(2*b - 2*Sqrt[b~2 - 4x*a
xc] + 4xc*x"2)/(b - Sqrt[b~2 - 4xaxc])]*EllipticE[I*ArcSinh[Sqrt[2]*Sqrt[c/
(b + Sqrt[b~2 - 4xaxc])]l*x], (b + Sqrt[b~™2 - 4*a*c])/(b - Sqrt[b~2 - 4xaxc]
)] - Ix(-2*a*B*Sqrt[b~2 - 4xaxc] + A*(-b"2 + 4*a*xc + b*Sqrt[b~2 - 4*axc]))*
Sqrt[(b + Sqrt[b™2 - 4xa*c] + 2*c*x~2)/(b + Sqrt[b~2 - 4*a*xc])]*Sqrt[(2*b -
2x3qrt [b~2 - 4*a*xc] + 4*cxx~2)/(b - Sqrt[b~2 - 4*a*xc])]*EllipticF[I*ArcSin
h[Sqrt[2]*Sqrt[c/(b + Sqrt[b~2 - 4*axc])]*x], (b + Sqrt[b~2 - 4xaxc])/(b -

Sqrt[b™2 - 4xa*c])])/(ax (b2 - 4xaxc)*Sqrtlc/(b + Sqrt[b~2 - 4*axc])]*Sqrt[
a + bxx"2 + cxx"4])

Maple [B] Leaf count of result is larger than twice the leaf count of optimal. 930 vs.

2(392) = 784.
time = 0.04, size = 931, normalized size = 2.34

method | result
—rv/—dac £+ B2 o2 .
(A_zacA—Ab2+abB>ﬁ\/4_2( ot ac+ ) ’ \/4_+_£
) <(Ab_2aB)z3 _ (2aca-2 b2+abB):c> * (4ac—42)a .
elliptic 2a(4ac—b2) 22ac(4ac—b2‘) +
V@2 e Y=
2(—b+\/ —4ac + b2 >z2 | 2(b+\/ —4ac + b2 ):172 |
82 — - 4+ - El
2c<_4afib2 _2(4 bsz)
default | B| — il A
\/ (et 4+t +8)c 4(4ac—1?) \/ =bey/—dac+

Verification of antiderivative is not currently implemented for this CAS.

[In] int((B*x~2+A)/(c*xx~4+b*x~2+a)~(3/2) ,x,method=_RETURNVERBOSE)

[Out] Bx(-2xcx(-1/(4*a*c-b"2)*x"3-1/2*b/ (4d*xaxc-b~2)/c*x)/((x"4+b/c*x"2+a/c)*c) (1

/2)-1/4%b/ (4*a*xc-b~2) %27 (1/2) / ((-b+(-4*a*xc+b~2) " (1/2)) /a) = (1/2) * (4-2x (-b+ (-
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4xa*xc+b~2) " (1/2))/axx"2) " (1/2) * (4+2* (b+ (-4*a*xc+b~2) ~(1/2)) /a*x"2)~(1/2) / (c*
X"4+b*x"2+a) " (1/2)*E11lipticF (1/2*x*2~ (1/2) * ((-b+(-4*a*xc+b~2)~(1/2))/a)~(1/2
), 1/2% (-4+2%b* (b+(-4*xa*xc+b™2) ~(1/2))/a/c)~(1/2))+c/ (dxaxc-b~2) *xax2~(1/2) / ((
-b+(=4d*axc+b~2)~(1/2))/a) " (1/2) *(4-2*% (-b+(-4*xaxc+b~2)~(1/2)) /a*x~2) ~(1/2) *(
4+2x (b+ (-4*axc+b™2) " (1/2)) /a*xx~2) ~(1/2) / (c*x~4+b*xx"2+a) ~ (1/2) / (b+(-4*a*xc+b~
2)~(1/2))*(E1lipticF (1/2*x*2~ (1/2) * ((-b+(-4*a*xc+b~2)~(1/2)) /a)~(1/2) ,1/2x(-
4+2xb* (b+(-4*a*xc+b~2)~(1/2))/a/c)~(1/2))-E1llipticE(1/2*x*2~ (1/2) * ((-b+(-4*a
*Cc+b~2) " (1/2))/a)~(1/2) ,1/2% (—4+2*b* (b+(-4*a*xc+b~2)~(1/2))/a/c)~(1/2))) ) +Ax*
(-2xc*(1/2/a*b/ (d*xa*xc-b~2) *x~3-1/2* (2*xa*c-b~2) /a/ (d*a*c-b~2) /c*x) / ((x~4+b/c
*x"2+a/c)*c) " (1/2)+1/4x(1/a-(2*xaxc-b~2) /a/ (4d*a*xc-b~2))*2~(1/2) / ((-b+(-4*axc
+b72)7(1/2))/a) " (1/2) *(4-2% (-b+(-4*a*c+b~2) ~(1/2)) /a*x~2) " (1/2) * (4+2x (b+ (-4
*xaxc+b”2) " (1/2)) /a*x"2) " (1/2) / (cxx~4+b*x"2+a) " (1/2) *E1lipticF (1/2*x*2~ (1/2)
* ((-b+(-4*xaxc+b~2)~(1/2))/a)~(1/2) ,1/2%(-4+2*xb* (b+(-4*axc+b~2)~(1/2))/a/c)”
(1/2))-1/2%b*c/ (d*xaxc-b"2)*2~(1/2) / ((-b+(-4*a*c+b~2)~(1/2)) /a) ~(1/2) *(4-2%(
-b+(-4*xaxc+b™2)~(1/2)) /a*x"2) " (1/2) * (4+2*x (b+(-4*axc+b~2) ~(1/2)) /a*xx~2)~(1/2
)/ (c*x™4+b*x"2+a) ~(1/2) / (b+(-4*a*c+b™2) " (1/2) ) * (E1lipticF (1/2*x*2~ (1/2) * ((-
b+ (-4*xaxc+b~2)~(1/2))/a) " (1/2) ,1/2x (-4+2xb* (b+ (-4*a*xc+b~2) ~(1/2))/a/c)~(1/2
))-EllipticE(1/2*x*2~ (1/2)*((-b+(-4*a*xc+b~2)~(1/2))/a)~(1/2) ,1/2*%(-4+2xb* (b
+(-4*xa*xc+b~2)~(1/2))/a/c)~(1/2))))

Maxima [F]
time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((B*x~2+A)/(c*x~4+b*x~2+a)~(3/2),x, algorithm="maxima")
[Out] integrate((B*x~2 + A)/(c*x~4 + b*x~2 + a)~(3/2), x)
Fricas [F(-2)]

time = 0.00, size = 0, normalized size = 0.00

Exception raised: TypeError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((B*x~2+A)/(c*x"4+b*x~2+a)~(3/2),x, algorithm="fricas")

[Out] Exception raised: TypeError >> Symbolic function elliptic_ec takes exactly
1 arguments (2 given)

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

/ A+ Bx?
s dz
(a + bx? + cx*)2
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((B*x**2+A)/(cxx**4+bxx**2+a)**(3/2) ,x)
[Out] Integral((A + Bxxx*2)/(a + b*x**2 + cxxx*4)*x(3/2), x)

Giac [F|
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((B*x~2+A)/(c*x~4+b*x~2+a)”~(3/2),x, algorithm="giac")
[Out] integrate((B*x~2 + A)/(c*x"4 + b*x~2 + a)~(3/2), x)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.00

/ Bz’ + A i
(czt + bz? + a)*?

Verification of antiderivative is not currently implemented for this CAS.

[In] int((A + B*x"2)/(a + b*x"2 + c*x~4)~(3/2) ,x)
[Out] int((A + Bxx"2)/(a + b*x"2 + c*x74)~(3/2), x)
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A+Baz?
.28/ (et (attut rert) 2 O

Optimal. Leaf size=867

_ x(abe(Bd — Ae) — (b* — 2ac) (Acd — Abe + aBe) + c(aB(2cd — be) — A(bed — b%e + 2ace)) 2°) N Vv (aB(
a (b2 — 4ac) (cd? — bde + ae?) Va + bx? + cx* a

[Out] -1/2*e”(3/2)*(-A*e+B*d) *arctan(x*(a*xe~2-b*xd*e+c*d~2)~(1/2)/d~(1/2)/e~(1/2)/
(c*x~4+b*x~2+a) ~(1/2) )/ (axe”2-b*d*e+c*xd~2) ~(3/2) /A~ (1/2) -x* (axb*c* (—A*e+B*d
)—(—2*a*c+b”2) * (~A*b*e+Axckxd+B*axe) +c* (a*B* (—bxe+2*xc*d) —Ax (2*xa*c*e-b~2xe+b*
cxd) ) *x"2) /a/ (-4*xa*xc+b~2) / (axe”2-b*d*e+c*xd”2) / (c*x~4+b*x"2+a) ~(1/2) +(a*B* (-
bxe+2*c*d) —A*x (2*a*ckxe-b~2ke+b*c*d) ) *x*kc™ (1/2) * (cxx~4+b*x~2+a) ~(1/2) /a/ (-4*a
*c+b~2) / (a*e”2-bxd*xe+cxd~2) /(a~ (1/2)+x"2*%c~ (1/2) ) -c~(1/4) * (a*B* (~b*e+2%c*d)
-Ax (2xaxcxe-b~2xe+b*xc*d) ) * (cos (2*arctan(c™(1/4)*x/a~(1/4)))"2)~(1/2) /cos (2%
arctan(c~(1/4)*x/a~(1/4)))*EllipticE(sin(2*arctan(c~(1/4)*x/a~(1/4))) ,1/2%(
2-b/a~(1/2)/c”(1/2))~(1/2))*(a~ (1/2)+x~2*c~ (1/2) ) * ((c*x~4+b*xx"2+a) /(a~(1/2)
+x72%c~(1/2))"2)"(1/2)/a~(3/4) / (-4*a*c+b~2) / (a*e”2-b*d*e+c*d"2) / (cxx~4+b*x~
2+a)~(1/2)+1/4%a" (3/4) xex (-Axe+B*d) *(cos(2*xarctan(c”(1/4)*x/a~(1/4)))"2)~ (1
/2)/cos(2*arctan(c~(1/4)*x/a~(1/4)))*EllipticPi(sin(2*arctan(c”(1/4)*x/a"~ (1
/4))) ,-1/4x(-exa~(1/2)+d*c~(1/2))~2/d/e/a~(1/2)/c~(1/2) ,1/2%(2-b/a~(1/2)/c”
(1/2))"(1/2))*x(a~(1/2)+x~2*c~ (1/2) ) *(e+d*c~(1/2) /a~ (1/2) ) "2x ((c*x"4+b*x"2+a
)/ (@~ (1/2)+x"2xc~(1/2))"2)~(1/2) /c~(1/4) /d/ (—axe”2+c*d~2) / (a*xe”2-b*d*e+c*xd”
2)/ (c*x"4+b*xx"2+a) " (1/2)+1/2xc~ (1/4) *(cos(2*xarctan(c”(1/4)*x/a~(1/4)))"2)~(
1/2)/cos(2*arctan(c”~(1/4)*x/a~(1/4)))*EllipticF(sin(2*arctan(c~(1/4)*x/a~ (1
/4))) ,1/2%(2-b/a~(1/2)/c~(1/2))~(1/2) )* (B*a~ (1/2)-A*c~(1/2) ) *(a~ (1/2) +x~2*c
~(1/2) ) *((c*x~4+b*x"2+a) /(2= (1/2)+x72%c~(1/2))~2)~(1/2) /a~(3/4) / (mexa~(1/2)
+d*c~(1/2))/(b-2*%a~(1/2) *c~(1/2) )/ (c*x~4+bxx"2+a) ~(1/2)

Rubi [A]
time = 0.97, antiderivative size = 1045, normalized size of antiderivative = 1.21, number

number of rules _
3, integrand size 0.212,

of steps used = 9, number of rules used = 7, integrand size = 3
Rules used = {1734, 1192, 1211, 1117, 1209, 1230, 1720}

Antiderivative was successfully verified.

[In] Int[(A + B*xx"2)/((d + exx"2)*(a + b*x~2 + c*x74)~(3/2)) ,x]

[Out] -((x*(a*xb*xcx(Bxd - Axe) — (b~2 - 2xaxc)*(A*cxd — Axbkxe + a*Bxe) + cx(a*xB*x(2
xcxd — bxe) - Ax(bkxckd - b~ 2%e + 2%axcxe))*x"2))/(ax(b”2 - 4xaxc)*(c*d™2 -

bxd*e + axe~2)*Sqrt[a + b*x"2 + c*x"4])) + (Sqrt[cl*(a*Bx(2*cxd - bxe) - Ax
(bxc*d - b~2xe + 2*axcxe))*x*Sqrt[a + bxx"2 + c*x"4])/(ax(b"2 - 4*a*c)*(cxd
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~2 - b*d*e + axe”2)*(Sqrt[a] + Sqrtl[cl*x~2)) - (e~ (3/2)*(B*d - Axe)*ArcTan[
(Sqrt[cxd~2 - bxdxe + a*e~2]#*x)/(Sqrt[d]*Sqrt[el*Sqrt[a + b*x~2 + c*x"4])])
/(2%Sqrt [d]*(cxd™2 - bkd*e + a*e”2)7(3/2)) - (c”(1/4)*(a*Bx(2*%cxd - bxe) -

Ax(bxcxd - b~2%e + 2xaxc*e))*(Sqrt[a] + Sqrtlc]*x~2)*Sqrt[(a + b*x"2 + c*x~
4)/(Sqrt[a]l + Sqrtl[cl*x~2)~2]*EllipticE[2*ArcTan[(c~(1/4)*x)/a~(1/4)], (2 -
b/ (Sqrt[al*Sqrt[c]))/4]1)/(a~(3/4)*(b"2 - 4*a*xc)*(c*xd™2 - bxdxe + a*xe”~2)*Sq
rtla + b*x™2 + cxx74]) - (c7(1/4)*ex(B*d - Axe)*(Sqrtl[a] + Sqrtlcl*x"2)*Sqr
t[(a + b*x™2 + c*x74)/(Sqrt[al + Sqrtlcl*x~2)"2]*EllipticF[2*ArcTan[(c~(1/4
)*x)/a~(1/4)], (2 - b/(Sqrtlal*Sqrtlc]))/4])/(2*a~(1/4)*(Sqrtlcl*d - Sqrt([a
I1*xe)*x(c*d™2 - b*d*e + a*xe”2)*Sqrt[a + b*x"2 + c*x74]) - (c~(1/4)*(axBxe - S
qrt [a] *Sqrt [c]1*(Bxd - Axe) + Ax(cxd - b*e))*(Sqrt[al + Sqrtlcl*x~2)*Sqrt[(a
+ bxx"2 + c*x"4)/(Sqrtla] + Sqrtlcl*x~2)~2]*EllipticF[2*ArcTan[(c~(1/4)*x)
/a”(1/4)]1, (2 - b/(Sqrtlal*Sqrtlcl))/41)/(2*a”~(3/4)*(b - 2+Sqrt[a]*Sqrt[c])
*(c*d™2 - b*d*e + axe”2)*Sqrt[a + b*x"2 + c*x74]) + (a~(3/4)*ex((Sqrt[cl*d)
/Sqrt[a]l + e)~2x(Bxd - Axe)*(Sqrt[a] + Sqrtlcl*x~2)*Sqrt[(a + b*x"2 + c*x~4
)/ (Sqrt[al] + Sqrtlcl*x"2)~2]*EllipticPi[-1/4*(Sqrt[c]*d - Sqrt[al*e)~2/(Sqr
t[a]*Sqrt [c]*d*e), 2*%ArcTan[(c™(1/4)*x)/a~(1/4)], (2 - b/(Sqrtlal*Sqrtlc]l))
/41)/ (4%c™(1/4)*d*(cxd"2 - a*e”2)*(c*d"2 - bxd*e + axe~2)*Sqrt[a + b*x"2 +

c*x”4])

Rule 1117

Int[1/Sqrtl(a_) + (b_.)*(x_)"2 + (c_.)*(x_)"4], x_Symbol] :> With[{q = Rtlc
/a, 41}, Simp[(1 + g~ 2*x"2)*(Sqrt[(a + b*x"2 + c*xx"4)/(ax(1 + q~2*x~2)"2)]1/
(2xg*Sqrt[a + b*x~2 + c*x~4]))*EllipticF[2*ArcTan[q*x], 1/2 - b*(q~2/(4*c))
1, x1] /; FreeQ[{a, b, c}, x] && NeQ[b~2 - 4xaxc, 0] && PosQ[c/al

Rule 1192

Int[((d) + (e_.)*(x_)"2)*((a_) + (b_.)*(x_)"2 + (c_.)*(x_)"4)~(p_), x_Symb
0ol] :> Simp[x*(a*b*e - d*x(b~2 - 2%a*xc) - c*(b*d - 2*axe)*x”2)*((a + b*x~2 +
c*xx~4)"(p + 1)/ (2*%a*x(p + 1)*(b"2 - 4xaxc))), x] + Dist[1/(2xax(p + 1)*(b~2
- 4%axc)), Int[Simp[(2*p + 3)*d*b~2 - axbke - 2xaxckd*(4*p + 5) + (4*p + 7
)*(dxb - 2%kaxe)*c*kx~2, x]*(a + b*x"2 + c*x~4)~(p + 1), x], x] /; FreeQ[{a,
b, c, d, e}, x] && NeQ[b~"2 - 4*xaxc, 0] && NeQ[c*d"2 - b*d*e + axe”2, 0] &&
LtQlp, -1] && IntegerQ[2*p]

Rule 1209

Int[((d)) + (e_.)*(x_)"2)/Sqrtl(a_) + (b_.)*(x_)"2 + (c_.)*(x_)"4], x_Symbo
1] :> With[{q = Rtlc/a, 41}, Simp[(-d)*x*(Sqrt[a + b*x"2 + c*x~4]/(a*x(1 + q
“2xx72))), x] + Simp[d*(1 + q~2*x"2)*(Sqrt[(a + b*x"2 + c*x"4)/(a*x(1 + q~2%
x72)72)]1/(g*Sqrt[a + b*x~2 + c*x74]))*EllipticE[2*ArcTan[qg*x], 1/2 - b*(q~2
/(4xc))], x] /; EqQle + d*q~2, 0]] /; FreeQ[{a, b, c, d, e}, x] && NeQ[b~2

- 4xaxc, 0] && PosQ[c/al
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Rule 1211

Int[((d)) + (e_.)*(x_)"2)/Sqrtl(a_) + (b_.)*(x_)"2 + (c_.)*(x_)"4], x_Symbo
1] :> With[{q = Rtl[c/a, 2]}, Dist[(e + d*q)/q, Int[1/Sqrt[a + b*x"2 + cxx~4
1, x1, x] - Distle/q, Int[(1 - g*x~2)/Sqrtl[a + b*x"2 + c*x~4], x], x] /; Ne
Qle + dxq, 0]] /; FreeQ[{a, b, c, 4, e}, x] && NeQ[b~2 - 4xa*c, 0] && PosQ[
c/al

Rule 1230

Int[1/(((d) + (e_.)*(x_)"2)*Sqrtl(a_) + (b_.)*(x_)"2 + (c_.)*(x_)"4]1), x_S
ymbol] :> With[{q = Rtlc/a, 2]}, Dist[(cxd + axexq)/(cxd"2 - axe”2), Int[1/
Sqrt[a + b*x"2 + cxx~4], x], x] - Dist[(a*ex(e + d*xq))/(cxd"2 - a*e”2), Int
[(1 + g*x~2)/((d + exx™2)*Sqrt[a + b*x™2 + c*x~4]), x], x]] /; FreeQ[{a, b,
c, d, e}, x] && NeQ[b~2 - 4xaxc, 0] && NeQ[c*d"2 - bxd*xe + axe”2, 0] && Ne
Qlcxd~2 - axe™2, 0] && PosQ[c/al

Rule 1720

Int[((A)) + (B_.)*(x_)"2)/(((d_) + (e_.)*(x_)"2)*Sqrtl(a_) + (b_.)*(x_)"2 +
(c_.)*(x_)"4]1), x_Symbol] :> With[{q = Rt[B/A, 2]}, Simp[(-(B*d - Axe))*(A
rcTan[Rt[-b + cx(d/e) + ax(e/d), 2]*(x/Sqrtla + b*x"2 + c*xx~4])]/(2xd*e*Rt [
-b + cx(d/e) + ax(e/d), 2]1)), x] + Simp[(Bxd + A*e)*(A + B*x~2)*(Sqrt[A~2x*(
(a + bxx™2 + c*x”4)/(ax(A + Bxx~2)72))]/(4*d*e*xA*q*Sqrt[a + b*x"2 + c*x"4])
)*EllipticPi[Cancel [-(B*d - Axe)~2/(4*d*exAxB)], 2%ArcTan[q*x], 1/2 - b*(A/
(4*%a*B))]1, x]1]1 /; FreeQ[{a, b, c, d, e, A, B}, x] && NeQ[b~2 - 4xaxc, 0] &&
NeQ[c*d"2 - bxdxe + a*e~2, 0] &% NeQ[cxd~2 - a*e”2, 0] && PosQ[c/al] && EqQ
[cxA™2 - axB~2, 0]

Rule 1734

Int[(Px_)*((d_) + (e_.)*(x_)"2)"(q_.)*((a_) + (b_.)*(x_)"2 + (c_.)*x(x_)"4)"
(p_), x_Symbol] :> Int[ExpandIntegrand[1/Sqrt[a + b*x"2 + c*x"4], Pxx(d + e
*x"2)"gx(a + bxx"2 + c*x~4)"(p + 1/2), x], x] /; FreeQ[{a, b, c, 4, e}, x]
&& PolyQ[Px, x~2] &% NeQ[b~2 - 4*a*c, 0] && NeQ[c*d™2 - bxd*e + axe”2, 0] &
& IntegerQ[p + 1/2] && IntegerQl[ql

Rubi steps
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A+ Bzr? _ / Acd — Abe + aBe + ¢(Bd — Ae)z? N e(—Bd + .

(d+ ex?) (a + ba? + czt)/? (cd? — bde + ae?) (a + bz + cz)*?  (cd? — bde + ae?) (d + ex
Acd— Abe+aBe+c(Bd—Ae)x? Bd — A 1

_ f (a+bz2+a7:4)3/2 dz _ (e( e)) f (d+ez2)\/a + bx? + cxt
cd? — bde + ae? cd? — bde + ae?

_ z(abe(Bd — Ae) — (b* — 2ac) (Acd — Abe + aBe) + c(aB(2cd — be)
a (b? — 4ac) (cd? — bde + ae?) Va + bx? +

_ x(abe(Bd — Ae) — (b* — 2ac) (Acd — Abe + aBe) + c(aB(2cd — be)
a (b? — 4ac) (cd? — bde + ae?) Va + bx? +

z(abe(Bd — Ae) — (b? — 2ac) (Acd — Abe + aBe) + c(aB(2cd — be)
a (b2 — 4ac) (cd? — bde + ae?) Va + bz? + c

Mathematica [C] Result contains complex when optimal does not.
time = 13.29, size = 1736, normalized size = 2.00

Antiderivative was successfully verified.

[In] Integrate[(A + B*x~2)/((d + e*x~2)*(a + b*x~2 + c*x~4)~(3/2)),x]

[Out] (-4*Axb~2xc*xSqrt[c/(b + Sqrt[b~2 - 4xaxc])]*d"2*x + 4*a*xb*B*c*Sqrtlc/(b + S
qrt[b~2 - 4*axc])]*d"2*x + 8*xaxAxc~2*Sqrt[c/(b + Sqrt[b~2 - 4*a*xc])]*d~2*x
+ 4xA*xb~3*Sqrt[c/(b + Sqrt[b~2 - 4*axc])]*d*exx — 4*xaxb~2xB*Sqrt[c/(b + Sqr
t[b~2 - 4*axc])]*dxexx - 12+a*AxbxcxSqrt[c/(b + Sqrt[b~2 - 4xaxc])]*d*e*x +
8xa~2*Bkxc*xSqrt[c/(b + Sqrt[b~2 - 4*axc])]*d*exx - 4*xAxbxc~2xSqrt[c/(b + Sq
rt[b™2 - 4xaxc])]*d"2*x~3 + 8*xa*Bkxc~2xSqrt[c/(b + Sqrt[b~2 - 4*xa*xc])]*d~2*x
~3 + 4xA*b~2xcxSqrtlc/(b + Sqrt[b~2 - 4xaxc])]*d*e*x”~3 - 4xa*xb*BxcxSqrt[c/(
b + Sqrt[b~2 - 4xaxc])]*d*e*xx~3 - 8*axAxc~2xSqrt[c/(b + Sqrt[b~2 - 4xaxc])]
xdxe*x”~3 - Ix(-b + Sqrt[b~2 - 4*a*c])*dx(axBx(2xcxd - b*xe) + Ax(-(bkxcxd) +
b~2xe - 2xaxcxe))*Sqrt[(b + Sqrt[b~2 - 4xaxc] + 2*c*x"2)/(b + Sqrt[b~2 - 4x*
a*c])]1*Sqrt [(2*b - 2xSqrt[b~2 - 4xaxc] + 4*xc*x~2)/(b - Sqrt[b~2 - 4*a*xc])]*
EllipticE[I*ArcSinh[Sqrt[2]*Sqrt[c/(b + Sqrt[b~2 - 4*axc])]*x], (b + Sqrt[b
~2 - 4xaxc])/(b - Sqrt[b~2 - 4*axc])] + Ixd*(axB*(bx(b - Sqrt[b~2 - 4x*axc])
xe + 2%ck(Sqrt[b~2 - 4xaxc]xd - 2*axe)) + A*(-(b~3%e) + bxcx(-(Sqrt[b~2 - 4
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xaxc]*d) + 4xaxe) + b"2*x(c*d + Sqrt[b~2 - 4*akxc]l*e) - 2*axcx(2xcxd + Sqrt[b
~2 - 4xaxcl*e)))*Sqrt[(b + Sqrt[b~2 - 4xaxc] + 2*c*x"2)/(b + Sqrt[b™2 - 4xa
*xc])]1*Sqrt [(2*%b - 2%Sqrt[b~2 - 4*axc] + 4xcxx~2)/(b - Sqrt[b~2 - 4*a*c])]*E
1lipticF[I*ArcSinh[Sqrt[2]*Sqrt[c/(b + Sqrt[b™2 - 4xaxc])]*x], (b + Sqrt[b~
2 - 4xaxc])/(b - Sqrt[b~2 - 4*a*xc])] - (2*I)*a*b~2xBxd*e*Sqrt[(b + Sqrt[b~2
- 4xaxc] + 2xc*x72)/(b + Sqrt[b~2 - 4xaxc])]*Sqrt[(2xb - 2*Sqrt[b~2 - 4xax
c] + 4*xc*x"2)/(b - Sqrt[b”2 - 4xa*c])]*EllipticPi[((b + Sqrt[b~2 - 4xa*c])x*
e)/(2*xc*d), I*ArcSinh[Sqrt[2]*Sqrtlc/(b + Sqrt[b~2 - 4*axc])]*x], (b + Sqrt
[b°2 - 4xaxc])/(b - Sqrt[b~2 - 4*axc])] + (8%I)*a~2*Bxcxd*e*Sqrt[(b + Sqrt[
b~2 - 4xaxc] + 2xc*x72)/(b + Sqrt[b~2 - 4xaxc])]*Sqrt[(2*b - 2*Sqrt[b”"2 - 4
xaxc] + 4xc*x”2)/(b - Sqrt[b~2 - 4xaxc])]*EllipticPi[((b + Sqrt[b~2 - 4xaxc
1)*e) /(2xcxd), I*ArcSinh[Sqrt[2]*Sqrtlc/(b + Sqrt[b~2 - 4xaxc])]x*x], (b + S
qrt[b~2 - 4*axc])/(b - Sqrt[b~2 - 4xaxc])] + (2xI)*axA*xb~2*e"2xSqrt[(b + Sq
rt[b™2 - 4xa*xc] + 2%c*xx~2)/(b + Sqrt[b~2 - 4*axc])]*Sqrt[(2*%b - 2xSqrt[b~2
- 4xaxc] + 4xcxx"2)/(b - Sqrt[b~2 - 4*axc])]*EllipticPi[((b + Sqrt[b~2 - 4%
axc])*e)/(2*c*d), I*ArcSinh[Sqrt[2]*Sqrtlc/(b + Sqrt[b~2 - 4*a*xc])]*x], (b
+ Sqrt[b~2 - 4*axc])/(b - Sqrt[b~2 - 4xaxc])] - (8xI)*a~2xA*xc*e~2xSqrt[(b +
Sqrt[b™2 - 4xa*xc] + 2*c*x"2)/(b + Sqrt[b”2 - 4xa*c])]*Sqrt[(2xb - 2*Sqrt[b
"2 - 4xaxc] + 4xc*x"2)/(b - Sqrt[b~2 - 4*axc])]*EllipticPi[((b + Sqrt[b~2 -
4xaxc])*e)/(2xc*d), I*ArcSinh[Sqrt[2]*Sqrtlc/(b + Sqrt[b~2 - 4xaxc])]*x],
(b + Sqrt[b~2 - 4*a*xc])/(b - Sqrt[b~2 - 4xaxc])])/(4*ax(-b~2 + 4xaxc)*Sqrt[
c/(b + Sqrt[b~2 - 4xa*c])]*d*(c*d™2 + ex(-(bxd) + axe))*Sqrt[a + b*xx"2 + cx*
x~4])

Maple [B] Leaf count of result is larger than twice the leaf count of optimal. 3240 vs.
2(832) = 1664.
time = 0.14, size = 3241, normalized size = 3.74

method | result size
default | Expression too large to display | 3241

elliptic | Expression too large to display | 4597

Verification of antiderivative is not currently implemented for this CAS.

[In] int((B*x~2+A)/(exx~2+d)/(cxx~4+b*x~2+a)~(3/2) ,x,method=_RETURNVERBOSE)

[Out] B/ex(-2xcx(1/2/a*b/(4*a*c-b~2)*x"3-1/2*(2*xa*xc-b"2) /a/(4*a*c-b~2) /c*xx)/((x~4
+b/c*xx"~2+a/c)*c) ~(1/2)+1/4%(1/a-(2*a*xc-b~2) /a/ (4*xa*xc-b~2) ) *2~(1/2) / ((-b+(-4
*axc+b~2) " (1/2))/a) " (1/2) % (4-2x (-b+(-4*a*xc+b~2) ~(1/2)) /a*xx~2) ~(1/2) *(4+2*x (b
+(-4*xaxc+b~2)~(1/2)) /a*x"2) " (1/2) / (c*xx~4+b*x"2+a) ~(1/2) *E11ipticF (1/2*x*2~ (
1/2) *((-b+(-4*axc+b~2)~(1/2))/a)~(1/2) ,1/2% (-4+2xbx (b+(-4*a*c+b~2)~(1/2))/a
/c)~(1/2))-1/2%b*c/ (d*axc-b~2)*2~(1/2) / ((-b+(-4*axc+b~2)~(1/2))/a)~(1/2)* (4
-2% (-b+(-4*a*xc+b~2) ~(1/2)) /a*xx~2) ~(1/2) * (4+2x (b+(-4*a*xc+b~2) ~(1/2) ) /a*x~2) "~
(1/2) / (c*x"4+b*xx"2+a) ~(1/2) / (b+(-4*a*xc+b~2) " (1/2) ) * (E1lipticF (1/2*x*2~ (1/2)
*((-b+(-4*axc+b”2)"(1/2))/a)~(1/2) ,1/2x (-4+2%b* (b+(-4*a*c+b~2)~(1/2))/a/c)”
(1/2))-EllipticE(1/2*x*2~(1/2)* ((~b+(-4*a*xc+b~2)~(1/2))/a)~(1/2) ,1/2% (-4+2x%
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b* (b+(-4*axc+b”2)~(1/2))/a/c)~(1/2))))+(A*e-Bxd) /e*x (—2*c* (1/2*% (2*a*cxe-b~2x*
e+bxcxd) /a/ (4*xaxc-b~2) / (a*xe”2-bxd*e+c*d~2) *x~3+1/2* (3*xa*b*c*e-2*xaxc”~2*d-b~3
xe+b~2xc*d) /a/ (4d*xa*xc-b~2) / (axe”~2-b*d*e+c*xd”2) /c*x) / ((x~4+b/cxx"2+a/c)*c) "~ (1
/2)-1/4%2"(1/2)/ (-b/a+1/a* (-4*a*c+b~2) " (1/2)) " (1/2) * (4+2%b*x"2/a-2*%x"2/a*x (-
4xaxc+b~2) " (1/2)) " (1/2) * (4+2%bxx~2/a+2*x"2/a*x (-4*a*xc+b~2) ~(1/2))~(1/2) / (c*x
“4+b*x"2+a) " (1/2)*E1lipticF (1/2%x*2~ (1/2) * ((-b+(-4*a*c+b~2)~(1/2))/a)~(1/2)
, 1/2% (-4+2%b* (b+ (-4*xaxc+b~2) ~(1/2))/a/c)~(1/2)) /a/ (axe~2-bxd*e+c*d~2) *e*b+1
/4%27(1/2) / (-b/a+1/a*x(-4*axc+b~2) ~(1/2)) " (1/2) * (4+2xb*xx~2/a-2*xx"2/a* (-4*a*xc
+b72) 7 (1/2)) " (1/2) % (4+2%b*x"2/a+2*%x"2/a*x (-4*a*xc+b~2) ~(1/2)) ~(1/2) / (c*x"4+bx*
x"2+a) " (1/2)*E11lipticF (1/2%x%2~(1/2) * ((-b+(-4*a*c+b~2)~(1/2))/a)~(1/2) ,1/2x%
(—4+2%b* (b+(-4*a*xc+b~2)~(1/2))/a/c)~(1/2))/a/ (axe”2-b*d*e+c*xd”2) *c*d+3/4*2"
(1/2)/(-b/a+1/a*x(-4*a*xc+b~2) " (1/2)) " (1/2) * (4+2xb*x"2/a-2*%x"2/a* (-4*a*c+b~2)
~(1/2)) " (1/2) * (4+2%b*x"2/a+2*x"2/a* (-4*xa*xc+b~2) ~(1/2)) " (1/2) / (c*x"4+b*x"2+a
)~ (1/2)*EllipticF(1/2%x*2~(1/2) * ((-b+(-4*axc+b~2)~(1/2))/a)~(1/2) ,1/2x(-4+2
*xb* (b+ (-4*axc+b~2)~(1/2))/a/c)~(1/2))/ (4xaxc-b~2) / (a*xe”2-b*d*e+c*d~2) *xb*c*e
-1/2%27(1/2)/ (-b/at+1/a* (-4*a*xc+b~2) ~(1/2)) " (1/2) * (4+2xb*x"2/a-2*x"2/a*x (-4*a
*c+b~2) " (1/2)) 7 (1/2) * (4+2xb*xx~2/a+2*xx"2/a* (~4*axc+b~2) ~(1/2))~(1/2) / (c*xx~4+
b*x~2+a) ~(1/2)*E11lipticF(1/2*x*2~ (1/2) * ((-b+(-4*a*xc+b~2)~(1/2))/a)~(1/2),1/
2% (=4+2*b* (b+(-4*axc+b~2)~(1/2)) /a/c)~(1/2) )/ (d*xaxc-b"2) / (a*e”2-b*d*e+c*xd "2
Y*xc"2xd-1/4%2"(1/2) / (-b/a+1/ax(-4d*axc+b~2) ~(1/2)) " (1/2) * (4+2xb*x"2/a-2*%x"2/
ax(=4*xaxc+b~2)~(1/2))~(1/2) *(4+2%b*x~2/a+2xx"2/a* (-4*a*xc+b~2) ~(1/2))~(1/2)/
(c*xx™4+b*x~2+a) " (1/2) *E1lipticF (1/2*x*27~ (1/2) * ((~b+(-4*axc+b~2)~(1/2))/a)~(
1/2),1/2% (-4+2xb* (b+ (-4*a*xc+b~2) ~(1/2))/a/c)~(1/2))/a/ (4*axc-b~2) / (a*xe~2-bx*
d*e+c*xd~2) *b"3*e+1/4*27(1/2) /(-b/a+1/a* (-4*axc+b~2)~(1/2)) " (1/2) * (4+2*b*x"2
/a-2*%x"2/ax(-4*xaxc+b~2)~(1/2)) " (1/2) * (4+2xb*x"2/a+2*xx"2/a* (-4*a*xc+b~2) ~(1/2
))~(1/2) / (c*x™4+b*xx~2+a) ~(1/2) *E1lipticF (1/2*x*2~ (1/2) * ((-b+(-4*a*c+b~2) " (1
/2))/a)~(1/2) ,1/2% (-4+2%b* (b+(-4*a*xc+b~2) ~(1/2))/a/c)~(1/2))/a/ (4*axc-b~2)/
(axe”2-b*d*e+c*xd”2) *b~2xcxd-c~2/ (a*xe~2-b*d*e+c*xd~2) / (4*a*xc-b~2)*2"(1/2) /(-b
/a+l/ax(—4*xa*xc+b~2) " (1/2)) " (1/2) * (4+2%b*xx"2/a-2*%x"2/a*x (-4*a*c+b~2) ~(1/2))~(
1/2) * (4+2xbxx"2/a+2*%x"2/a* (-4*axc+b~2) ~(1/2))~(1/2) / (c*x"4+b*x~2+a) ~(1/2) /(
b+ (-4*axc+b~2) " (1/2))*E11lipticF (1/2*x*2~ (1/2) * ((-b+(-4*a*xc+b~2)~(1/2))/a)~(
1/2) ,1/2x (-4+2%b* (b+(-4*a*c+b~2)~(1/2))/a/c)~(1/2)) *axe+1/2*c/ (a*xe~2-b*xd*e+
cxd”~2) / (4*a*xc-b~2)*27(1/2) /(-b/a+1/a*x (-4*xa*xc+b~2)~(1/2)) " (1/2) * (4+2*b*x"2/a
-2xx7"2/a*x (—4*axc+b”2) " (1/2)) " (1/2) * (4+2xb*xx~2/a+2*x"2/a* (-4*a*xc+b~2) ~(1/2))
~(1/2) / (c*x"4+b*x~2+a) ~(1/2) / (b+(-4*a*xc+b~2) " (1/2) ) *E1llipticF (1/2*x*2~(1/2)
* ((-b+(-4*a*xc+b~2)~(1/2))/a)~(1/2) ,1/2% (-4+2xb* (b+(-4*a*c+b~2)~(1/2))/a/c)~
(1/2))*b"2xe-1/2*%c"2/ (axe”2-b*d*e+c*xd”~2) / (4*a*xc-b~2) %2~ (1/2) / (-b/a+1/ax (-4*
a*xc+b~2) " (1/2)) 7 (1/2) * (4+2xbxx"2/a-2*x"2/a*x (-4*a*xc+b~2) " (1/2) ) ~(1/2) * (4+2%Db
*x"2/a+2*%x"2/ax (-4*a*c+b~2) " (1/2))~(1/2) / (c*x~4+b*xx"2+a) " (1/2) / (b+(-4*axc+b
~2)7(1/2))*EllipticF (1/2*x*2~(1/2) * ((-b+(-4*a*xc+b~2)~(1/2))/a)~(1/2) ,1/2*(-
4+2%b* (b+(-4*a*c+b~2) " (1/2))/a/c) " (1/2) ) *bxd+c~2/ (a*e~2-b*d*e+c*d~2) / (4*a*c
-b"2)*27(1/2)/(-b/a+1/a* (-4*axc+b~2) ~(1/2)) " (1/2) * (4+2*%b*x"2/a-2*x"2/a* (-4x*
a*xc+b~2) " (1/2))7(1/2) * (4+2xbxx~2/a+2*x"2/a*x (-4*a*xc+b~2) " (1/2))~(1/2) / (c*x~4
+b*x~2+a) " (1/2) / (b+(-4*a*c+b~2) " (1/2) )*E11lipticE(1/2*x*2~ (1/2) * ((-b+(-4*a*c
+b72)7(1/2))/a)~(1/2) ,1/2% (-4+2%b* (b+(-4*axc+b~2)~(1/2)) /a/c) ~(1/2)) *axe-1/
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2xc/ (axe”2-b*d*e+cxd”2) / (4*xaxc-b~2) %2~ (1/2) / (-b/a+1/ax(-4*a*c+b~2)~(1/2)) " (
1/2) % (4+2xb*x~2/a-2*xx"2/a* (—4*axc+b~2) ~(1/2)) " (1/2) * (4+2xb*x"2/a+2*xx~2/a* (-
4xaxc+b”2) "~ (1/2))~(1/2) / (cxx~4+b*x"2+a) " (1/2) / (b+(-4*a*c+b~2) " (1/2) )*Ellipt
icE(1/2*x*2~ (1/2) *((-b+(-4*xa*xc+b~2)~(1/2))/a)~(1/2) ,1/2% (-4+2xb* (b+ (-4*a*xc+
b~2)~(1/2))/a/c)~(1/2))*b~2%e+1/2*c~2/ (a*e”~2-b*d*e+c*xd~2) / (d*a*c-b~2) *2~(1/
2)/(-b/at+1/ax(-4*xaxc+b~2) " (1/2)) ~(1/2) *(4+2xb*x"2/a-2*x"2/a* (-4*a*xc+b~2) ~ (1
/2))7(1/2) % (4+2xbxx~2/a+2*x"2/a*x (-4*a*xc+b~2) ~(1/2) )~ (1/2) / (c*x~4+b*xx"2+a) ~ (
1/2) / (b+(-4*a*xc+b™2) ~(1/2) ) *E1lipticE(1/2*x*2~(1/2) * ((-b+(-4*a*xc+b~2)~(1/2)
)/a) " (1/2) ,1/2% (-4+2xb* (b+(-4*a*xc+b~2) ~(1/2))/a/c) ~(1/2)) *bxd+e~2/ (a*e”2-b*
dxe+c*xd~2)/d*2"(1/2)/ (-b/a+1/ax (-4*xa*xc+b~2)~(1/2)) " (1/2) *(1+1/2*b*x"2/a-1/2
*x"2/a* (—4*axc+b”~2) " (1/2)) " (1/2) *(1+1/2xb*x"2/a+1/2*xx"2/a* (-4*xaxc+b~2) ~(1/2
))~(1/2)/ (c*x~4+b*xx"2+a) ~(1/2) *E1lipticPi(1/2#*x. ..

Maxima [F]
time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((B*x~2+A)/(e*x~2+d)/(c*x~4+b*x~2+a)~(3/2),x, algorithm="maxima")
[Out] integrate((B*x~2 + A)/((c*x™4 + bxx"2 + a)~(3/2)*(x"2xe + d)), x)
Fricas [F(-1)] Timed out

time = 0.00, size = 0, normalized size = 0.00

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((B*x~2+A)/(e*x~2+d)/(c*x~4+b*x~2+a)~(3/2),x, algorithm="fricas")
[Out] Timed out
Sympy [F(-1)] Timed out

time = 0.00, size = 0, normalized size = 0.00

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((B*x**2+A)/(exx**2+d)/(ckx**4+bxx**2+a)**(3/2),x)
[Out] Timed out
Giac [F|

time = 0.00, size = 0, normalized size = 0.00

could not integrate
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Verification of antiderivative is not currently implemented for this CAS.
[In] integrate((B*x~2+A)/(e*x~2+d)/(c*x~4+bxx~2+a)~(3/2),x, algorithm="giac")
[Out] integrate((B*x~2 + A)/((c*x™4 + b*x~2 + a)~(3/2)*(x"2xe + d)), x)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.00

Bz?+ A
373 dz
(ex?+d) (cx* +bz? + a)
Verification of antiderivative is not currently implemented for this CAS.

[In] int((A + B*x"2)/((d + e*xx"2)*(a + b*x~2 + c*x~4)~(3/2)),x)
[Out] int((A + B*x~2)/((d + exx"2)*x(a + b*x~2 + c*xx~4)~(3/2)), x)
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A+ Bz?
3.29 f (d+ew2)2(a+b22-l—cx4)3/ 2 dz

Optimal. Leaf size=1301

z(abc(Ae(2cd — be) — B(cd? — ae?)) + (b? — 2ac) (aBe(2cd — be) + A(c*d? + b%e® — ce(2bd + ae))) — c(aB(
a (b2 — 4ac) (cd? — bde + ae?)’ Va +

[Out] 1/4%e”~(3/2)*(A*xex (Txc*d~2-e* (-a*xe+4xb*d))-Bxd* (5xc*d~2-e* (axe+2*bxd)))*arct
an(x* (axe”~2-bxd*e+c*d~2)~(1/2)/d~(1/2) /e~ (1/2) / (c*x~4+b*x~2+a) ~(1/2)) /4~ (3/
2)/ (axe”2-b*d*e+cxd”~2) " (5/2) +x* (a*b*c* (Axex (-b*e+2*c*xd) -B* (—a*xe~2+c*xd"2) ) +(
-2%ax*xc+b”2) * (axBxex (—bxe+2*c*d) +A* (c™2*d"2+b"2*xe~2-c*e* (a*xe+2*b*d) ) ) —-c* (a*B
* (2*%Cc™2%d"2+b"2xe"2-2xc*xex (a*xe+bxd) ) +A* (2xb~2*cxd*e-4*xa*xc~2*d*e-b~3xe”~2-b*c
* (-3*axe”2+c*d"2)))*x"2) /a/ (-4xa*xc+b~2) / (axe”2-b*d*e+c*d~2) "2/ (c*x~4+b*x"2+
a)~(1/2)-1/2%e~3x (—A*e+B*d) *x* (c*x~4+b*xx"2+a) " (1/2) /d/ (a*e”2-b*d*e+c*d~2) "2
/ (exx~2+d) +1/2* (a*xBxd* (—4*c~2*xd"2-3*%b~2xe” 2+4*c*ex (2xa*xe+b*d) ) +Ax (2*b~3*d*e
~2+2xbkxckd* (-3*xaxe”~2+c*d"2) —4*xaxckex (axe”2-2*%c*d"2) +b~2* (a*e”3-4*xc*xd"2%*e)))
*x*c” (1/2) *(c*xx"4+b*x"2+a) ~(1/2) /a/ (4*a*c-b~2) /d/ (cxd"2+e*x (axe-b*d) ) "2/ (a"(
1/2)+x72xc”(1/2))-1/2*c” (1/4) * (axBxd* (4*c~2xd"2+3*b"2*xe~2-4*c*e* (2xaxe+b*d)
) —A* (2%b~3xd*e”2+2*b*cxd* (-3*a*e”2+cxd”"2) —4*axcxex* (a*e”2-2xcxd”"2) +b~2x (axe”
3-4xc*xd"2*e) ) ) *(cos(2*xarctan(c”~(1/4) *x/a~(1/4)))~2)~(1/2) /cos(2*arctan(c” (1
/4)*x/a~(1/4)))*EllipticE(sin(2*arctan(c”(1/4)*x/a~(1/4))),1/2x(2-b/a~(1/2)
/c=(1/2))"(1/2))*(a~ (1/2)+x~2%c~(1/2) ) * ((c*x~4+b*xx~2+a) / (a~ (1/2) +x~2*xc~ (1/2
))"2)~(1/2)/a”~(3/4)/ (-4*axc+b~2) /d/ (c*d~2+e* (a*xe-b*xd)) "2/ (cxx~4+bxx~2+a) ~ (1
/2)-1/8%e* (A*xex (7Txcxd"2-e* (—axe+4*b*d) ) -Bxd* (5*xc*d~2-e* (a*e+2xb*xd))) *(cos (2
xarctan(c~(1/4)*x/a~(1/4)))~2)~(1/2) /cos(2*arctan(c~(1/4)*x/a~(1/4)))*Ellip
ticPi(sin(2*arctan(c”(1/4)*x/a~(1/4))),-1/4x(-exa~(1/2)+d*c~(1/2))"2/d/e/a~
(1/2)/c(1/2) ,1/2%(2-b/a~(1/2)/c~(1/2))~(1/2) )*x(e*xa~ (1/2)+d*c~(1/2) ) *(a~(1/
2)+x"2%c” (1/2)) *((c*x~4+b*x~2+a) /(a~ (1/2)+x~2*%c~(1/2))"2)~(1/2)/a~(1/4) /c~(
1/4)/d4"2/ (axe~2-b*d*e+c*d~2) ~2/ (-exa~ (1/2)+d*c~(1/2)) / (c*x~4+bxx"2+a) ~(1/2)
+1/2xc~(1/4)*(cos (2*arctan(c”~(1/4)*x/a~(1/4)))"2)~(1/2) /cos(2*%arctan(c~(1/4
)*x/a”~(1/4)))*EllipticF(sin(2*arctan(c~(1/4)*x/a~(1/4))),1/2*x(2-b/a~(1/2)/c
~(1/2))7(1/2) ) * ((—A*e+B*d) * (-bke+cxd) *a~ (1/2) +a*e*x (-2*A*e+B*xd) *xc~ (1/2) +A*d*
(bxe-cxd)*c~(1/2))*(a~ (1/2)+x~2xc~(1/2) ) *((c*x"4+bxx"2+a) /(a~(1/2) +x~2*xc~ (1
/2))72)"(1/2)/a~(3/4)/d/ (-c*d~2+e* (—a*xe+b*d) ) / (exa” (1/2)-d*c~(1/2)) / (b-2*a"
(1/2)*c~(1/2)) / (cxx~4+b*x~2+a) ~(1/2)

Rubi [A]

time = 2.21, antiderivative size = 2112, normalized size of antiderivative = 1.62, number of

_ _ : e number of rules _
steps used = 15, number of rules used = 10, integrand size = 33, integrand size 0.303,

Rules used = {1734, 1192, 1211, 1117, 1209, 1237, 1728, 1722, 1720, 1230}
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Antiderivative was successfully verified.
[In] Int[(A + B*xx~2)/((d + exx~2)"2x(a + b*x~2 + c*x~4)~(3/2)),x]

[Out] (x*(axbkck(A*e*x(2%c*d - bke) - B*(c*d™2 - a*xe”2)) + (b~2 - 2%axc)*(a*xBkex*(2
*xckd - bxe) + Ax(c”2*d"2 + b"2%e”2 - ckex(2xbxd + axe))) - ck(axBk(2xc"2*d”
2 + b"2%e”2 - 2kckex(bxd + axe)) + Ax(2%b"2%c*d*e - 4*axc”2xd*xe - b~3xe”2 -
bxckx(c*d™2 - 3%a*e”2)))*x72))/(a*x(b”2 - 4*axc)*(c*d™2 - bkd*e + akxe™2) 2%S
qrtla + b*x~"2 + c*x"4]) + (Sqrtlcl*e”2*x(B*d - Axe)*x*Sqrt[a + b*x"2 + cxx~4
1)/(2%d*(c*xd"2 - bxdxe + a*e~2) 2x(Sqrt[a] + Sqrtlcl*x~2)) + (Sqrt[c]x*(axB*
(2%c™2%d"2 + b"2%e”2 - 2%cxex(bxd + axe)) + A*(2¥b~2%cxd*e - 4*axc”2*d*e -
b~3%e”2 - bxck(cxd"2 - 3*axe”2)))*x*Sqrtla + b*x"2 + c*x74])/(ax(b"2 - 4xax
c)*(c*d™2 - bxd*e + axe”2) 2x(Sqrt[a] + Sqrtlc]l*x~2)) - (e”3*(Bxd - Axe)*x*
Sqrt[a + b*xx"2 + c*x"4])/(2*d*(c*d"2 - bxdxe + a*e”2)"2x(d + exx~2)) - (e™(
3/2)*(B*d - Axe)*(3*c*d"2 - e*(2xb*d - axe))*ArcTan[(Sqrt[c*d”™2 - bxdxe + a
xe~2]*x)/(Sqrt [d]*Sqrt[e]*Sqrt[a + b*x"2 + c*xx~4])])/(4*d"(3/2)*(c*xd"2 - bx*
dxe + a*e™2)7(5/2)) + (e~(3/2)*(A*e*x(2xcxd - bxe) - B*(c*xd™2 - a*e”2))*ArcT
an[(Sqrt[c*xd~2 - bxdxe + a*e”~2]*x)/(Sqrt[d]*Sqrt[e]l*Sqrtla + b*x~2 + c*x"4]
)1)/(2%Sqrt[d]*(c*d™2 - b*d*e + axe”2)7(5/2)) - (a~(1/4)*c~(1/4)*e”2x(B*d -
Axe)*(Sqrt[a] + Sqrtlcl*x~2)*Sqrt[(a + b*xx~2 + c*x~4)/(Sqrt[a] + Sqrtlcl*x
~2)"2]*EllipticE[2*ArcTan[(c™(1/4)*x)/a~(1/4)], (2 - b/(Sqrtl[al*Sqrtlcl))/4
1)/(2%d*(cxd"2 - bxdxe + axe”2) 2+Sqrt[a + b*x"2 + c*x"4]) - (c~(1/4)*(a*B*
(2%c™2%d"2 + b"2%e”2 - 2%cxex(bxd + axe)) + A*(2¥b~2*ckxdxe - 4*axc”2kd*e -
b~3%e”2 - bxc*(c*xd"2 - 3*axe”2)))*(Sqrtl[a] + Sqrt[cl*x~2)*Sqrt[(a + b*x~2 +
c*x”4)/(Sqrt[a] + Sqrtlc]l*x~2)~2]*EllipticE[2*ArcTan[(c~(1/4)*x)/a~(1/4)],
(2 - b/(8qrt[al*Sqrt[cl))/4]1)/(a~(3/4)*(b~2 - 4*axc)*(c*d"2 - bxd*e + axe”
2)"2xSqrt[a + b*x"2 + c*x74]) - (c”(1/4)*ex(B*d - Axe)*(Sqrt[a] + Sqrt[c]*x
~2)*Sqrt[(a + b*x"2 + c*x~4)/(Sqrt[a] + Sqrt[c]*x~2)~2]*EllipticF[2*ArcTan[
(c~(1/4)*x)/a~(1/4)]1, (2 - b/(Sqrt[al*Sqrtlcl))/4]1)/(2*a~(1/4)*d*(Sqrt[c]*d
- Sqrt[al*e)*(cxd™2 - bkxdxe + a*e~2)*Sqrtl[a + b*xx"2 + c*x"4]) + (c~(1/4)x*e
*x (Axex (2*cxd — b*e) — Bx(c*d™2 - axe”2))*(Sqrtl[a] + Sqrtlcl*x~2)*Sqrt[(a +
b*x"2 + cxx~4)/(Sqrt[a] + Sqrtlcl*x"2)~2]*EllipticF[2*ArcTan[(c”(1/4)*x)/a"
(1/4)], (2 - b/(Sqrt[al*Sqrtlc]l))/4])/(2*a~(1/4)*(Sqrt[cl*d - Sqrtl[a]*e)*(c
*d"2 - bxd*e + axe”2) 24Sqrt[a + b*x"2 + c*x74]) - (c~(1/4)*(a~(3/2)*B*Sqrt
[c]*e”2 + Ax(c*d - bxe)~2 + akxex(2*¥Bkcxd - b*Bke - Axc*e) - Sqrt[a]*Sqrt[c]
*x(Bxcxd~2 - Axex(2*%cxd - bxe)))*(Sqrt[a] + Sqrtlcl*x"2)*Sqrt[(a + b*x"2 + c
*x~4)/(Sqrt[a] + Sqrtlc]l*x~2)~2]*EllipticF[2*xArcTan[(c”~(1/4)*x)/a~(1/4)]1, (
2 - b/(Sqrt[al*Sqrtlcl))/4]1)/(2*xa~(3/4)*(b - 2xSqrt[al*Sqrt[c])*(c*xd"2 - bx*
dxe + axe”2)72xSqrt[a + b*x"2 + c*x74]) + (ex(Sqrtlcl*d + Sqrt[al*e)*(Bxd -
Axe)* (3*%c*d"2 - e*(2xb*d - axe))*(Sqrtl[a] + Sqrtlcl*x~2)*Sqrt[(a + b*x~2 +
c*x”4)/(Sqrt[a] + Sqrtlcl*x~2)"2]*EllipticPi[-1/4*(Sqrt[c]l*d - Sqrtl[al*e)”
2/ (Sqrt[a]*Sqrt[c]*dxe), 2*ArcTan[(c~(1/4)*x)/a~(1/4)], (2 - b/(Sqrt[a]l*Sqr
t[c]))/41)/(8xa~ (1/4)*c~ (1/4)*d"2*(Sqrt [c]*d - Sqrt[al*e)*(cxd~2 - bxd*xe +
axe~2)"2xSqrt[a + b*x"2 + c*xx74]) - (a~(3/4)*e*((Sqrtlcl*d)/Sqrt[al + e) 2%
(Axex(2xcxd - b*e) - Bx(c*d™2 - a*e”2))*(Sqrt[a] + Sqrtlc]*x~2)*Sqrt[(a + b
*x~2 + c*x~4)/(Sqrtla] + Sqrtlcl*x~2)~2]*EllipticPi[-1/4*(Sqrt[cl*d - Sqrtl[
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al*e)~2/(Sqrt[a]l *Sqrt [c]*d*e), 2xArcTan[(c~(1/4)*x)/a~(1/4)], (2 - b/(Sqrtl
al*Sqrtcl))/4]1)/(4*c”(1/4)*d*(cxd"2 - a*e”2)*(c*d"2 - bxd*e + axe”2) 2xSqr
tla + b*x"2 + c*x"4])

Rule 1117

Int[1/Sqrt[(a_) + (b_.)*(x_)"2 + (c_.)*(x_)"4], x_Symbol] :> With[{q = Rtlc
/a, 41}, Simp[(1 + q~2*x"2)*(Sqrt[(a + b*x"2 + c*x"4)/(ax(1 + q~2%xx~2)"2)]/
(2%q*Sqrt[a + b*x~™2 + c*x~4]))*EllipticF[2*ArcTan[q*x], 1/2 - b*x(q~2/(4%*c))
1, x1] /; FreeQ[{a, b, c}, x] && NeQ[b~2 - 4xaxc, 0] && PosQ[c/al

Rule 1192

Int[((d)) + (e_.)*x(x_)"2)*((a_) + (b_.)*(x_)"2 + (c_.)*(x_)"4)"(p_), x_Symb
0l] :> Simp[x*(a*b*e - d*(b~2 - 2*axc) - cx(bxd - 2%a*e)*x"2)*((a + b*x"2 +
c*x”4) " (p + 1)/ (2xax(p + 1)*(b"2 - 4xa*xc))), x] + Dist[1/(2xax(p + 1)*(b"2
- 4xaxc)), Int[Simp[(2%p + 3)*d*b~2 - axbke - 2%axckd*(4*p + 5) + (4*p + 7
)x(d*b - 2*axe)*c*x~2, x]*(a + b*x~2 + c*x~4)"(p + 1), x], x] /; FreeQ[{a,
b, ¢, d, e}, x] && NeQ[b~2 - 4xaxc, 0] && NeQ[c*d"2 - bxd*xe + axe~2, 0] &&
LtQ[p, -1] && IntegerQ[2+p]

Rule 1209

Int[((d)) + (e_.)*(x_)"2)/Sqrtl(a_) + (b_.)*(x_)"2 + (c_.)*(x_)"4], x_Symbo
1] :> With[{q = Rtlc/a, 41}, Simp[(-d)*x*(Sqrt[a + b*x"2 + c*x~4]/(a*x(1 + q
~2xx72))), x] + Simp[d*(1 + q~2*x"2)*(Sqrt[(a + b*x"2 + c*x"4)/(a*x(1 + q~2%
x72)72)]1/(g*Sqrt[a + b*x~2 + c*x74]))*EllipticE[2*ArcTan[qg*x], 1/2 - b*(q~2
/(4xc))], x] /; EqQle + d*q~2, 0]] /; FreeQ[{a, b, c, d, e}, x] && NeQ[b~2

- 4xaxc, 0] && PosQ[c/al

Rule 1211

Int[((d)) + (e_.)*(x_)"2)/Sqrtl(a_) + (b_.)*(x_)"2 + (c_.)*(x_)"4], x_Symbo
1] :> With[{q = Rtl[c/a, 2]}, Dist[(e + d*q)/q, Int[1/Sqrt[a + b*x"2 + c*x"4
1, x], x] - Distle/q, Int[(1 - g*x~2)/Sqrtl[a + b*x"2 + c*x~4], x], x] /; Ne
Qle + d*xq, 0]] /; FreeQ[{a, b, c, d, e}, x] && NeQ[b~2 - 4x*axc, 0] && PosQ[
c/al

Rule 1230

Int[1/(((d_) + (e_.)*(x_)"2)*Sqrtl(a_) + (b_.)*(x_)"2 + (c_.)*(x_)"4]1), x_S
ymbol] :> With[{q = Rtlc/a, 2]}, Dist[(cxd + a*exq)/(c*d"2 - axe~2), Int[1/
Sqrt[a + b*xx"2 + c*x~4], x], x] - Dist[(a*e*x(e + d*q))/(cxd"2 - a*e”2), Int
[(1 + g*x~2)/((d + e*x~2)*Sqrt[a + b*x~2 + c*x~4]), x], x]] /; FreeQ[{a, b,
c, d, e}, x] && NeQ[b~2 - 4xaxc, 0] && NeQ[c*xd~2 - bxd*e + axe”2, 0] && Ne
Qlcxd~"2 - axe™2, 0] && PosQ[c/al
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Rule 1237

Int[((d_) + (e_.)*(x_)"2)"(q_)/Sqrtl(a_) + (b_.)*(x_ )72 + (c_.)*(x_)"4], x_
Symbol] :> Simp[(-e”2)*x*(d + e*x"2)"(q + 1)*(Sqrtla + b*x"2 + c*xx"4]/(2xd*
(q + 1)*(c*d™2 - bxd*e + a*e”2))), x] + Dist[1/(2xd*x(q + 1)*(c*d”™2 - b*d*e
+ axe”2)), Int[((d + e*x"2)"(q + 1)/Sqrt[a + b*x"2 + c*x74])*Simp[axe~2* (2%
q + 3) + 2xd*(cxd - b*e)*(q + 1) - 2*ex(c*kd*(q + 1) - bxex(q + 2))*x"2 + cx*
e"2x(2xq + 5)*x~4, x], x], x] /; FreeQ[{a, b, c, d, e}, x] && NeQ[b~2 - 4x*a
*xc, 0] && ILtQ[q, -1]

Rule 1720

Int[((A)) + (B_.)*(x_)"2)/(((d_) + (e_.)*(x_)~"2)*Sqrtl(a_) + (b_.)*(x_)"2 +
(c_.)*(x_)"4]), x_Symbol] :> With[{q = Rt[B/A, 2]}, Simp[(-(B*d - Axe))*(A
rcTan[Rt[-b + cx(d/e) + ax(e/d), 2]*(x/Sqrtla + b*x"2 + c*xx~4])]/(2xd*e*Rt [
-b + cx(d/e) + ax(e/d), 2]1)), x] + Simp[(Bxd + A*e)*(A + B*x~2)*(Sqrt[A~2x*(
(a + bxx"2 + c*x”4)/(ax(A + Bxx~2)72))]/(4*d*e*xA*q*Sqrt[a + b*x"2 + c*x"4])
)*EllipticPi[Cancel [-(Bxd - Axe)~2/(4xdxexA*B)], 2*ArcTan[g*x], 1/2 - b*x(A/
(4%axB))], x1]1 /; FreeQ[{a, b, c, d, e, A, B}, x] && NeQ[b~2 - 4xaxc, 0] &&
NeQ[c*d™2 - bxdxe + a*e”2, 0] &% NeQ[c*d~2 - a*e”2, 0] && PosQ[c/al && EqQ
[cxA™2 - axB~2, 0]

Rule 1722

Int[((A_.) + (B_.)*(x_)"2)/(((d) + (e_.)*(x_)"2)*Sqrtl[(a_) + (b_.)*(x_)"2
+ (c_.)*(x_)"4]), x_Symbol] :> With[{q = Rtl[c/a, 2]}, Dist[(A*(c*d + a*xexq)
- axBx(e + dxq))/(c*d"2 - axe”2), Int[1/Sqrt[a + b*x"2 + c*x74], x], x] +
Dist[ax(B*d - Axe)*((e + d*q)/(c*d™2 - axe”2)), Int[(1 + g*x~2)/((d + e*x"2
)xSqrt[a + b*x~2 + c*x74]), x], x]] /; FreeQ[{a, b, c, d, e, A, B}, x] & N
eQ[b"2 - 4xaxc, 0] && NeQ[c*d"2 - bxd*e + axe™2, 0] && NeQ[c*d"2 - a*xe”™2, O

] && PosQ[c/al && NeQ[c*A~2 - a*B~2, 0]

Rule 1728

Int[(P4x_)/(((d_) + (e_.)*(x_)"2)*Sqrtl(a_) + (b_.)*(x_)"2 + (c_.)*(x_)"4]1)
, x_Symbol] :> With[{q = Rt[c/a, 2], A = Coeff[P4x, x, 0], B = Coeff[P4x, x
, 2], C = Coeff[P4x, x, 4]}, Dist[-C/(exq), Int[(1 - g*x~2)/Sqrtl[a + b*x"2
+ cxx~4], x], x] + Dist[1/(c*e), Int[(A*c*e + axCkd*q + (B*cxe - C*(cxd - a
xe*xq) ) *x72)/((d + e*x~2)*Sqrt[a + bxx"2 + cxx~4]), x], x]] /; FreeQl[{a, b,
c, d, e}, x] &% PolyQ[P4x, x~2, 2] && NeQ[b~2 - 4xa*c, 0] && NeQ[c*d~2 - b*
dxe + axe”2, 0] && NeQ[c*d"2 - axe™2, 0] && PosQ[c/al && IGtQ[b~2 - 4x*axc,
0]

Rule 1734

Int [(Px_)*((d_) + (e_.)*(x_)"2)"(q_.)*((a_) + (b_.)*(x_)"2 + (c_.)*(x_)"4)~
(p_), x_Symbol] :> Int[ExpandIntegrand[1/Sqrt[a + b*x"2 + c*x~4], Pxx(d + e
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*x~2)"q*(a + b*x~2 + c*x~4)"(p + 1/2), x], x] /; FreeQ[{a, b, c, d, e}, x]
&& PolyQ[Px, x~2] &% NeQ[b~2 - 4*a*c, 0] && NeQ[c*d™2 - bxd*e + axe”2, 0] &
& IntegerQ[p + 1/2] && IntegerQ[q]

Rubi steps

A + Bz? - / aBe(2cd — be) + A(c2d? + b?e* — ce(2bd + ae)) — c(Ae(2cd — be)
(d + ex?)® (a + bx? + cxt)*? (cd? — bde + ae®)? (a + bx? + czt)*/?

f aBe(2cd—be)+A(c2d?+b%e?—ce(2bd+ae)) —c(Ae(2cd—be)— B(cd? —ae?) ) 2 dr (G(B(
(a+bz2+cxt)3/?

(cd? — bde + ae?)?

z(abc(Ae(2cd — be) — B(cd? — ae?)) + (b* — 2ac) (aBe(2cd — be) + A

z(abc(Ae(2cd — be) — B(cd? — ae?)) + (b? — 2ac) (aBe(2cd — be) + A

z(abc(Ae(2cd — be) — B(ed? — ae?)) + (b — 2ac) (aBe(2cd — be) + A

_ z(abc(Ae(2cd — be) — B(cd* — ae?)) + (b* — 2ac) (aBe(2cd — be) + A

Mathematica [C] Result contains complex when optimal does not.
time = 14.94, size = 1116, normalized size = 0.86

Antiderivative was successfully verified.

[In] Integrate[(A + B*x~2)/((d + e*x"2)"2x(a + b*x"2 + c*x~4)~(3/2)),x]

[Out] (4*Sqrtlc/(b + Sqrt[b~2 - 4*axc])]*d*(-(ax(b~2 - 4*axc)*e”3x(Bxd - Axe)*xx*(
a + b*x"2 + c*x”4)) + 2xd*xx(d + exx"2)*(axBx(-(b~3*%e”2) + b 2xc*ex(2xd - e
*x"2) + bkxcx(3*axe”2 - cxd*x(d - 2%e*x”"2)) - 2%c”2*%(c*xd"2*xx"2 + axe*x(2xd - e
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*x72))) + A*(b~4%e”2 + b~ 3*cke*x(-2xd + e*x"2) + 2xaxc”2*(axe”2 - cxdx(d - 2
xexx"2)) + b~ 2xc*(-4*xaxe”2 + ckdx(d - 2xe*x"2)) + bxc 2% (c*d"2*x"2 - 3*akex
(-2%d + e*x72))))) - I*Sqrt[2]*Sqrt[(b + Sqrt[b~2 - 4*axc] + 2*c*x~2)/(b +
Sqrt[b™2 - 4xa*xc])]*Sqrt[1 + (2*%c*x~2)/(b - Sqrt[b~2 - 4*axc])]*(d + e*x~2)
*((-b + Sqrt[b~2 - 4xa*c])*d*(a*Bxd*(-4*c~2xd"2 - 3*b~2%e”2 + 4xc*e*x(bxd +
2%axe)) + A*(2*%b~3*dxe”2 + 2*¥bxcxd*(cxd"2 - 3*axe”2) - 4xakckex(-2xc*d”"2 +
axe”2) + b~2%(-4*cxd"2xe + a*e~3)))*EllipticE[I*ArcSinh[Sqrt[2]*Sqrt[c/(b +
Sqrt[b~2 - 4xaxc])]*x], (b + Sqrt[b~2 - 4xaxc])/(b - Sqrt[b~2 - 4xaxc])] -
d* (a*Bxd* (3*xb~2*(b - Sqrt[b~2 - 4*axc])*e”™2 - 4*c~2*xd*(Sqrt[b~2 - 4xaxc]*d
- 6xakxe) + 2%cx(-3*%b + 2xSqrt[b~2 - 4xaxc])*xe*x(b*d + 2%axe)) + A*x(-2%b~4xd
*xe”2 + b72x(-2%c”2*%d"3 + a*Sqrt[b~2 - 4xaxc]xe”3 - 4xcxdxex(Sqrt[b~2 - 4*ax
c]*d - 3*axe)) - 4*axcx(-2%c”2*d"3 + a*Sqrt[b~2 - 4xa*xc]*e”3 - 2xcxd*e*(Sqr
t[b~2 - 4*axc]*d - 2%a*e)) + b~ 3*e*(4*xc*d"2 + ex(2xSqrt[b~2 - 4*axc]l*d - ax
e)) + 2xbkck(ckd™2x(Sqrt[b™2 - 4xa*xc]*d - 8*axe) + axe 2% (-3*Sqrt[b~2 - 4x*a
xc]*d + 2%a*e))))*EllipticF[I*ArcSinh[Sqrt[2]*Sqrt[c/(b + Sqrt[b~2 - 4*ax*c]
)I1*x], (b + Sqrt[b~2 - 4xaxc])/(b - Sqrt[b~2 - 4xaxc])] - 2*a*x(-b~2 + 4*ax*c
) ke*x (Axe* (7T*c*d™2 + ex(-4*bxd + axe)) + Bx(-5*c*d"3 + d*e*x(2*b*d + axe)))*E
11ipticPi[((b + Sqrt[b~2 - 4*axc])*e)/(2*cxd), I*ArcSinh[Sqrt[2]*Sqrt[c/(b
+ Sqrt[b~2 - 4xaxc])]l*x], (b + Sqrt[b™2 - 4*a*c])/(b - Sqrt[b~2 - 4*axc])])
)/ (8*xa*x(b~2 - 4xaxc)*Sqrt[c/(b + Sqrt[b~2 - 4xaxc])]*(cxd~3 + dxex(-(b*d) +
axe))"2x(d + e*x"2)*Sqrtla + b*x"2 + c*x74])

Maple [B] Leaf count of result is larger than twice the leaf count of optimal. 8275 vs.
2(1252) = 2504.
time = 0.20, size = 8276, normalized size = 6.36

method | result size
default | Expression too large to display | 8276

elliptic | Expression too large to display | 9725

Verification of antiderivative is not currently implemented for this CAS.

[In] int((B*x~2+A)/(e*x~2+d) "2/ (cxx~4+b*x~2+a) ~(3/2) ,x,method=_RETURNVERBOSE)
[Out] result too large to display

Maxima [F]
time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((B*x~2+A)/(e*x~2+d) "2/ (c*x~4+bxx"2+a)~(3/2),x, algorithm="maxima"
)

[Out] integrate((Bxx~2 + A)/((c*x"4 + b*x"2 + a)~(3/2)*(x"2%e + d)~2), x)
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Fricas [F(-1)] Timed out
time = 0.00, size = 0, normalized size = 0.00

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((B*x~2+A)/(e*x~2+d) 2/ (c*x"4+bxx~2+a)~(3/2),x, algorithm="fricas"

)
[Out] Timed out

Sympy [F(-1)] Timed out
time = 0.00, size = 0, normalized size = 0.00

Timed out

Verification of antiderivative is not currently implemented for this CAS.
[In] integrate((B*x**2+A)/(exx**2+d)**2/ (c*xx**4+b*x**2+a)**(3/2) ,x)

[Out] Timed out

Giac [F|
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.
[In] integrate((B*x~2+A)/(e*x~2+d) ~2/(c*x~4+b*x~2+a)~(3/2) ,x, algorithm="giac")

[Out] integrate((B*x~2 + A)/((c*x™4 + b*x"2 + a)~(3/2)*(x"2%e + d)~2), x)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.00

Bx?+ A
2 3/2 dz
(ex?2+d)" (cx*+ba%+a)
Verification of antiderivative is not currently implemented for this CAS.

[In] int((A + Bxx~2)/((d + exx~2)"2x(a + b*x~2 + c*x~4)~(3/2)),x)
[Out] int((A + B*x~2)/((d + e*x~2)"2%(a + b*x~2 + c*xx~4)~(3/2)), x)
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330 [ Verves
(d+ex?) \/a + bx? 4 cx?

Optimal. Leaf size=273

a + bx? + cxt

IS v ) <¢zd+ﬁe><ﬁ+¢zx2>\/ ot tor
_(\/Ed Va'e) ta <ﬁ¢z¢a+bx2+cx4>+ (Va' ++/c z?)
2Vd /e Vcd® — bde + ae? 4/’ /< a

[Out] -1/2*arctan(x*(a*xe”2-bxd*e+c*d~2)~(1/2)/d"(1/2)/e”~(1/2)/(c*x~4+b*x"2+a) " (1/
2))*x(—exa” (1/2)+d*xc~(1/2))/d"(1/2) /e~ (1/2) / (a*e~2-b*d*e+cxd~2) ~(1/2)+1/4*(c
os(2*xarctan(c~(1/4)*x/a~(1/4)))"2)~(1/2) /cos(2*xarctan(c~(1/4)*x/a~ (1/4)))*E
1lipticPi(sin(2*arctan(c~(1/4)*x/a~(1/4))) ,-1/4*(-e*a”~ (1/2)+d*c~(1/2))~2/d/
e/a~(1/2)/c~(1/2) ,1/2%x(2-b/a~(1/2)/c~(1/2))~(1/2) ) *(exa”~ (1/2)+d*c~(1/2))*(a
~(1/2)+x72%c~(1/2) ) * ((c*x~4+b*x"2+a) /(a~ (1/2)+x"2*xc~(1/2))"2)~(1/2) /a~(1/4)
/c~(1/4)/d/e/ (cxx"4+b*x"2+a) ~(1/2)

Rubi [A]

time = 0.10, antiderivative size = 273, normalized size of antiderivative = 1.00, number of

number of rules __
' integrand size 0.024,

steps used = 1, number of rules used = 1, integrand size = 41
Rules used = {1720}

V4 Vo) [ ey (e (-(ﬁéﬁ?iﬁmﬂ(i“)'i@—ﬁ”ﬁ)) (Ved= Ve dcn Ve el )

4/a’/c deva + ba? + cz? 2vVd /e vae? — bde + cd®

S

R

Antiderivative was successfully verified.
[In] Int[(Sqgrtlal + Sqrtlcl*x~2)/((d + e*x~2)*Sqrtl[a + b*x~2 + c*x~4]),x]

[Out] -1/2%((Sqrtlcl*d - Sqrt[a]l*e)*ArcTan[(Sqrt[c*d~2 - b*dxe + a*e~2]#*x)/(Sqrt[
d]*Sqrt[el*Sqrt[a + b*x"2 + c*x”4])])/(Sqrt[d]*Sqrt[e]*Sqrtc*d™2 - bkd*e +
axe~2]) + ((Sqrtlcl*d + Sqrt[al*e)*(Sqrt[a] + Sqrtlc]l*x~2)*Sqrt[(a + b*x~2

+ cxx~4)/(Sqrt[al + Sqrtlcl*x~2)~2]*EllipticPi[-1/4*(Sqrt[c]*d - Sqrt[alx*e
)~2/(Sqrt[al*Sqrt [c]*d*e), 2*ArcTan[(c~(1/4)*x)/a~(1/4)]1, (2 - b/(Sqrt[al*S
qrt[cl))/4]1)/(4%a~(1/4) *c~(1/4) *d*exSqrt[a + b*x~2 + c*x~4])

Rule 1720

Int[((AD) + (B_.)*(x_)"2)/(((d_) + (e_.)*(x_)"2)*Sqrt[(a_) + (b_.)*(x_)"2 +

(c_.)*(x_)"4]1), x_Symbol] :> With[{q = Rt[B/A, 2]}, Simp[(-(B*d - Axe))*(A
rcTan[Rt[-b + cx(d/e) + ax(e/d), 2]*(x/Sqrtla + b*x"2 + c*xx"4])]/(2xd*e*Rt [
-b + cx(d/e) + ax(e/d), 2]1)), x] + Simp[(Bxd + A*xe)*(A + B*x~2)*(Sqrt[A~2x*(
(a + b*x"2 + c*xx74)/(ax(A + Bxx"2)72))]/(4*dxexA*q*Sqrt[a + bxx"2 + c*x"4])
)*EllipticPi[Cancel [-(B*d - Axe)~2/(4*d*exAxB)], 2*ArcTan[q*x], 1/2 - b*(A/
(4*%a*B))]1, x]1]1 /; FreeQ[{a, b, c, d, e, A, B}, x] && NeQ[b~2 - 4xaxc, 0] &&
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NeQ[c*d~™2 - bxdxe + a*e~2, 0] &% NeQ[c*d~2 - a*e”2, 0] && PosQ[c/al] && EqQ
[cxA™2 - axB~2, 0]

Rubi steps
_ -1 Ved? — bde + ae? « (Ve'd+a'e)
va' + /¢ 2? dz__(\/zd Vae) tan (ﬁﬁVa+bx2+cz4) +
(d + ex?) Va + bz? + cz* 2Vd /e Ved? — bde + ae?’

Mathematica [C] Result contains complex when optimal does not.
time = 10.33, size = 310, normalized size = 1.14

: ‘ ;
. [b+ Vb —dac” + 2ca? 2ca? ( . ,]< c ) VB —4 (”*Vb _4‘”)( Lo c "4
1+ dF (isinh 2 bt ac' ) 4 (_/ed+ o isinh~! 2\/ b ac
Z\/ b+ Ve — dac \/ b— Vi — dac <‘/E e f\/b+¢b2—4ac ) —tee) T (CVEdE Ve 2 isinh ™" (V2 b+ VB —dac ) vV —dac
ﬁ\/;‘d,d T bz + cxt
bV —dac TR

Antiderivative was successfully verified.

[In] Integrate[(Sqrt[a] + Sqrtlc]l*x~2)/((d + e*x"2)*Sqrt[a + b*x"2 + c*x"4]),x]

[Out] ((-I)*Sqrtl[(b + Sqrt[b~2 - 4*a*xc] + 2*c*x~2)/(b + Sqrt[b~2 - 4*axc])]*Sqrt[
1 + (2%xc*x"2)/(b - Sqrt[b~2 - 4*axc])]*(Sqrt[c]*d*EllipticF [I*ArcSinh[Sqrt[
2]*Sqrt[c/(b + Sqrt[b~2 - 4xa*c])]*x], (b + Sqrt[b~2 - 4*a*xc])/(b - Sqrt[b~

2 - 4xaxc])] + (-(Sqrtlcl*d) + Sqrt[al*e)*EllipticPi[((b + Sqrt[b~2 - 4x*a*c
1)*e)/(2xcxd), I*ArcSinh[Sqrt[2]*Sqrt[c/(b + Sqrt[b~2 - 4xaxc])]*x], (b + S
qrt[b™2 - 4*axc])/(b - Sqrt[b~2 - 4xaxc])]1))/(Sqrt[2]*Sqrt[c/(b + Sqrt[b~2

- 4xaxc])]*d*exSqrt[a + b*x"2 + cxx"4])

Maple [A]
time = 0.16, size = 365, normalized size = 1.34

method | result

2<—b+ v —4ac + b? )z2 | 2<b+\/ —4ac + b2 >x2 | i —b+vV —4ac +
Ve V24— - 4+ - EllipticF —a

default

= 2 ‘
4e\/_b+ %ac-l—b Vext+bz2+a
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NI e

Va(czt+ba2+a) \/(cxt + b2+ a)c (vVa +24/C)

elliptic

Verification of antiderivative is not currently implemented for this CAS.

[In] int((a~(1/2)+x"2xc~(1/2))/(e*x~2+d) /(c*x"4+b*x"2+a) ~(1/2) ,x,method=_RETURNV
ERBOSE)

[Out] 1/4*xc™(1/2)/ex2”(1/2)/((-b+(-4*a*xc+b~2)~(1/2))/a)~(1/2) *(4-2x (-b+(-4*a*xc+b™
2)7(1/2)) /axx~2) " (1/2) * (4+2* (b+(—4d*a*xc+b~2) ~(1/2) ) /a*x"2) ~(1/2) / (c*x"4+b*x~
2+a)~(1/2)*E1llipticF (1/2*x*2~ (1/2)*((-b+(-4*a*xc+b~2)~(1/2))/a)~(1/2) ,1/2* (-
4+2xb* (b+(-4*a*xc+b~2) ~(1/2))/a/c)~(1/2))+1/ex(e*xa~(1/2)-d*c~(1/2)) /d*2~(1/2

)/ (-b/a+1/ax(-4*xa*c+b~2)~(1/2)) " (1/2)*(1+1/2%b*x"2/a-1/2*x"2/a* (-4*a*xc+b~2)
~(1/2))7(1/2)*(1+1/2%b*x"2/a+1/2%x~2/ax (-4*a*c+b~2) " (1/2) )~ (1/2) / (c*x~4+b*x
~2+a)~(1/2)*E1lipticPi(1/2%x*27 (1/2)* ((-b+(-4*axc+b~2)~(1/2))/a)~(1/2) ,-2/(

b+ (-4*axc+b™2) " (1/2) ) *axe/d, (-1/2* (b+(-4*a*xc+b~2)~(1/2))/a)~(1/2)*2~(1/2)/
((-b+(-4*a*xc+b~2)~(1/2))/a)~(1/2))

Maxima [F]

time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((a~(1/2)+x~2*c~(1/2))/(e*x"2+d)/(c*x"4+bxx~2+a)~(1/2),x, algorith
m="maxima")

[Out] integrate((sqrt(c)*x~2 + sqrt(a))/(sqrt(c*x™4 + bxx~2 + a)*(x"2%e + d)), x)
Fricas [F(-1)] Timed out

time = 0.00, size = 0, normalized size = 0.00

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((a~(1/2)+x~2*c~(1/2))/(e*xx~2+d)/(c*x"4+b*xx"2+a)~(1/2),x, algorith
m="fricas")
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[Out] Timed out

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

/ Vva' ++/c'z?
(d+ ex?) Va+ bx? + czt

dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((a*x(1/2)+x**2kc*x*(1/2))/(e*x**2+d) / (ckxx**4+bxx**2+a)**(1/2) ,x)

[Out] Integral((sqrt(a) + sqrt(c)*x*x*2)/((d + exx**2)*sqrt(a + b*x**2 + c*x**4)),
x)

Giac [F(-1)] Timed out

time = 0.00, size = 0, normalized size = 0.00

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((a~(1/2)+x~2*c~(1/2))/(e*x~2+d)/(c*x"4+bxx"2+a)~(1/2),x, algorith
m="giac")
[Out] Timed out
Mupad [F]
time = 0.00, size = -1, normalized size = -0.00
/ Vva ++c z?
(

ex?+d) Vext+br2+a

dz

Verification of antiderivative is not currently implemented for this CAS.

[In] int((a~(1/2) + c~(1/2)*x~2)/((d + e*x~2)*(a + b*x~2 + c*x~4)~(1/2)),x)
[Out] int((a~(1/2) + c~(1/2)*x"2)/((d + e*x"2)*(a + b*x~2 + c*x~4)~(1/2)), x)
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T 2
3.31 /o dz
(d+ex?) \/CL + bx? 4 cxt

Optimal. Leaf size=271

2 4
(\/?d—l—e) (1+\/?£B2> atba’ +co 5 11
( Ed_e)tan—l( Ved? — bde + ae? s > ¢ ¢ a(l—i-\/?xz)
a Vd e Va+ bz + ca? + a

2 _ 2
2vd /e Ved? — bde + ae 4</§de\/;

[Out] -1/2*arctan(x*(a*e”~2-bxd*e+c*d~2)~(1/2)/d~(1/2)/e~(1/2)/(c*x"4+bxx~2+a)~(1/
2))*(-e+d*(c/a)~(1/2))/d~(1/2) /e~ (1/2)/(axe~2-bxd*e+cxd~2) " (1/2)+1/4* (cos (2
xarctan((c/a)~(1/4)*x))~2)~(1/2) /cos(2*arctan((c/a)~(1/4)*x))*E1llipticPi(si
n(2*arctan((c/a)~(1/4)*x)) ,-1/4*(-e+d*(c/a)~(1/2))"2/d/e/(c/a)~(1/2) ,1/2%(2
-b*x(c/a)~(1/2)/c)~(1/2) ) *(e+d*(c/a)~(1/2))*(1+x72%(c/a) " (1/2) ) * ((c*xx~4+b*x™
2+a)/a/(1+x72x(c/a)~(1/2))"2)~(1/2)/(c/a)~(1/4) /d/e/ (c*x~4+b*x"2+a) ~(1/2)

Rubi [A]

time = 0.12, antiderivative size = 271, normalized size of antiderivative = 1.00, number of

number of rules _ o4
’ integrand size ’

steps used = 1, number of rules used = 1, integrand size = 41
Rules used = {1720}

c ’ 7
2 1 (\/;d_e) b
<z2\/§ +1) L-chz (d\/g +e> - p ;2ArcTan<</§z> |3 2—%
e _ a Vd e vVa+ b2 + cat
Vae® — 2
4de\4/§\/a+bz2+cx4 2Vd /e Vae? —bde + cd

Antiderivative was successfully verified.
[In] Int[(1 + Sqrtlc/al*x~2)/((d + e*x~2)*Sqrt[a + b*x~2 + c*x~4]),x]

[Out] -1/2%((Sqrtlc/al*d - e)*ArcTan[(Sqrt[c*d™2 - bxd*e + axe~2]*x)/(Sqrt[d]*Sqr
t[e]l*Sqrt[a + b*x~2 + c*x~4])])/(Sqrt[d]*Sqrt[e]l*Sqrt[cxd"2 - bxd*e + axe™2

1) + ((Sgrtlc/al*d + e)*(1 + Sqrt[c/al*x~2)*Sqrt[(a + b*x"2 + c*x~4)/(ax(1

+ Sqrtlc/al*x~2)"2)]1*EllipticPi[-1/4*(Sqrt[c/al*d - e)~2/(Sqrt[c/al*d*e), 2
xArcTan[(c/a)~(1/4)*x], (2 - (b*Sqrtlc/al)/c)/41)/(4x(c/a)~(1/4)*d*exSqrt[a

+ b*x72 + c*x74])

Rule 1720

Int[((AD) + (B_.)*(x_)"2)/(((d_) + (e_.)*(x_)"2)*Sqrt[(a_) + (b_.)*(x_)"2 +
(c_.)*(x_)"4]1), x_Symbol] :> With[{q = Rt[B/A, 21}, Simp[(-(B*d - Axe))*(A
rcTan[Rt[-b + cx(d/e) + ax(e/d), 2]*(x/Sqrtla + b*x"2 + c*x"4])]/(2xd*e*Rt [
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-b + cx(d/e) + ax(e/d), 2])), x] + Simp[(Bxd + A*e)*(A + B*x~2)*(Sqrt[A~2x*(
(a + b*x"2 + c*xx74)/(ax(A + Bxx"2)72))]/(4*xdxexA*q*Sqrt[a + bxx"2 + c*x"4])
)*EllipticPi[Cancel [-(Bxd - Axe)~2/(4*d*exA*B)], 2%ArcTan[qg*x], 1/2 - b*x(A/
(4xaxB))], x]]1 /; FreeQ[{a, b, c, d, e, A, B}, x] && NeQ[b~2 - 4xaxc, 0] &&
NeQ[c*d~2 - b*d*e + axe”2, 0] && NeQ[c*d~2 - axe”2, 0] && PosQ[c/al && EqQ
[cxA™2 - axB~2, 0]

Rubi steps

(o) (¢

c c - Ved? — bde + ae? s
(e ()
+\/:x do — ( a ¢ Vd e Va + br? + ezt N

(d+ex?) Va+ bz + ezt 2Vd /e Ved? — bde + ae?

Mathematica [C] Result contains complex when optimal does not.
time = 10.30, size = 312, normalized size = 1.15

b+Vb? — 4ac
— 4

[o+ VP —dac +2ca2 | 22 [ [C g ‘ > e (VB —dac)e . ‘
it/ / ,va-]A(Q ,>b+1b—4ac> (7 ey )H ;"h’1<2 ) "
Wy " \/:‘ (”m’ Ty i oy o) Rl G A i (Ve ) e e

1
b+VPZ—dac | b— VP —dac Vb2 — dac

ﬁ\/;‘dra\/ai»szer‘
b+ Vb® — dac

Antiderivative was successfully verified.

[In] Integrate[(1 + Sqrtlc/al*x~2)/((d + e*x~2)*Sqrt[a + bxx"2 + c*x~4]),x]

[Out] ((-I)*Sqrt[(b + Sqrt[b~2 - 4*axc] + 2*xc*xx~2)/(b + Sqrt[b~2 - 4*axc])]*Sqrt[
1 + (2%xc*x"2)/(b - Sqrt[b~2 - 4*axc])]*(Sqrt[c/al*d*EllipticF [I*ArcSinh[Sqr
t[2]*Sqrt[c/(b + Sqrt[b~2 - 4*a*xc])]*x], (b + Sqrt[b~2 - 4*axc])/(b - Sqrt[

b~2 - 4*axc])] + (-(Sqrtlc/al*d) + e)*EllipticPi[((b + Sqrt[b~2 - 4*axc])*e

)/ (2xc*d), I*ArcSinh[Sqrt[2]*Sqrtlc/(b + Sqrt[b~2 - 4xa*c])]*x], (b + Sqrtl[

b~2 - 4xaxc])/(b - Sqrt[b~2 - 4*a*xc])]))/(Sqrt[2]*Sqrt[c/(b + Sqrt[b~2 - 4%
axc])]xdxexSqrt[a + b*x"2 + c*x~4])

Maple [A]
time = 0.16, size = 369, normalized size = 1.36

] method \ result
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2(—b+\/ —4ac + b? )z2 | 2(b+\/ —4ac + b? >z2 | N —b+v —4ac
\/? \/5 4 — p 4 + 2 EllipticF i 5 a
default —_—
4e\/_b+ Y _%ac—i_ b2 Vext+bx2+a
22 a2v/—4dac + b2 22 | a2v/—4dac + b2
\/?\/1+%- \/ % \/1+b2_a+ \/ %8 Ellipt
(cz*+bx2+a)c a(l+x2 \/?)
RENE
elliptic

Verification of antiderivative is not currently implemented for this CAS.

[In] int((1+x~2%(c/a)~(1/2))/(e*x~2+d)/(c*x~4+b*x"2+a)~(1/2) ,x,method=_RETURNVER
BOSE)

[Out] 1/4%(c/a)~(1/2)/e*x27(1/2)/((-b+(-4*axc+b~2)~(1/2))/a)~(1/2)*(4-2% (-b+(-4*ax
c+b”2) " (1/2)) /a*xx”2) " (1/2) * (4+2* (b+ (-4*a*xc+b~2) ~(1/2) ) /a*xx~2)~(1/2) / (c*x~4+
bxx~2+a) ~(1/2)*E1lipticF (1/2%x%2~(1/2) * ((-b+(-4*a*c+b~2)~(1/2))/a)~(1/2),1/

2% (=4+2xb* (b+(-4*a*xc+b~2) ~(1/2))/a/c)~(1/2))+1/ex(e-d*(c/a)~(1/2)) /d*2~(1/2

)/ (-b/a+1/ax(-4*a*c+b~2)~(1/2)) " (1/2)*(1+1/2%b*x"2/a-1/2*%x"2/a* (-4*a*xc+b~2)
~(1/2))7(1/2)*(1+1/2%b*x"2/a+1/2%x"2/ax (-4*a*c+b~2) " (1/2) )~ (1/2) / (c*x~4+b*x
~2+a)~(1/2)*E1llipticPi(1/2%x*27 (1/2)* ((-b+(-4*axc+b~2)~(1/2))/a)~(1/2) ,-2/(

b+ (-4*axc+b™2) " (1/2) ) *axe/d, (-1/2x (b+(-4*a*xc+b~2)~(1/2))/a)~(1/2)*2~(1/2)/
((-b+(-4*a*xc+b~2)~(1/2))/a)~(1/2))

Maxima [F]

time = 0.00, size = 0, normalized size = 0.00

Failed to integrate
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1+x~2*x(c/a)~(1/2))/(e*x~2+d)/(c*x~4+b*x~2+a)~(1/2),x, algorithm=
"maxima")

[Out] integrate((x"2*sqrt(c/a) + 1)/(sqrt(c*x™4 + b*x"2 + a)*(x"2*e + d)), x)
Fricas [F(-1)] Timed out
time = 0.00, size = 0, normalized size = 0.00

Timed out
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Verification of antiderivative is not currently implemented for this CAS.
[In] integrate((1+x~2x(c/a)~(1/2))/(e*x~2+d)/(c*x~4+b*x~2+a)~(1/2),x, algorithm=
"fricas")

[Out] Timed out

Sympy [F]

time = 0.00, size = 0, normalized size = 0.00

/( x2\/§+1 .

d+ ex?) Va + bx? + cz?

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1+x**2*(c/a)**(1/2))/(e*x**2+d) /(ckxx**4+bxx**2+a)**(1/2) ,x)
[Out] Integral((x**2*sqrt(c/a) + 1)/((d + exxx*2)*sqrt(a + bxx**2 + c*x*x4)), Xx)
Giac [F|

time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1+x~2*x(c/a)~(1/2))/(e*x~2+d)/(c*x~4+b*x~2+a)~(1/2),x, algorithm=
n giac n )

[Out] integrate((x~2*sqrt(c/a) + 1)/(sqrt(c*x™4 + b*x~2 + a)*(x"2xe + d)), x)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.00

/( $2\/§+1 N

ex? +d) Vext+ba2 +a

Verification of antiderivative is not currently implemented for this CAS.

[In] int((x"2*(c/a)~(1/2) + 1)/((d + exx"2)*(a + b*x"2 + c*x"4)~(1/2)),x)
[Out] int((x"2%(c/a)~(1/2) + 1)/((@ + exx~2)*(a + b*x"2 + c*x"4)~(1/2)), x)
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3.39 946+31522 dx
(7+522) /2 + 372 + 1

Optimal. Leaf size=106

2+ 22
2 -1 1
631(1+ %) \/ 5oz Ftan™'@)3)  9595(2 + 22) I1(2; tan—(2)]2)

W2 V2 ¥ 322 + 22 a 2+ 22
V2 V23242 142 %V2+3x2+x4
i

[Out] -2525/28*%(x~2+2)*(1/(x72+1))~(1/2)*(x~2+1)~(1/2)*E1llipticPi(x/(x~2+1)~(1/2)
,2/7,1/2%27(1/2))*27(1/2) / ((x72+2) / (x~2+1) ) ~(1/2) / (x~4+3*x~2+2) ~(1/2)+631/4
*(x72+1)7(3/2)*(1/(x"2+1) )~ (1/2)*E1llipticF (x/ (x~2+1)~(1/2) ,1/2%27(1/2) ) * ((x

~2+2) / (x72+1)) " (1/2)*27(1/2) / (x~4+3*x~2+2) " (1/2)

Rubi [A]

time = 0.07, antiderivative size = 106, normalized size of antiderivative = 1.00, number of

number of rules __
' integrand size 0.129,

steps used = 4, number of rules used = 4, integrand size = 31
Rules used = {1718, 1113, 1470, 553}

2
) x? 42 1
631(a +1) /5y FlArcTan(@)|3)  595(22 4+ 2) (2 AreTan(a) |2)
92 VZt + 322 + 2 242
142 o z* + 322 + 2

Antiderivative was successfully verified.
[In] Int[(946 + 315*x72)/((7 + 5%x~2)*Sqrt[2 + 3*x~2 + x~4]),x]

[Out] (631*(1 + x"2)*Sqrt[(2 + x72)/(1 + x~2)]*EllipticF[ArcTan([x], 1/2])/(2*Sqrt
[2]*Sqrt[2 + 3*x~2 + x74]) - (2525%(2 + x~2)*EllipticPi[2/7, ArcTan[x], 1/2
1)/(14*xSqrt [2]1*Sqrt [(2 + x72) /(1 + x72)]*Sqrt[2 + 3*x~2 + x74])

Rule 553

Int[Sqrt[(c_) + (d_.)*(x_)"2]/(((a_) + (b_.)*(x_)"2)*Sqrt[(e_) + (f_.)*(x_)
~2]), x_Symbol] :> Simp[c*(Sqrtle + f*x~2]/(a*exRt[d/c, 2]*Sqrtlc + d*x~2]*
Sqrt[cx((e + £*x72)/(ex(c + d*x72)))]))*EllipticPi[1 - bx*(c/(a*d)), ArcTan[
Rt[d/c, 2]1*x], 1 - c*(f/(d*e))], x] /; FreeQ[{a, b, c, d, e, f}, x] && PosQ
[d/c]

Rule 1113

Int[1/Sqrtl(a_) + (b_.)*(x_)"2 + (c_.)*(x_)"4], x_Symbol] :> With[{q = Rt[b
~2 - 4xaxc, 2]}, Simp[(2*a + (b + @)*x”2)*(Sqrt[(2*a + (b - q)*x~2)/(2%a +
(b + @*x~2)]1/(2*%a*Rt [(b + q)/(2*%a), 2]*Sqrt[a + b*x"2 + c*xx"4]))*EllipticF
[ArcTan[Rt[(b + q)/(2*a), 2]*x], 2x(q/(b + q))]1, x] /; PosQ[(b + q)/al &&
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1 (PosQ[(b - q)/al && SimplerSqrtQ[(b - q)/(2*a), (b + q)/(2*a)])] /; FreeQl
{a, b, c}, x] && GtQ[b~2 - 4+*axc, 0]

Rule 1470

Int[((d)) + (e_)*(x_)"(n_))"(q_)*x((£)) + (g_)*(x_)"(n ) (r_.)*x((a)) + (

b_)*x(x_)" () + (c_.)*(x_)"(n2_))"(p_), x_Symbol] :> Dist[(a + b*x"n + c*x
~(2*n)) “FracPart[p]/((d + exx"n) FracPart([p]l*(a/d + (c*x"n)/e) FracPart[p])
, Int[(d + e*x™n)~(p + q@)*(f + g*x"n) r*(a/d + (c/e)*x"n)"p, x], x] /; Free
Ql{a, b, c, d, e, f, g, n, p, q, T}, x] & EqQ[n2, 2*n] && NeQ[b~2 - 4xaxc,
0] &% EqQ[c*d™2 - b*d*e + axe”2, 0] && !IntegerQ[p]

Rule 1718

Int[((A)) + (B_.)*(x_)"2)/(((d_) + (e_.)*(x_)"2)*Sqrtl(a_) + (b_.)*(x_)"2 +
(c_.)*(x_)"4]), x_Symbol] :> With[{q = Sqrt[b~2 - 4*axc]l}, Dist[(2*a*xB - A
*(b + q))/(2xaxe - dx(b + q)), Int[1/Sqrt[a + b*x"2 + c*x74], x], x] - Dist
[(Bxd - Axe)/(2xaxe - d*(b + q)), Int[(2*xa + (b + @) *x"2)/((d + e*x"2)*Sqrt
[a + b*xx"2 + c*x~4]), x], x] /; RationalQ[ql] /; FreeQ[{a, b, c, d, e, A, B
}, x] && GtQ[b~2 - 4xaxc, 0] && NeQ[c*d"2 - bxd*xe + axe”2, 0] && NeQ[c*A~2
- b*A*B + axB~2, 0]

Rubi steps
946 + 31522 631 1 2525 4 + 4x?
der = — dxr — dr
(7 + 522) V2 + 322 + z* 2 ) V2435242t 8 (74 522) V2 + 3z2 + z*

2
(2525 %+‘% \/4+4x2>f-

2+CC2 -1 1
) 631(1 + z2) a7 F(tan™(z)|3 B
2v/2 V2 + 322 + z* 8V2+32? +ua
2 + x2
2 “1(z)| 1
811 +a%) [T F(tan™'(z)[3) _2525(2+ %) T1(2; tan " (z) )
V 1+ 22

Mathematica [C] Result contains complex when optimal does not.
time = 10.14, size = 74, normalized size = 0.70

z’\/1+x2\/2+x2(441F(isinh_1<\/””§)’2)+505H(L£;isinh_1(j§)‘2)>
N V2 + 322 + o
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Antiderivative was successfully verified.

[In] Integrate[(946 + 315*x72)/((7 + 5*x~2)*Sqrt[2 + 3*x~2 + x~4]),x]
[Out] ((-1/7*I)*Sqrt[1 + x~2]*Sqrt[2 + x~2]*(441*EllipticF[I*ArcSinh[x/Sqrt[2]],
2] + B05*EllipticPi[10/7, I*ArcSinh[x/Sqrt[2]], 2]))/Sqrt[2 + 3*x"2 + x74]

Maple [C] Result contains complex when optimal does not.
time = 0.14, size = 93, normalized size = 0.88

method | result

63ivV2 V22 +4 Va2 +1 EllipticF<i@m,ﬁ> 505i\/§ v 1+ % Vzz+1 EllipticPi(i\/gm,l.
defeult | — 2v/zh + 322 + 2 - 7v/zh + 322 + 2

63ivV2 V2x2+4 V2 +1 EllipticF(i\/?z,ﬂ) 505iv/2 /1 + % V2 +1 EllipticPi(i\/?z,l.

Hipti — ‘ ‘
eHptic 2v/zt + 322 4 2 7t + 322 + 2

Verification of antiderivative is not currently implemented for this CAS.

[In] int((315%x72+946)/(5*%x~2+7)/(x~4+3*x~2+2)~(1/2) ,x,method=_RETURNVERBOSE)

[Out] -63/2%I*27(1/2)*(2%x~2+4)~(1/2)*(x~2+1) ~(1/2) / (x~4+3*x~2+2) ~(1/2) *E1lipticF
(1/2%I%27(1/2)*x,27(1/2))-505/7*I%2~ (1/2) *» (1+1/2%x~2) ~(1/2) * (x~2+1) ~(1/2) / (
X"4+3%x72+2) " (1/2)*E11lipticPi (1/2*I*2~(1/2)*x,10/7,2~(1/2))

Maxima [F]
time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((315%x~2+946)/(5*x~2+7)/(x"4+3*xx~2+2)~(1/2),x, algorithm="maxima"

)
[Out] integrate((315%x~2 + 946)/(sqrt(x”"4 + 3*x"2 + 2)*(5%x"2 + 7)), x)

Fricas [F]
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((315%xx~2+946)/(56*x~2+7)/(x"4+3*x"2+2)~(1/2) ,x, algorithm="fricas"

)
[Out] integral(sqrt(x~4 + 3*x~2 + 2)*(315%x"2 + 946)/(5%xx"6 + 22*%x"4 + 31*x"2 + 1

4), x)
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Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

/ 315z2 + 946

V(@2 +1) (224 2) (52247)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((315*x**x2+946)/(5xx**x2+7) / (x**4+3*x**2+2)**(1/2) ,x)

[Out] Integral((315*x**2 + 946)/(sqrt((x**2 + 1)*x(x**2 + 2))*(5*x**2 + 7)), x)

Giac [F|
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((315%x~2+946)/(5*x~2+7)/(x~4+3*xx~2+2)~(1/2),x, algorithm="giac")
[Out] integrate((315%x72 + 946)/(sqrt(x”™4 + 3*x"2 + 2)*(5%x"2 + 7)), x)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.01

dz

/ 31522 + 946
(52247) vzt + 322+ 2

Verification of antiderivative is not currently implemented for this CAS.

[In] int((315%x"2 + 946)/((5*x~2 + 7)*(3*x"2 + x4 + 2)~(1/2)),x)
[Out] int((315*%x~2 + 946)/((5*x"2 + 7)*(3*x"2 + x74 + 2)7(1/2)), %)
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(A+B2?) (d+ex?)?
a+bx?+cxt dx

3.33 |

Optimal. Leaf size=218

—_ C 61’2 _q . . . sz 61’2 — C ,
(B - ppcate ) s(d+e?) (1+2) ' (g, 1, g g~ i, —7) (B e ) .
+
b— Vb? —dac

[Out] x*(e*x~2+d) "q*AppellF1(1/2,1,-q,3/2,-2%c*x"2/(b-(-4*a*c+b~2)~(1/2)),-e*x"2/
d) * (B+(2xA*c-B*b) / (-4*axc+b~2)~(1/2)) / ((1+exx~2/d) ~q) / (b-(-4*axc+b~2) ~(1/2)

)+x* (exx~2+d) “q*AppellF1(1/2,1,-q,3/2,-2*%c*xx"2/ (b+(-4*a*xc+b~2)~(1/2)) ,-exx"

2/d) * (B+ (-2*A*c+B*Db) / (—4*axc+b~2) ~(1/2)) / ((1+exx~2/d) ~q) / (b+(-4*a*xc+b~2)~ (1

/2))

Rubi [A]
time = 0.23, antiderivative size = 218, normalized size of antiderivative = 1.00, number of

number of rules _
integrand size 0.097,

steps used = 6, number of rules used = 3, integrand size = 31,
Rules used = {1706, 441, 440}

+
b— Vb2 — dac Vb2 —4dac +b

Antiderivative was successfully verified.
[In] Int[((A + Bxx"2)*(d + exx"2)"q)/(a + b*x~2 + c*x"4),x]

[Out] ((B - (b*B - 2%A*c)/Sqrt[b~2 - 4*axc])*x*(d + e*xx~2) g*AppellF1[1/2, 1, -q,
3/2, (-2xc*x~2)/(b - Sqrt[b~2 - 4xa*xc]), -((exx~2)/d)])/((b - Sqrt[b~2 - 4
xaxc])*(1 + (exx"2)/d)"q) + ((B + (b*B - 2%Axc)/Sqrt[b~2 - 4*a*xc])*x*x(d + e
*x~2) “gxAppellF1[1/2, 1, -q, 3/2, (-2*c*xx~2)/(b + Sqrt[b~2 - 4*axc]), -((ex
x72)/d)1)/((b + Sqrt[b~2 - 4x*a*xc])*(1 + (e*x”2)/d)"q)

Rule 440

Int[((a)) + (b_)*(x_)"(n_)) " (p_)*((c_) + (d_.)*(x_)"(n_))"(q_), x_Symbol]
:> Simp[a“p*c~q*x*AppellF1[1/n, -p, -q, 1 + 1/n, (-b)*(x"n/a), (-d)*(x"n/c)
1, x]1 /; FreeQ[{a, b, ¢, d, n, p, g}, x] && NeQ[bxc - a*d, 0] && NeQ[n, -1]
&& (IntegerQlp] || GtQ[a, 0]) && (IntegerQlql || GtQlc, 01)

Rule 441

Int[((a)) + (b_)*(x_ )" (@ ))~(p)*((c_) + (d_.)*(x_)"(n_))"(q_), x_Symbol]
:> Dist[a"IntPart[p]l*((a + b*x"n) FracPart[p]/(1 + b*(x"n/a)) FracPart([p]l),
Int[(1 + b*x(x"n/a)) p*(c + d*x"n)~q, x], x] /; FreeQ[{a, b, c, d, n, p, q}
, x] && NeQ[b*c - axd, 0] && NeQ[n, -1] && !(IntegerQ[p] || GtQ[a, 0])

Rule 1706
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Int [(Px_)*((d_) + (e_.)*(x_)"2)"(q_.)*((a_) + (b_.)*(x_)72 + (c_.)*(x_)"4)~
(p_.), x_Symbol] :> Int[ExpandIntegrand[Px*(d + exx~2)7"gx(a + b*x"2 + c*x"4
)°p, x1, x] /; FreeQ[{a, b, c, d, e, q}, x] && PolyQ[Px, x~2] && NeQ[b~2 -
4xaxc, 0] && NeQ[c*xd~2 - bxd*e + a*e”2, 0] && IntegerQ[p]

Rubi steps
—bB+2Ac d 2\9 B — —bB+42Ac d 2\9
(A+ Bz?) (d + ex?)* :/ ( 4ac>( +ez’) +( \/b2—4ac)( +er’) dx
a + bx? + cxt \/ b2 — dac + 2cx? b+ Vb2 —4dac + 2cx?

bB — 2Ac (d + ex?)? ( — 2Ac ) /
B — dr + B+ —
( Vb2 — dac ) /b — Vb?2 —4ac + 2cx? Vb2 — dac
—q 1+ &
B 2AC>(d+e$) <1+6.’)3) / < ) da
Vb2 — dac d b— Vb2 — dac + 2czx?

bB—2Ac xd+ex2q<1+£>_qF(l;1,— 3. _ 2ca? g
( Vb2 4ac) ( ) d H\2 ©3 b—V b2 — dac
b— Vb2 —4ac

Mathematica [F]
time = 0.43, size = 0, normalized size = 0.00

/ (A + Bx?) (d + ex?)*
dz
a + bx? + cxt

Verification is not applicable to the result.

[In] Integrate[((A + Bxx"2)*(d + exx~2)7q)/(a + b*x"2 + c*x74),x]
[Out] Integrate[((A + Bxx"2)*(d + exx"2)"q)/(a + b*x"2 + c*x"4), x]
Maple [F]

time = 0.04, size = 0, normalized size = 0.00

(Bx?+ A) (ex?® + d)*

d
cxt+bzr2+a v

Verification of antiderivative is not currently implemented for this CAS.

[In] int((B*x~2+A)*(exx~2+d) ~q/(c*xx~4+b*x"2+a),x)
[Out] int((B*x~2+A)*(e*xx~2+d) ~q/(c*x"4+b*x~2+a) ,x)
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Maxima [F]
time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((B*x~2+A)*(e*x~2+d) ~q/(c*x~4+b*x~2+a) ,x, algorithm="maxima")

[Out] integrate((B*x~2 + A)*(x"2%e + d)~q/(c*x"4 + b*x"2 + a), x)

Fricas [F]
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((B*x~2+A)*(e*x~2+d) ~q/(c*x~4+b*x~2+a) ,x, algorithm="fricas")
[Out] integral((B*x~2 + A)*(x"2*e + d)~q/(c*x"4 + b*x"2 + a), x)

Sympy [F(-1)] Timed out
time = 0.00, size = 0, normalized size = 0.00

Timed out

Verification of antiderivative is not currently implemented for this CAS.
[In] integrate((B*x**2+A)* (exx**2+d)**q/ (c*x**4+b*x**2+a) ,X)

[Out] Timed out

Giac [F|
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((B*x~2+A)*(e*x~2+d) ~q/(c*x~4+b*x~2+a),x, algorithm="giac")
[Out] integrate((B*xx~2 + A)*(x"2%e + d)~q/(c*x"4 + b*x"2 + a), x)

Mupad [F]

time = 0.00, size = -1, normalized size = -0.00

/(Bx2+A) (ex? +d)?
dz
crt+bx2+a

Verification of antiderivative is not currently implemented for this CAS.

[In] int(((A + B*x~2)*(d + exx"2)"q)/(a + b*x"2 + c*x"4),x)
[Out] int(((A + B*x"2)*(d + e*x"2)7q)/(a + b*x"2 + c*x74), x)
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334 [0 g

V14 :132 (1422+a4)

Optimal. Leaf size=106
1 1 1 1
—§tan_1 <\/§ —2vV1 + x? )—}—Etan_l (\/5 +2vV1+ 22 )+Z\/§ log <2+m2 — V3 V1422 )_Z\/g lo;

[Out] 1/2*arctan(-3"(1/2)+2*(x"2+1)"(1/2))+1/2*arctan(3~(1/2)+2*(x"2+1)"(1/2))+1/
4x1n(2+x72-37(1/2)*(x72+1)~(1/2) )*3~(1/2)-1/4*x1n (2+x~2+37(1/2) * (x~2+1) " (1/2
))*37(1/2)

Rubi [A]

time = 0.09, antiderivative size = 106, normalized size of antiderivative = 1.00, number of

: number of rules — 0.250,
integrand size

steps used = 11, number of rules used = 7, integrand size = 28
Rules used = {1699, 840, 1183, 648, 632, 210, 642}

—%ArcTan(\/?T —2vVz2+1 ) +%ArcTan<2\/zz+1 + \/BT) +%\/§10g (zz - V3 Va2 +1 +2) - i\/??log (x2+ V3V +1 +2)

Antiderivative was successfully verified.
[In] Int[(x*(1 + 2*x72))/(Sqrt[l + x2]*(1 + x™2 + x74)),x]

[Out] -1/2*ArcTan[Sqrt[3] - 2*Sqrt[1 + x~2]] + ArcTan[Sqrt[3] + 2*Sqrt[1 + x~2]11/
2 + (Sqrt[3]*Log[2 + x"2 - Sqrt[3]*Sqrt[1 + x~2]]1)/4 - (Sqrt[3]*Log[2 + x~2
+ Sqrt[3]*Sqrt[1 + x~2]1]1)/4

Rule 210

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(-(Rt[-a, 2]*Rt[-b, 2])~(
-1))*ArcTan[Rt [-b, 2]*(x/Rt[-a, 2])], x] /; FreeQ[{a, b}, x] && PosQ[a/b] &
& (LtQ[a, 0] || LtQ[b, 01)

Rule 632

Int[((a_.) + (b_.)*(x_) + (c_.)*(x_)"2)"(-1), x_Symbol] :> Dist[-2, Subst[I
nt[1/Simp[b~2 - 4*a*xc - x~2, x], x], x, b + 2xc*x], x] /; FreeQ[{a, b, c},
x] && NeQ[b~2 - 4xaxc, 0]

Rule 642

Int[((d)) + (e_)*x(x_))/((a_.) + (b_.)*(x_) + (c_.)*(x_)"2), x_Symbol] :> S
imp [d* (Log[RemoveContent [a + b*x + c*x72, x]1/b), x] /; FreeQ[{a, b, c, d,
e}, x] && EqQ[2xc*d - bxe, 0]

Rule 648

Int[((d_.) + (e_.)*(x_))/((a_) + (b_.)*(x_) + (c_.)*(x_)"2), x_Symbol] :> D
ist[(2*%c*d - b*e)/(2%c), Int[1/(a + b*x + c*x~2), x], x] + Dist[e/(2%c), In
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t[(b + 2xc*x)/(a + b*x + c*x~2), x], x] /; FreeQ[{a, b, c, d, e}, x] && NeQ
[2%cxd - b*e, 0] && NeQ[b~2 - 4*axc, 0] && !NiceSqrtQ[b~2 - 4xaxc]

Rule 840

Int[((£_.) + (g_.)*(x_))/(Sqrtl(d_.) + (e_.)*x(x_)I1*((a_.) + (b_.)*(x_) + (c
_.)*(x_)"2)), x_Symbol] :> Dist[2, Subst[Int[(exf - dxg + g*x~2)/(c*d™2 - b
xd*e + axe”2 - (2xckd - b*e)*x"2 + c*x~4), x], x, Sqrt[d + exx]], x] /; Fre
eQl{a, b, c, d, e, £, g}, x] && NeQ[b~2 - 4*axc, 0] && NeQ[c*d"2 - b*d*e +

axe~2, 0]

Rule 1183

Int[((d_) + (e_.)*(x_)"2)/((a_) + (b_.)*(x_)"2 + (c_.)*(x_)"4), x_Symbol] :
> With[{q = Rt[a/c, 2]}, With[{r = Rt[2*q - b/c, 2]}, Dist[1/(2*c*q*r), Int
[(d*r - (d - exq)*x)/(q - r*x + x72), x], x] + Dist[1/(2*c*g*r), Int[(d*r +
(d - exq)*x)/(q + r*x + x72), x], x]1]1] /; FreeQ[{a, b, c, 4, e}, x] && NeQ
[b°2 - 4xaxc, 0] && NeQ[c*d"2 - bxdxe + a*e”2, 0] && NegQ[b~2 - 4x*axc]

Rule 1699

Int [(Px_)*(x_)*((d_) + (e_.)*(x_)"2)"(q_.)*((a_) + (b_.)*(x_)"2 + (c_.)*(x_
)~4)~(p_.), x_Symbol] :> Dist[1/2, Subst[Int[(Px /. x -> Sqrt[x])*(d + e*x)
“gx(a + b*x + c*x"2)7p, x], x, x°2], x] /; FreeQ[{a, b, c, d, e, p, q}, x]

&& PolyQ[Px, x~2]

Rubi steps
z(1 + 22?%) 1 ( 1+ 2z 2)
dr = —Subst dr,z,
V1422 (14 22+ 24) 2 Vi4+z (14+2x+22)
—1 4+ 222
= Subst /#dx,x, V1+ x?
1—22+ 24

Subst(fﬂdac,ac,\/1-|—ac2 ) Subst(f1J_r\\;_§))’j—;i”;2

1—\/§x+x2

der,x,vV1+

+
23’

2v/3’

1

1 1 1
= —Subst / dr,x,V1+ x? ) +—Subst(/
4 < 1—+3'z+x2 4 1+ 3 2+ 22
1 1
=Z\/§log<2+x2—\/§v1+x2)—Z\/glog(2+x2+\/§\/1—l—w2 )

1 1 1
= —étan_l (\/5 — 21+ 22 ) + 5tzm‘1 (\/5 +2V1 + 22 ) + Z\/QT log
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Mathematica [C] Result contains complex when optimal does not.

time = 0.09, size = 81, normalized size = 0.76

S(1-iv8) tan” (%(1 ~iv3) VT) 2 (1+iv8) tan” (%(1 +iva) «T)

Antiderivative was successfully verified.

[In] Integrate[(x*(1 + 2%x72))/(Sqrt[1 + x~2]*(1 + x~2 + x74)),x]

[Out] ((1 - IxSqrt[3])*ArcTan[((1 - I*Sqrt[3])*Sqrtl[1 + x~2])/2]1)/2 + ((1 + IxSqr
t[3])*ArcTan[((1 + I*Sqrt[3])*Sqrtl[1 + x~2]1)/21)/2

Maple [B] Leaf count of result is larger than twice the leaf count of optimal. 295 vs.

2(80) = 160.
time = 0.37, size = 296, normalized size = 2.79

method | result
) 2142”4 9 /3 2040 1 9L _
2(1_;:”)2 +2 vV 3 arctanh (1-2) 5 +arctan (1—:v)2 \/E Q(T_
(1-z) (781“;2 +1)(17z) (-1

default — _
(a1
—z 14z
* (1+32)° (r+42)
. 41 16 RootOf(lﬁ_Z4—4_ZQ+1> ® 2?16 RootOf(16_Z4—4_Z2+1) * 212 RootOf(l6_Z4—4_ZQ+1)3+4 RootC
rager | —4ln | —

& (4 RootOf(us_Z4 W/ +1)2m—m+1) (4 Root0f<16_Z4 -

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x*(2*x"2+1)/(x"4+x"2+1)/(x"2+1)~(1/2) ,x,method=_RETURNVERBOSE)

[Out] -1/4*2~(1/2)*(2*x(1+x) "2/ (1-x)"2+2)~(1/2)* (3~ (1/2) *arctanh(1/2*x(2x(1+x) "2/ (1
-x)"2+2) " (1/2)*37(1/2))+arctan(1/((1+x) "2/ (1-x) "2+1) * (2% (1+x) "2/ (1-x) ~2+2)~
(1/2)*x(1+x) / (1-x))) /(((1+x) "2/ (1-x)"2+1) /(1+(1+x) /(1-x))~2)~(1/2) / (1+(1+x) /
(1-x))-1/4x2"(1/2) * (2x (-1+x) "2/ (-1-x) ~2+2) " (1/2) * (3~ (1/2) *arctanh (1/2* (2* (-

1+x) "2/ (-1-x)"2+2)~(1/2)*3"(1/2) )+arctan(1/((-1+x) "2/ (-1-x) "2+1) * (2*x (-1+x) "
2/(-1-x)"2+2)~(1/2) *(-1+x) / (-1-x))) / (((-1+x) "2/ (-1-x) ~2+1) / (1+(-1+x) / (-1-x)
)"2)~(1/2)/ (1+(-1+x) / (-1-x))

Maxima [F]
time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*(2*x~2+1)/(x"4+x"2+1)/(x"2+1)~(1/2) ,x, algorithm="maxima")
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[Out] integrate((2*x~2 + 1)*x/((x™4 + x72 + 1)*sqrt(x”2 + 1)), x)

Fricas [B] Leaf count of result is larger than twice the leaf count of optimal. 279 vs.
2(80) = 160.
time = 0.41, size = 279, normalized size = 2.63

LT g (522 302 32 F () 10 (228 VE (271 4 42) VITT +32) 3 Tl (3254302252 e 42) =10 (208 v 22% 1) 42) VT +52) —arctan (2200 520 + 295 005 ) (209 VB 2 ) 142 VERT 22 (5 VETT) 4V ~2VTT | marctan (2ot 450 2VF (02 0)— (200 VB4 ) 2 VAT 2 (4 VAT V8 ~2VFTT

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*(2*x~2+1)/(x"4+x"2+1)/(x"2+1)~(1/2),x, algorithm="fricas")

[Out] 1/4*sqrt(3)*log(32*x~4 + 80*x~2 + 32xsqrt(3)*(x"3 + x) - 16%(2*x~3 + sqrt(3
)*¥(2%xx72 + 1) + 4*xx)*sqrt(x™2 + 1) + 32) - 1/4*xsqrt(3)*log(32*x~4 + 80%x~2

- 32*%sqrt(3)*(x"3 + x) - 16%(2*x"3 - sqrt(3)*(2*x~2 + 1) + 4*x)*sqrt(x”2 +

1) + 32) - arctan(2*sqrt(2*x~4 + 5*x”2 + 2*sqrt(3)*(x"3 + x) - (2*x"3 + sqr
t(3)*(2*%x72 + 1) + 4*x)*sqrt(x”2 + 1) + 2)*(x + sqrt(x”2 + 1)) + sqrt(3) -
2xsqrt(x”2 + 1)) - arctan(2*sqrt(2*xx~4 + 5*x~2 - 2xsqrt(3)*(x"3 + x) - (2*x

"3 - sqrt(3)*(2*x72 + 1) + 4*x)*sqrt(x”2 + 1) + 2)*(x + sqrt(x™2 + 1)) - sq

rt(3) - 2xsqrt(x”2 + 1))

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00
z(22% + 1)

dx
Ve +1 (22 —z+1)(22+ 2z +1)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*(2kx**2+1)/(x**4+x*x*2+1)/(x**2+1)*x*(1/2) ,x)
[Out] Integral (x*(2*x**2 + 1)/(sqrt(x**2 + 1)*x(x**2 - x + D*x(x**2 + x + 1)), x)
Giac [A]

time = 4.11, size = 80, normalized size = 0.75

1 1 1 1
—ix/i?log<x2+\/?7\/x2+l +2>+1\/§log(zz—\/§\/$2+1 +2)+§arctan(\/§+2\/12+1)+§arctan(—\/?7+2\/x2+l)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*(2*x~2+1)/(x"4+x~2+1)/(x"2+1)~(1/2) ,x, algorithm="giac")

[Out] -1/4%sqrt(3)*log(x~2 + sqrt(3)*sqrt(x~2 + 1) + 2) + 1/4*sqrt(3)*log(x~2 - s
qrt(3)*sqrt(x”2 + 1) + 2) + 1/2*arctan(sqrt(3) + 2*sqrt(x~2 + 1)) + 1/2#*arc
tan(-sqrt(3) + 2xsqrt(x”2 + 1))

Mupad [B]
time = 1.85, size = 397, normalized size = 3.75

T (o L)[LJ (e (10 (S ) vamiT 5 ) (23 s %‘;u) (a3 0328 o (34 (S 3) Vi 1)) (H{f‘;u)‘ $rE8) (30 (1 () v -5 ) rz@‘;u}}f‘fu)

() ) V) oo () -remn) V() o (s (g - revmn) V(B o (o) erevn)



218

Verification of antiderivative is not currently implemented for this CAS.

[In] int((xx(2%x~2 + 1))/((x"2 + 1)7(1/2)*(x"2 + x74 + 1)) ,x)

[Out] ((log(x - (37(1/2)*1i)/2 - 1/2) - log(x/2 + (37(1/2)/2 + 1i/2)*(x"2 +
/2) + (37(1/2)*x*11)/2 + 1))*((37(1/2)*11)/2 + 2x((37(1/2)*1i)/2 + 1/2)"3 +
1/2))/ (3~ (1/2)*1i) /2 + 1/2)72 + 1)7(1/2)*(37(1/2)*1i + 4x((37(1/2)*11)/
2+ 1/2)73 + 1)) + ((log(x - (37(1/2)*1i)/2 + 1/2) - log((3~(1/2)/2 - 1i/2)
*(x72 + 1)7(1/2) - x/2 + (37(1/2)*x*11)/2 + 1))*((37(1/2)*1i)/2 + 2% ((3~(1/
2)x1i)/2 - 1/2)73 - 1/2))/((((3"(1/2)*11)/2 - 1/2)"2 + 1)~ (1/2)*(37(1/2)*1i
+ 4x((37(1/2)%11)/2 - 1/2)73 - 1)) + ((Qlog(x + (37(1/2)*1i)/2 - 1/2) - log
(x/2 + (37(1/2)/2 - 1i/2)*(x™2 + 1)7(1/2) - (37(1/2)*x*1i)/2 + 1))*((37(1/2
)*1i)/2 + 2x((37(1/2)*11)/2 - 1/2)"3 - 1/2))/((((3~(1/2)*1i)/2 - 1/2)"2 + 1
)7(1/2)*(37(1/2)*1i + 4*x((37(1/2)*1i)/2 - 1/2)73 - 1)) + ((log(x + (37(1/2)
*11)/2 + 1/2) - 1og((37(1/2)/2 + 1i/2)*(x"2 + 1)7(1/2) - x/2 - (37(1/2)*x*1
1)/2 + 1))*x((37(1/2)*1i)/2 + 2x((37(1/2)*1i)/2 + 1/2)"3 + 1/2))/((((37(1/2)
*1i)/2 + 1/2)72 + 1)7(1/2)*(37(1/2)*1i + 4% ((37(1/2)*1i)/2 + 1/2)73 + 1))

n»-1
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3.35 f \/a-l—b$2+cx4 dx

—cdzt

Optimal. Leaf size=145

b—2va /¢ tanhl(vb_zﬁ\/gx) b+2va /¢ tanh1<vb+2ﬁ\/g )

Va + bx? + cxt Va + bx? + ezt
ia Jed * ia Jed

[Out] -1/4*arctanh(x*x(b-2*a~(1/2)*c~(1/2))~(1/2)/(c*x"4+b*x"2+a)~(1/2))*(b-2*xa~ (1
/2)xc~(1/2))°(1/2)/d/a~(1/2)/c~(1/2)+1/4*arctanh (x* (b+2*xa~ (1/2)*c~(1/2))~ (1
/2)/ (c*xx~4+bxx~2+a) ~(1/2) ) *(b+2*a~(1/2)*c~(1/2))~(1/2)/d/a~(1/2) /c~(1/2)

Rubi [A]
time = 0.14, antiderivative size = 145, normalized size of antiderivative = 1.00, number of

number of rules
' integrand size = 0.100,

steps used = 4, number of rules used = 3, integrand size = 30
Rules used = {2096, 1107, 214}

2v/a’ /¢ +b tanh™ (x”2ﬁ\/g+b) b—2+y/a y/c tanh™' (wa_Q\/E\/E)

Va + bx? + ezt Va + bz? + cxt
4/a Ved - 4/ yed

Antiderivative was successfully verified.
[In] Int[Sqrt[a + b*x~2 + c*x74]/(a*xd - cxd*x~4),x]

[Out] -1/4%(Sqrt[b - 2*Sqrt([a]*Sqrt[c]]*ArcTanh[(Sqrt[b - 2*Sqrt[a]*Sqrt[cl]*x)/S
qrtla + b*x"2 + c*x~4]])/(Sqrt[al*Sqrt[cl*d) + (Sqrt[b + 2*Sqrt[a]*Sqrt([c]l]
xArcTanh [(Sqrt[b + 2*Sqrt[al*Sqrt[c]]*x)/Sqrtla + b*x"2 + c*xx~4]])/(4*Sqrt[
al*Sqrt[c]*d)

Rule 214

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[-a/b, 2]/a)*ArcTanh[x
/Rt[-a/b, 211, x] /; FreeQ[{a, b}, x] && NegQ[a/b]

Rule 1107

Int[((a)) + (b_.)*(x_)"2 + (c_.)*(x_)"4)"(-1), x_Symbol] :> With[{q = Rt[b~
2 - 4xaxc, 2]}, Dist[c/q, Int[1/(b/2 - q/2 + c*x72), x], x] - Dist[c/q, Int
[1/(®/2 + q/2 + c*x"2), x], x]] /; FreeQ[{a, b, c}, x] && NeQ[b~2 - 4xaxc,
0] && PosQ[b~2 - 4xaxc]

Rule 2096
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Int[Sqrtlv_1/((d_) + (e_.)*(x_)"4), x_Symbol] :> With[{a = Coeff[v, x, 0],

b = Coeff[v, x, 2], ¢ = Coeffl[v, x, 4]}, Dist[a/d, Subst[Int[1/(1 - 2xb*x"2
+ (b2 - 4xa*xc)*x"4), x], x, x/Sqrtlv]], x] /; EqQlcxd + a*e, 0] && PosQ[a
*xc]] /; FreeQ[{d, e}, x] && PolyQ[v, x~2, 2]

Rubi steps

bst 1 d £ ‘
/1/a+bx2+cz4 do — Subs (f 1-2bz?+(b%2—4ac)z* Z, T, \/a—l—bx2+cx4 )

ad — cdz* * d

2 1 T 2 4 ¢

) (b — 4ac) Subst (f R Y TR dz, z, \/a+bx2+cx4) ) (b ac)

4+y/a +/c'd
Vb—2va Ve V!
-1 -1

b—2+/a'v/c tanh (\/a+bx2+cm4) b+2+/a v/c tanh (\_/Z

—- 1a Jcd - ia Jcd

Mathematica [A]
time = 0.54, size = 139, normalized size = 0.96

—\/m tan™! (\/mx) + \/mtan—l (\/mz>

Va+ bz? + czt Va+ bz? + cxt

4+/a'\/cd

Antiderivative was successfully verified.

[In] Integrate[Sqrt[a + b*x"2 + c*x~4]/(a*d - c*xd*x"4),x]
[Out] (-(Sqrt[-b - 2*Sqrt[al*Sqrt[c]l]*ArcTan[(Sqrt[-b - 2*Sqrt[a]l*Sqrt[c]l]*x)/Sqr

tla + b*x"2 + c*x74]]) + Sqrt[-b + 2*xSqrt[al*Sqrt[c]]*ArcTan[(Sqrt[-b + 2*S
qrt[al *Sqrt [c]]1*x)/Sqrt[a + b*x"2 + c*xx~4]])/(4*Sqrt[a]*Sqrt[c]*d)

Maple [B] Leaf count of result is larger than twice the leaf count of optimal. 221 vs.
2(105) = 210.
time = 0.13, size = 222, normalized size = 1.53

] method \ result
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arctan(\/cx4+bm2+a\/§) arctan(¢6x4+bm2+aﬁ)b arctan(vcx4+b$2+aﬁ) a
B -\/—4yac —2b ) «\/—4y/ac —2b B «\/4y/ac — 2b )
\V/—4+/ac —2b 2v/ac \/—4+/ac —2b V4+/ac —2b
default 53
arctan(¢0x4+bz2+aﬁ) arctan(¢0x4+bm2+aﬁ)b arctan(\/cx4+bz2+a\/2ﬁ) a
B -/—4yac —2b ) =\/—4+/ac —2b - =\/4y/ac —2b )
a/—4+/ac —2b sav/ac \/—4+/ac —2b a\/4+/ac —2b
elliptic 2

Verification of antiderivative is not currently implemented for this CAS.

[In] int((c*x~4+bxx~2+a)~(1/2)/(-cxd*x~4+a*d) ,x,method=_RETURNVERBOSE)

[Out] 1/2/dx(-1/(-4*(a*xc)~(1/2)-2*%b) " (1/2)*arctan((c*x~4+b*x"2+a) ~(1/2)*2°(1/2) /x
/(=4*(a*xc)~(1/2)-2xb)~(1/2))-1/2/(axc)~(1/2) / (-4*(a*c) ~(1/2)-2xb) " (1/2) *arc

tan ((c*xx~4+b*x"2+a) ~(1/2) %2~ (1/2) /x/ (4% (axc) ~(1/2)-2xb) ~(1/2) ) *b-1/ (4% (a*c

)~ (1/2)-2%b) "~ (1/2) *arctan((cxx~4+b*xx~2+a) " (1/2) %2~ (1/2) /x/ (4x (axc) ~(1/2)-2*
b)~(1/2))+1/2/(a*xc)~(1/2) /(4% (a*xc)~(1/2)-2%b) ~(1/2) *arctan ((c*x~4+b*x~2+a) "~
(1/2)*27(1/2) /x/ (4% (axc)~(1/2)-2*b) ~(1/2) ) *b) *2~(1/2)

Maxima [F]

time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((c*x~4+bxx~2+a)~(1/2)/(-cxd*x"4+a*d),x, algorithm="maxima")
[Out] -integrate(sqrt(c*x™4 + b*x~2 + a)/(c*kd*x"4 - a*d), x)

Fricas [B] Leaf count of result is larger than twice the leaf count of optimal. 603 vs.
2(105) = 210.

time = 1.80, size = 603, normalized size = 4.16

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((c*x~4+bxx~2+a)~(1/2)/(-cxd*x"4+a*d) ,x, algorithm="fricas")

[Out] 1/8*sqrt((2xaxc*d~2*sqrt(1/(a*xcxd”4)) + b)/(a*c*d~2))*log((sqrt(c*x~4 + b*x
2 + a)x(axd"2*xsqrt(1/(axcxd”4)) + x72) + (a*cxd~3*x"3*sqrt(1/(axcxd”4)) +
axd*x)*sqrt ((2*a*xcxd~2*sqrt(1/(a*xc*d™4)) + b)/(a*cxd~2)))/(cxx"4 - a)) - 1/
8*xsqrt ((2*a*cxd~2*sqrt(1/(a*xc*d”4)) + b)/(a*cxd~2))*log((sqrt(c*x~4 + b*x~2
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+ a)*(a*d"2*xsqrt(1/(a*cxd~4)) + x72) - (a*c*d"3*xx"3*sqrt(1/(a*c*d™4)) + ax
d*x)*sqrt ((2*a*cxd~2*sqrt(1/(axc*d™4)) + b)/(a*c*d”2)))/(c*x"4 - a)) + 1/8%
sqrt (- (2*axcxd~2*sqrt (1/(a*c*d"4)) - b)/(axcxd~2))*log(-(sqrt(c* x4 + bxx"2

+ a)*(a*d"2*xsqrt(1/(axcxd™4)) - x72) + (a*cxd™3*xx"3*sqrt(1/(a*xc*d™4)) - ax
d*x) *sqrt (- (2*a*xcxd~2*sqrt (1/(a*c*d™4)) - b)/(a*c*d~2)))/(c*x"4 - a)) - 1/8
*xsqrt (- (2*a*c*xd~2xsqrt (1/(axcxd~4)) - b)/(a*c*d™2))*log(-(sqrt(c*x~4 + b*x~
2 + a)*(a*d"2xsqrt(1/(axcxd~4)) - x72) - (a*xcxd"3*x"3*sqrt(1/(a*cxd”4)) - a
*xdxx) *sqrt (- (2*a*c*d"2xsqrt (1/(axcxd~4)) - b)/(a*xc*d"2)))/(c*x"4 - a))

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

f Va4 bx? + cxt da

—a+cx?

d

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((ckx**4+bkx**2+a)**(1/2)/(-cxd*x**4+a*d) ,x)
[Out] -Integral(sqrt(a + b*x**2 + ckx**4)/(-a + c*x*x4), x)/d
Giac [F|

time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((c*x~4+bxx~2+a)~(1/2)/(-c*d*x"4+a*xd) ,x, algorithm="giac")
[Out] integrate(-sqrt(c*x~4 + b*x"2 + a)/(cxd*x~4 - axd), x)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.01

Vext+bz2+a
ad—cdz?

dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int((a + b*x"2 + c*x~4)~(1/2)/(a*d - c*d*x"4),x)
[Out] int((a + b*x"2 + c*x~4)~(1/2)/(a*xd - cxd*x~4), x)
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2 _ el
3.36  [Yetbr—ct g

Optimal. Leaf size=239

\/b-l- Vb2 + 4ac z(b—\/b2-|-4ac —2&2) \/ ) = ! o \/
: b+ Vb*+4 tanh™ | —
2v2' Va v/ Va + ba? — cat ae tan
+

22 \/a' \/c'd 2v/

[Out] 1/4*arctanh(1/4*x*(b-2xcxx”2+(4*axc+b”~2) ~(1/2))*(-b+(4*axc+b~2)~(1/2))~(1/2
)*27(1/2)/a”~(1/2) /c~(1/2) / (mc*xx~4+b*xx"2+a) " (1/2) ) * (-b+(4*a*c+b~2)~(1/2))~ (1
/2)/dx2~(1/2)/a~(1/2)/c”(1/2)-1/4*arctan(1/4*x* (b-2*xc*xx~2-(4*axc+b~2) ~(1/2)
)Y*(b+(4*a*xc+b™2)~(1/2))~(1/2)*x2~(1/2)/a~(1/2)/c~(1/2) / (-c*xx"4+b*xx~2+a) ~(1/2
))*(b+(4*a*xc+b™2)~(1/2))~(1/2)/d*2~(1/2)/a~(1/2)/c~(1/2)

Rubi [A]
time = 0.12, antiderivative size = 239, normalized size of antiderivative = 1.00, number of

number of rules _
integrand size 0.033,

\/b + Vb2 + 4ac tan~!

steps used = 1, number of rules used = 1, integrand size = 30,
Rules used = {2097}
- =V Vdac+b —b (\/4ac+ b2 +b—2czz) - 2\/Vdac + b2 +b (—\/4ac+b2 +b—2cz2>
\/ Vdac+b*> —b tanh ( Vo Ve va T ot ) \/ Vdac + b +bArcTan( V2o Veva T — ot
2V2 Va Ved - 2v2 Va Ve d

Antiderivative was successfully verified.
[In] Int[Sqrtla + b*x"2 - c*x"4]/(a*xd + c*xd*x~4),x]

[Out] -1/2%(Sqrt[b + Sqrt[b~2 + 4xaxc]]*ArcTan[(Sqrt[b + Sqrt[b~2 + 4*a*xc]]*xx(b

- Sqrt[b~2 + 4xaxc] - 2*c*x72))/(2*Sqrt[2]*Sqrt[al*Sqrt[c]*Sqrt[a + bxx~2 -
c*x~4]1)]1)/(Sqrt [2] *Sqrt [al *Sqrt [c]*d) + (Sqrt[-b + Sqrt[b~2 + 4*axc]]*ArcT
anh[(Sqrt[-b + Sqrt[b~2 + 4xa*c]]*x*(b + Sqrt[b~2 + 4xa*xc] - 2%c*x~2))/(2%S

qrt [2] *Sqrt [al *Sqrt [c]*Sqrt[a + b*x~2 - c*x~4])])/(2%Sqrt [2] *Sqrt [a]l *Sqrt [c

1xd)

Rule 2097

Int[Sqrtl(a_) + (b_.)*(x_)"2 + (c_.)*x(x_)"4]1/((d_) + (e_.)*(x_)"4), x_Symbo
1] :> With[{q = Sqrt[b~2 - 4*axc]}, Simp[(-a)*(Sqrt[b + ql/(2xSqrt[2]*Rt[(-
a)xc, 2]*d))*ArcTan[Sqrt[b + ql*x*((b - q + 2*c*x"2)/(2*Sqrt [2]*Rt [(-a) *c,

2] *Sqrt[a + b*x"2 + c*x~4]))], x] + Simp[a*(Sqrt[-b + ql/(2*Sqrt[2]*Rt[(-a)
*xC, 2]*d))*ArcTanh[Sqrt[-b + ql*x*x((b + q + 2*c*x~2)/(2+Sqrt [2]*Rt [(-a) *c,

2]xSqrt[a + b*x™2 + c*x74]))], x]] /; FreeQ[{a, b, c, d, e}, x] && EqQ[cxd

+ axe, 0] && NegQ[axc]

Rubi steps
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T Vb + VB 4 dac o(o- VI T dac -2t oy
+ VI +dac tan~ | o
S ac tan 2v/2 \/a /e Va + ba? — cot
/ a—+ ox —40:)3 dp — — )

ad + cdz 5 Va Jed

Mathematica [C] Result contains complex when optimal does not.
time = 0.55, size = 151, normalized size = 0.63

Va + bx? — cxt Va+bzr? — czt

4v/a'\/c d

Antiderivative was successfully verified.

[In] Integrate[Sqrt[a + b*x"2 - c*x~4]/(a*d + cxd*x~4),x]

[Out] ((I/4)*(Sqrt[-b - (2*I)*Sqrt[al*Sqrt[c]l]*ArcTan[(Sqrt[-b - (2*I)*Sqrt[a]*Sq
rt[c]]*x)/Sqrt[a + b*x"2 - c*xx~4]] - Sqrt[-b + (2*I)*Sqrt([al*Sqrt[c]]*ArcTa
n[(Sqrt[-b + (2*I)*Sqrt[al*Sqrtlcl]l*x)/Sqrtla + b*x"2 - c*x~4]]))/(Sqrt[al*

Sqrt [c]*d)

Maple [B] Leaf count of result is larger than twice the leaf count of optimal. 783 vs.

2(183) = 366.
time = 0.16, size = 784, normalized size = 3.28

method | result

\/b-l- Viac + b? bln(0”4:§”2+a—\/_cx4+bx2+a\45\/b+ Vdac + b2 +\/m) b2 arct

+

16dac

elliptic

Vb + vVac + b2 ,,ln(_c#:gwua_\/—cx“+bx2+a@¢b+ Viac + b +\/Lm) (bﬂ

+

16ac

default

Verification of antiderivative is not currently implemented for this CAS.

[In] int((-c*x"4+bxx"2+a)~(1/2)/(cxd*x~4+a*d) ,x,method=_RETURNVERBOSE)



225

[Out] 1/2/d*x(1/16*(b+(4*a*xc+b~2)~(1/2))"(1/2)/a/cxb*x1n((-c*x"4+b*x"2+a) /x"2-(-c*x
“4+bxx"2+a) " (1/2) %27 (1/2) /x* (b+(4*axc+b~2) " (1/2)) " (1/2)+(4*axc+b~2)~(1/2) )+
1/8% (b+(4*xa*xc+b~2)~(1/2))/a/cxb/ (-b+(4*a*xc+b~2)~(1/2))~(1/2) *arctan(1/2* (2%
(—c*xx~4+b*x"2+a) " (1/2) %27 (1/2) /x-2* (b+(4*a*c+b~2) " (1/2))~(1/2) ) / (-b+(4*a*c+
b~2)~(1/2))~(1/2))-1/16*(b+(4*axc+b~2)~(1/2))~(1/2) /a/c*(4*xaxc+b™2) ~(1/2)*1
n((-c*xx~4+b*x"2+a) /x"2- (—c*xx"4+b*xx~2+a) ~(1/2) %2~ (1/2) /x* (b+(4d*xaxc+b~2) ~(1/2
)) " (1/2)+(4*axc+b~2)~(1/2))-1/8* (b+(4*a*xc+b~2)~(1/2)) /a/cx(dxa*xc+b~2)~(1/2)
/ (-b+(4*xa*xc+b~2)~(1/2)) " (1/2)*arctan(1/2* (2% (—c*x~4+b*x~2+a) ~(1/2)*2~(1/2)/
x-2% (b+(4*axc+b~2)~(1/2))~(1/2))/ (-b+(4*xaxc+b~2)~(1/2))~(1/2))-1/16*(b+(4*a
*c+b~2) " (1/2)) " (1/2) /a/cxbx1n((—c*x~4+b*x~2+a) /x" 2+ (-c*xx~4+b*x"2+a) ~ (1/2) *2
~(1/2) /x* (b+(4*axc+b™2)~(1/2)) " (1/2)+(4*a*xc+b~2) ~(1/2) ) +1/8* (b+(4*a*c+b~2) "~
(1/2))/a/c*b/ (-b+(4*xa*xc+b~2)~(1/2))~(1/2) *arctan(1/2* (2x (—cxx~4+b*x"2+a) ~ (1
/2)%27(1/2) /x+2% (b+(4*a*c+b™2)~(1/2))~(1/2)) / (-b+(4*a*xc+b~2) " (1/2))~(1/2) )+
1/16* (b+(4*a*xc+b~2)~(1/2))~(1/2) /a/cx(4d*xaxc+b~2) ~(1/2) *1n((-c*x"4+b*x"2+a)/
X2+ (—cxx"4+bxx"2+a) ~(1/2) %27 (1/2) /x* (b+(4*axc+b~2) ~(1/2)) ~(1/2) +(4*axc+b~2
)~ (1/2))-1/8%(b+(4*axc+b~2) " (1/2))/a/c* (dxa*xc+b~2)~(1/2)/ (-b+(4*axc+b~2) "~ (1
/2))~(1/2) *arctan(1/2* (2% (—cxx~4+b*x"2+a) "~ (1/2) %27 (1/2) /x+2* (b+(4*a*c+b~2) "
(1/2))°(1/2))/ (-b+(4*axc+b~2)~(1/2))~(1/2)))*2~(1/2)

Maxima [F]

time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((-c*x~4+b*x~2+a)~(1/2)/(c*d*x~4+a*d) ,x, algorithm="maxima")
[Out] integrate(sqrt(-c*x"4 + b*x"2 + a)/(c*d*x"4 + a*d), x)

Fricas [B] Leaf count of result is larger than twice the leaf count of optimal. 669 vs.
2(187) = 374.
time = 1.70, size = 669, normalized size = 2.80

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((-c*xx~4+b*x~2+a)~(1/2)/(cxd*x"4+a*xd),x, algorithm="fricas")

[Out] -1/8*sqrt((2xa*c*d~2*sqrt(-1/(a*c*d"4)) - b)/(a*xcxd~2))*log(-(sqrt(-c*x~4 +
b*x~2 + a)*axd~2*sqrt(-1/(a*c*d~4)) + sqrt(-c*x~4 + b*x"2 + a)*x~2 + (a*c*
d~3*x"3*sqrt (-1/(a*c*d~4)) - axd*x)*sqrt((2*axcxd~2*sqrt(-1/(axc*d~4)) - b)
/(a*xcxd~2)))/(c*xx~4 + a)) + 1/8+sqrt((2*a*xcxd~2*sqrt(-1/(axcxd~4)) - b)/(a*
c*d~2))*x1log(-(sqrt(-c*x~4 + b*x"2 + a)*a*d"2xsqrt(-1/(a*c*xd~4)) + sqrt(-c*x
"4 + b*x"2 + a)*x"2 - (axc*d”~3*x"3xsqrt(-1/(axcxd"4)) - a*xd*x)*sqrt((2*akcx*
d~2xsqrt(-1/(a*xc*d~4)) - b)/(axcxd~2)))/(cxx"4 + a)) - 1/8xsqrt(-(2*a*xc*d™2



226

*xsqrt(-1/(a*c*d™4)) + b)/(axc*d~2))*log((sqrt(-c*x"4 + b*x~2 + a)*a*xd~2xsqr
t(-1/(a*c*d”4)) - sqrt(-c*x™4 + b*x"2 + a)*x"2 + (a*c*d"3xx"3*sqrt(-1/(axc*
d~4)) + axd*xx)x*sqrt(-(2xa*xc*d"2xsqrt(-1/(a*c*d"4)) + b)/(axcxd~2)))/(cxx~4
+ a)) + 1/8*xsqrt(-(2*a*xc*d™2*sqrt(-1/(a*c*d"4)) + b)/(a*xcxd~2))*log((sqrt(-
c*Xx~4 + b*x"2 + a)*axd"2*sqrt(-1/(a*c*xd”4)) - sqrt(-c*xx"4 + b*x"2 + a)*x"2
- (a*c*d~3*xx"3*sqrt(-1/(axc*d™4)) + axd+*x)*sqrt(-(2*a*xcxd~2*sqrt(-1/(a*xcxd”
4)) + b)/(a*xc*d™2)))/(c*x"4 + a))

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

f Va4 bx? — cxt da

a+cz?

d

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((-cxx**4+b*x*x2+a)**(1/2)/(cxd*x**4+a*d) ,x)
[Out] Integral(sqrt(a + b*x**2 - cxx**4)/(a + c*x*x4), x)/d
Giac [F]

time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((-c*x~4+bxx~2+a)~(1/2)/(c*d*x"4+a*d) ,x, algorithm="giac")
[Out] integrate(sqrt(-c*x~4 + b*x~2 + a)/(cxd*x~4 + axd), x)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.00

V—czt+bz2+a
cdz*+ad

dz

Verification of antiderivative is not currently implemented for this CAS.

[In] int((a + b*x"2 - c*x~4)~(1/2)/(a*xd + c*d*x"4) ,x)
[Out] int((a + b*x"2 - c*x"4)~(1/2)/(a*d + cxd*x~4), x)
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3.37 [zVec+ ex + dz? va?+ 2abx? + b2z* dx

Optimal. Leaf size=309

e(12bcd — 16ad? — Tbe?) (e + 2dz) Ve + ex + dx? Va? + 2aba? + b2zt +bx2(c + ez + dz?)** Va2 + 2aba*
128d* (a + bz?) 5d (a + bz?)

[Out] 1/5%b*x~2*(d*x~2+e*x+c) " (3/2)*((b*x~2+a)~2)~(1/2)/d/ (b*x~2+a)-1/240%* (42xb*d
*exx—-80*a*d ~2+32xbxc*d-35xbxe”2) * (d*x~2+ex*xx+c) ~(3/2) * ((b*x"2+a)~2)~(1/2)/d~

3/ (b*x~2+a)+1/256*e* (4*xc*d-e~2) * (-16*a*xd”~2+12*xb*xcxd-7*b*e~2) *arctanh (1/2* (2
xdxx+e) /d~(1/2) / (dxx~2+e*x+c) ~(1/2) ) *((b*xx~2+a)~2)~(1/2)/d~(9/2) / (bxx~2+a)+
1/128*ex (—16*a*d~2+12xbxc*d-T*bxe”2) * (2*d*x+e) * (d*x"2+exx+c) " (1/2) * ((b*x~2+
a)~2)"(1/2)/d74/ (b*x~2+a)

Rubi [A]
time = 0.41, antiderivative size = 309, normalized size of antiderivative = 1.00, number of

number of rules _
integrand size 0.158,

steps used = 6, number of rules used = 6, integrand size = 38,
Rules used = {6876, 1667, 793, 626, 635, 212}

%

eval + 2aba? + Bzt (ded = &) (—16ad” + 12bed — 7o) tanh™ { A . V@ F b TP (2 + o) Ve k da e (—16ad” + 12bed = The?) _ Ve ¥ Jaba? TR (e +da + ex)*"” (~80ad? + 32hed + A2bdex — 35be”) | ba? VAP F 2ab? T (o + da? + e
256d°72 (a + ba?) 1284" (a + ba?) 2405 (a + ba?) 5d(a + bz?)

Antiderivative was successfully verified.
[In] Int[x*Sqrtlc + exx + d*x~2]*Sqrt[a”2 + 2xa*xb*x~2 + b~2*x74],x]

[Out] (e*x(12%b*c*d - 16%a*d™2 - 7*b*e~2)*(e + 2*d*x)*Sqrt[c + e*x + d*x~2]*Sqrt[a
T2 + 2%a*xbxx"2 + b"2*xx74])/(128*%d"4*(a + b*x"2)) + (b*x"2*(c + e*x + d*x~2)
~(3/2)*Sqrt[a”2 + 2¥axbxx"2 + b~2xx"4])/(5*%d*(a + b*x"2)) - ((32%bxcxd - 80
*xaxd~2 - 35*b*e”2 + 42xbxd*e*x)*(c + e*x + d*x"2)7(3/2)*Sqrt[a”2 + 2¥a*b*x~

2 + b™2%x74])/(240%d"3*(a + b*x"2)) + (ex(4*cxd - e72)*(12*¥bxcxd - 16xa*xd~2

- Txbxe~2)*xSqrt[a~2 + 2*axbxx~2 + b~2xx"4]*ArcTanh[(e + 2xdx*x)/(2*Sqrt[d]*
Sqrtlc + exx + d*x~2]1)]1)/(256%d~(9/2)*(a + b*x~2))

Rule 212

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[-b, 2]1))*
ArcTanh[Rt[-b, 2]*(x/Rt[a, 21)], x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qla, 0] Il LtQ[b, 01)

Rule 626

Int[((a_.) + (b_.)*(x_) + (c_.)*(x_)"2)"(p_), x_Symbol] :> Simp[(b + 2*c*x)
*((a + b*x + c*xx”2)7"p/(2xcx(2%p + 1))), x] - Dist[p*((b~2 - 4xaxc)/(2*xc* (2%
p+ 1)), Int[(a + b*x + c*xx"2)"(p - 1), x], x] /; FreeQ[{a, b, c}, x] & N
eQ[b~2 - 4xaxc, 0] && GtQ[p, 0] &% IntegerQ[4x*p]
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Rule 635

Int[1/Sqrtl(a_) + (b_.)*(x_) + (c_.)*(x_)"2], x_Symbol] :> Dist[2, Subst[In
t[1/(4xc - x°2), x], x, (b + 2xc*x)/Sqrt[a + bxx + c*xx~2]], x] /; FreeQ[{a,
b, c}, x] && NeQ[b~2 - 4x*axc, 0]

Rule 793

Int[((d_.) + (e_.)*x(x_))*((f_.) + (g_)*(x_))*((a_.) + (b_.)*x(x_) + (c_.)*(
x_)"2)"(p_), x_Symbol] :> Simp[(-(bxexg*(p + 2) - c*(exf + dxg)*(2*p + 3) -
2xckexgk(p + 1)*x))*((a + b*x + cxx"2)"(p + 1)/(2xc™2x(p + 1)*(2xp + 3))),
x] + Dist[(b™2*exgx(p + 2) - 2xaxckexg + c*x(2xcxd*f - bx(exf + dxg))*(2*p
+ 3))/(2%c™2+%(2*p + 3)), Int[(a + b*x + c*x"2)7p, x], x] /; FreeQ[{a, b, c,

d, e, f, g, p}, x] && NeQ[b~2 - 4xaxc, 0] && !'LeQ[p, -1]

Rule 1667

Int[(Pq)*((d_.) + (e_.)*(x_))"(m_.)*x((a_.) + (b_.)*x(x_) + (c_.)*(x_)"2)"(p
), x_Symbol] :> With[{q = Expon[Pq, x], f = Coeff[Pq, x, Expon[Pq, x]]}, S
imp[f*(d + exx)"(m + q - 1)*((a + b*xx + c*x"2)"(p + 1)/(c*e"(q - D*(m + q
+ 2%p + 1))), x] + Dist[1/(cxe"gq*(m + q + 2%p + 1)), Int[(d + e*x)"m*(a + b
*X + c*x~2) “p*ExpandToSum[c*e~q*(m + q + 2%p + 1)*Pq - cxf*x(m + q + 2%p + 1
)*(d + e*x)"q - £x(d + exx)"(q - 2)*(bxd*ex(p + 1) + a*e™2x(m + q - 1) - c*
d™2x(m + q + 2%p + 1) - e*x(2%c*kd - bxe)*(m + q + p)*x), x], x], x] /; GtQlq
, 1] && NeQ[m + q + 2*%p + 1, 0]] /; FreeQ[{a, b, c, d, e, m, p}, x] && Poly
Q[Pq, x] && NeQ[b~2 - 4xa*xc, 0] && NeQ[c*xd~™2 - bxdxe + axe”2, 0] && !(IGtQ
[m, 0] && RationalQ[a, b, c, d, e] && (IntegerQlp] || ILtQ[p + 1/2, 0]))

Rule 6876

Int[(u_)*((a_) + (b_)*(x_)"(n_.) + (c_)*(x_)"(@2_.))"(p_), x_Symbol]l :> D
ist[Sqrt[a + b*xx™n + c*x~(2*n)]/((4*c)~(p - 1/2)*(b + 2*c*x"n)), Int[ux(b +
2%c*x"n) ~(2*p), x], x] /; FreeQ[{a, b, ¢, n, p}, x] && EqQ[n2, 2*n] && EqQ
[b°2 - 4xa*xc, 0] && IntegerQ[p - 1/2]

Rubi steps
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Va2 + 2abz? + B2zt [ z(2ab + 2b°x%) Ve + ex + dx? dx
2ab + 2b2x2
bz2(c + ez + dz2)** Va2 + 2aba? + b2z* Va2 + 2aba? 4
= +
5d (a + bx?)

/x\/c+ex+dx2\/a2+2abx2+62m4 dx =

_ ba*(cter+ dz?)*? \/a? + 2aba? + b2zt _ (32bcd — 80ad
B 5d (a + bz?)

e(12bcd — 16ad? — Tbe?) (e + 2dz) Ve + ex + dx? Va2 + 2a
128d* (a + bz?)

e(12bcd — 16ad? — Tbe?) (e + 2dz) Ve + ex + da? Va2 + 2a
128d* (a + bx?)

e(12bcd — 16ad? — Tbe?) (e + 2dz) Ve + ex + dx? Va2 + 2a
128d* (a + bz?)

Mathematica [A]
time = 0.57, size = 212, normalized size = 0.69

It
V6@+b02)? (2v Vet ale+ da) (80ad?(8cd — 362 + 2dew + 80a?) + (=250 — 105’ + T0de’s — 56e’” + 48dPea® + 384d's" + 4cd(115¢? — 55dea + 320%07)) — 15e(~4ded + €%) (~12bcd + 16ad® + Tve?)log (& + 2dz — 2V /e F ale + o) ) )
384007 (a + ba?)

Antiderivative was successfully verified.

[In] Integrate[x*Sqrtlc + e*x + d*x~2]*Sqrt[a”2 + 2*axbxx~2 + b~2*x~4],x]

[Out] (Sqrtl(a + bxx~2)~2]*(2*Sqrt[d]*Sqrtlc + x*x(e + d*x)]*(80*axd~2*(8*c*d - 3%
e"2 + 2%d*e*xx + 8%d"2*x"2) + bx(-256%c"2xd"2 - 105%e”4 + 70xd*e”3*x - 56%d~
2%xe”2*%x"2 + 48%d"3*%exx"3 + 384xd"4*x"4 + 4*cxd*(115%e”2 - 58xd¥e*xx + 32*d"2
*x72))) - 16xex(-4*c*xd + e”2)*(-12xbxc*d + 16%a*d~2 + T*b*e~2)*Logle + 2%dx

x — 2+Sqrt[d]*Sqrtlc + x*(e + d*x)]]))/(3840%d~(9/2)*(a + b*x"2))

Maple [A]

time = 0.21, size = 442, normalized size = 1.43

method | result

. (384b z*d*+48be 23d3+640a d*z2 +128bc d3z2 —56b d2e222+160a d>ex—232bc d2ex+70bd e3z+640ac d* —240d%e? a—256b c2d? 4461
risch 1920d%(b 2% +a)
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3 3 3 3
(b .’E2 + a)2 (76811% (d :1:2+ea:+c) 2p m2—672d% (d :1:2+e:1:+c) 2 bex+1280 (d x2+e:1:-|-c) 2 d% a—512d% (d m2+em+c) 2 bc+560d%

default

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x*(d*x~2+e*xx+c)”(1/2)*((b*x~2+a)~2)~(1/2),x,method=_RETURNVERBOSE)

[Out] 1/3840*((b*x~2+a)~2)~(1/2)*(768*d"~(9/2) * (d*x~2+e*xx+c) ~ (3/2) xb*x~2-672*d" (7/
2) * (d*x~2+e*x+c) " (3/2) ¥b*exx+1280* (d*x~2+e*xx+c) ~(3/2) *d~ (9/2) *a-512*d~ (7/2)
* (d*xx~2+e*x+c) ~(3/2) ¥b*c+560*d~ (5/2) * (d*xx~2+e*x+c) ~(3/2) ¥b*e~2-960* (d*x"2+e
*x+c) " (1/2) *d™ (9/2) xaxexx+720%d~ (7/2) * (d*x~2+e*x+c) ~(1/2) *b*c*xe*x-420%d~ (5/
2)* (d*x~2+e*xx+c) ~(1/2) *bkxe~3%x-480* (d*x~2+e*xx+c) ~(1/2) *d~ (7/2) *axe~2+360*d~
(5/2)* (d*x"2+e*x+c) " (1/2) ¥bxcxe~2-210*d"~ (3/2) * (d*x~2+e*xx+c) ~(1/2) *b*xe~4-960
*1n(1/2% (2% (d*x~2+e*x+c) ~(1/2) *d~ (1/2) +2*xd*x+e) /d~(1/2) ) *a*cxd~4*e+240*1n (1
/2% (2% (d*x"2+exx+c) " (1/2)*d~ (1/2) +2*d*x+e) /d~ (1/2) ) *a*xd"3*e~3+720*1n (1/2* (2
* (d*x"2+e*x+c) " (1/2)*d” (1/2) +2*xd*x+e) /A~ (1/2) ) *b*c~2*d~3*e-600*1n (1/2* (2% (d
*x"2+e*x+c) " (1/2) *d” (1/2) +2xd*x+e) /A~ (1/2) ) *bkckxd~2*xe~3+105%1n (1/2* (2% (d*x™
2+exx+c) " (1/2)*d~ (1/2) +2*xd*x+e) /d~(1/2) ) ¥bxd*e~5) / (b*x~2+a) /d~(11/2)

Maxima [F(-2)]
time = 0.00, size = 0, normalized size = 0.00

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*(d*x~2+e*xx+c)~(1/2)*((b*x~2+a)~2)~(1/2),x, algorithm="maxima")

[Out] Exception raised: ValueError >> Computation failed since Maxima requested a
dditional constraints; using the ’assume’ command before evaluation *may* h

elp (example of legal syntax is ’assume(4*c*d-%e~2>0)’, see ‘assume?‘ for m

ore det

Fricas [A]
time = 0.40, size = 468, normalized size = 1.51

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*(d*x~2+e*x+c)~(1/2)*((b*x~2+a)~2)~(1/2),x, algorithm="fricas")

[Out] [1/7680%(15*(7*b*e~5 - 8x(5*xbkc*d - 2*xa*xd~2)*e~3 + 16*(3*b*xc~2*xd"2 - 4xaxcx*
d~3)*e) *sqrt (d) *1log(8*d~2*x~2 + 8xd*x*e + 4*sqrt(d*x~2 + x*e + c)*(2kd*x +
e)*sqrt(d) + 4*ckxd + e72) + 4%(384*b*d"5*x~4 - 256%bxc”2+%d"3 + 640%a*c*d"4
+ 70*bxd~2*x*e”3 + 128*(b*c*d~4 + 5*a*d”5)*x"2 — 105%bxd*e”4 - 4x(14*xb*xd~3*
X"2 - 115xb*c*d™2 + 60*a*d”3)*e”2 + 8% (6%¥bxd~4*x"3 - (29*b*c*d~3 - 20*a*xd~4
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) *x) *e) *sqrt (d*x~2 + x*e + c))/d”~5, -1/3840*(15*(7*b*e”5 - 8*(5xbxc*d - 2*a
*d~2)*e"3 + 16%(3xb*c”™2*d"2 - 4*a*xc*d"3)*e)*sqrt(-d)*arctan(1/2*sqrt(d*x"2
+ x*e + c)*(2xd*x + e)*sqrt(-d)/(d"2*x"2 + d¥x*e + cxd)) - 2% (384xb*d~5*x"4
- 256%b*c”2*%d"3 + 640*axcxd”4 + TOxb*d~2*x*e~3 + 128*(bk*c*d~4 + 5*a*xd~5)*x
~2 - 105*%b*d*e”4 - 4% (14*%b*d~3*x"2 - 115%b*c*d"2 + 60*axd~3)*e”2 + 8% (6xbxd
“4xx~3 - (29%b*c*d”~3 - 20%*axd~4)*x)*e)*sqrt(d*x~2 + x*e + c))/d"5]

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

/cc\/c+d:c2+e:c \/(a+bz?)* dz

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x* (d*x**2+exx+c)**(1/2)*((b*x**x2+a)**2)*x(1/2),x)
[Out] Integral(x*sqrt(c + d*x**2 + exx)*sqrt((a + bkx**2)*x2), x)

Giac [A]
time = 3.62, size = 360, normalized size = 1.17

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*(d*x~2+e*x+c)~(1/2)*((b*x~2+a)~2)~(1/2),x, algorithm="giac")

[Out] 1/1920*sqrt(d*x~2 + x*e + c)*(2%(4*(6*%(8*b*x*sgn(b*x~2 + a) + bxe*xsgn(b*x~2
+ a)/d)*x + (16xb*c*d~3*sgn(b*x~2 + a) + 80*axd~4*sgn(b*x~2 + a) - 7T*b*d"2
xe~2+sgn(b*x~2 + a))/d"4)*x - (116xbxc*d"2*exsgn(b*x~2 + a) - 80*axd~3*e*sg
n(bxx~2 + a) - 35%bxd*e”3*sgn(b*x"2 + a))/d"4)*x - (256%b*c”2*d"2*sgn(b*x~2

+ a) - 640%axcxd”3*sgn(b*x~2 + a) - 460*b*c*d*e”2*sgn(b*x~2 + a) + 240%a*d
~2xe"2xsgn(b*x"2 + a) + 105%b*e~4*sgn(b*x~2 + a))/d~4) - 1/256%(48%b*c”2%d"”
2xexsgn(b*x~2 + a) - 64*axcxd”3*e*xsgn(b*x”2 + a) - 40%bkcxdxe~3*sgn(b*x~2 +

a) + 16xa*d"2*xe"3xsgn(b*x~2 + a) + T*b*e bxsgn(b*x~2 + a))*log(abs(-2*(sqr
t(d)*x - sqrt(d*x~2 + x*e + c))*sqrt(d) - e))/d~(9/2)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.00

/:c\/(b:ﬁ—l—a)2 vVdz?+ezx+c dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x*((a + b*x~2)"2)"(1/2)*(c + e*x + d*x~2)~(1/2),x)
[Out] int(x*((a + b*x"2)"2)"(1/2)*(c + exx + d*x~2)~(1/2), x)
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3.38 [ Ve+ ex + dz? vVa? + 2abz? + b2zt dz

Optimal. Leaf size=283

_ (4bcd — 16ad® — 5be?) (e + 2dz) Ve + ex + dz® Va? + 2aba? + b2zt 5be(c+ ex + dz?)*? /a2 ¥ 2aba?
64d3 (a + bz?) 24d? (a + bz?)

[Out] -5/24%b*ex (d*x~2+e*x+c) ~(3/2) *((b*x~2+a)~2) ~(1/2)/d"2/ (b*x~2+a) +1/4*b*x* (d*
x"2+exx+c) " (3/2) % ((b*x~2+a) ~2) ~(1/2)/d/ (bxx~2+a)-1/128* (4d*xc*d-e~2) * (—16*a*d
~2+4xb*xc*d-5xbxe”2) *arctanh (1/2* (2*d*x+e) /d~ (1/2) / (d*x"2+e*x+c) ~(1/2) ) * ((b*
X"2+a)”~2)"(1/2)/d"(7/2) / (b*x~2+a) -1/64* (-16*a*xd”2+4*bxcxd-5*b*e~2) * (2xd*x+e
)*x(d*x"2+e*xx+c) " (1/2) *((b*x~2+a)~2)~(1/2)/d"3/ (b*x"2+a)

Rubi [A]
time = 0.23, antiderivative size = 283, normalized size of antiderivative = 1.00, number of

number of rules _
integrand size 0.162,

steps used = 6, number of rules used = 6, integrand size = 37,
Rules used = {6876, 1675, 654, 626, 635, 212}

TR T (dod — &) (~16 556t siete )
Sbe /T T BT T (e + o+ eg)?? V208 P (hed — ) (~16ad + dbod — Sty tanh ™ AT ) Bt B (2 + ) Ve T G e (~16ad? + dbed — 5bc7) | VT IR PaT (c+ d? 4 )
2402 (a + ba?) 18472 (a + ba?) 64 (a + ba?) 1d(a+ ba?)

Antiderivative was successfully verified.
[In] Int[Sqrtlc + e*x + d*x~2]*Sqrt[a”2 + 2*axb*x~2 + b~2*x74],x]

[Out] -1/64*((4*bxcxd - 16%a*xd™2 - 5xbxe~2)*(e + 2xdxx)*Sqrt[c + exx + d*x~2]*Sqr
t[a”™2 + 2*%axb*x"2 + b~2*x"4])/(d"3*(a + b*x"2)) - (b*bxe*x(c + e*x + d*x~2)~
(3/2)*Sqrt[a”2 + 2*a*b*x~2 + b~2*x"4])/(24*d"2x(a + b*x"2)) + (b*x*(c + e*xx

+ d*x~2)~(3/2)*Sqrt[a”2 + 2*a*b*x”2 + b~2*x74])/(4xd*(a + b*x"2)) - ((4xc*

d - e”2)*(4xbxc*xd - 16*a*d™2 - 5*b*e~2)*Sqrt[a”2 + 2xa*b*x~2 + b~2*x"4]*Arc
Tanh[(e + 2xd*x)/(2*Sqrt[d]*Sqrtlc + exx + d*x~2])])/(128+d~(7/2)*(a + b*x~

2))

Rule 212

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[-b, 2]))=*
ArcTanh[Rt[-b, 2]*(x/Rt[a, 2])], x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qla, 0] || LtQ[b, 01)

Rule 626

Int[((a_.) + (b_.)*(x_) + (c_.)*(x_)"2)"(p_), x_Symbol] :> Simp[(b + 2%c*x)
*((a + bxx + c*x72)7p/(2%c*x(2*p + 1))), x] - Dist[p*x((b™2 - 4xaxc)/(2*cx (2%
p+ 1)), Int[(a + bxx + c*x™2)~(p - 1), x], x] /; FreeQ[{a, b, c}, x] && N
eQ[b~2 - 4xaxc, 0] && GtQ[p, 0] &% IntegerQ[4x*p]

Rule 635
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Int[1/Sqrt[(a_) + (b_.)*(x_) + (c_.)*(x_)"2], x_Symbol] :> Dist[2, Subst[In
t[1/(4xc - x°2), x], x, (b + 2xc*x)/Sqrtla + bxx + c*xx~2]], x] /; FreeQ[{a,
b, c}, x] && NeQ[b~2 - 4xaxc, 0]

Rule 654

Int[((d_.) + (e_.)*(x))*((a_.) + (b_.)*(x_) + (c_.)*(x_)"2)"(p_), x_Symbol
1 :> Simp[ex((a + b*x + c*xx"2)"(p + 1)/(2%c*(p + 1))), x] + Dist[(2*%cxd - b
*e)/(2*c), Int[(a + b*x + c*x~2)7p, x], x] /; FreeQ[{a, b, ¢, d, e, p}, x]
&& NeQ[2xc*d - bxe, 0] && NeQ[p, -1]

Rule 1675

Int[(Pq_)*((a_.) + (b_.)*(x_) + (c_.)*(x_)"2)"(p_), x_Symbol]l :> With[{q =

Expon[Pq, x], e = Coeff[Pq, x, Expon[Pq, x]]1}, Simp[e*x~(q - 1)*((a + b*x +
c*x”2)"(p + 1)/(cx(q + 2xp + 1))), x] + Dist[1/(cx(q + 2xp + 1)), Int[(a +
bxx + c*x”~2) “p*ExpandToSum[c*(q + 2%p + 1)*Pq - a*ex(q - 1)*x"(q - 2) - bx*

ex(q + p)*x~(q - 1) - cxex(q + 2*p + 1)*x"q, x], x], x]] /; FreeQ[{a, b, c,
p}, x] && PolyQ[Pq, x] && NeQ[b~2 - 4xaxc, 0] && !'LeQ[p, -1]

Rule 6876

Int[(u_)*((a)) + (b_.)*(x_)"(n_.) + (c_.)*(x_)"(m2_.))"(p_), x_Symbol] :> D
ist[Sqrt[a + b*xx™n + cxx~(2*n)]/((4*c)~(p - 1/2)*(b + 2%c*x"n)), Int[ux(b +
2%c*x"n) ~(2*p), x], x] /; FreeQ[{a, b, c, n, p}, x] && EqQ[n2, 2*n] && EqQ
[b~2 - 4*axc, 0] &% IntegerQ[p - 1/2]

Rubi steps
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Va2 + 2abz? + B2zt [ (2ab + 20°z%) Ve + ex + dz? dx
2ab + 2b2x?
bx(c+ ex + ciacz)?’/2 Va2 + 2abz? 4+ b2zt Va2 + 2abz? + b2
+
4d (a + bx?)

/\/c+ex+dx2\/a2+2abx2+b2x4dx:

_ Sbe(c+ex + dz?)*? \/a? ¥ 2abz® + Bzt N bz(c + ex + dx°
24d? (a + bx?) 4

_ (4bcd — 16ad® — 5be?) (e + 2dx) Ve + ex + dz® Va? + 2aba?
64d3 (a + bx?)

_ (4bcd — 16ad® — 5be?) (e + 2dz) Ve + ex + dz® Va? + 2aba?
64d3 (a + bx?)

_ (4bcd — 16ad® — 5be?) (e + 2dz) Ve + ex + dz? Va? + 2aba?
64d3 (a + bx?)

Mathematica [A]
time = 0.41, size = 166, normalized size = 0.59

(a +ba2)? (2\/3 Vet a(e + dz) (48ad2(e + 2dz) + b(15¢% — 10de?s + 8dex® + 482 + ded(—13e + 6dx))) + 3(4ed — €2) (dbed — 16ad? — 5be?) log (e +2dz — 2Vd /o + z(e + da) ))
3844772 (a + ba?)

Antiderivative was successfully verified.

[In] Integrate[Sqrt[c + e*xx + d*x~2]*Sqrt[a”2 + 2*a*b*x~2 + b~2*x"4],x]

[Out] (Sqrtl[(a + b*x~2)~2]*(2*Sqrt[d]*Sqrtlc + x*x(e + d*x)]*(48%a*d”2*(e + 2%d*x)
+ bx(156%e™3 - 10*d*e™2*x + 8xd"2xe*x”~2 + 48%d"3%x"3 + 4xc*xd*x(-13xe + 6xd*x

))) + 3k(4*xcxd - e”2)x(4xbkxcxd - 16%axd™2 - 5xbxe~2)*Logle + 2*d*x - 2xSqrt
[d]*Sqrtlc + x*(e + d*x)]]1))/(384xd~(7/2)*(a + b*x"2))

Maple [A]
time = 0.19, size = 373, normalized size = 1.32

method | result

/ 2
(483 d3b+8be w2d2+96a d3z-+24bc d2z—10bd e2z-+48a d2e—52bcde+15¢3b) VA 2 + ex + ¢ ¢/ (bx? + a)

risch 19243 (b 22 +a) +
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2 3 7 3 5 9 7
(bx? +a) (96(dm2+em+c) 242 be—80(da2+extc) 2d2be+192d2 /A T2 + €x + € az—48V/d x% + ex + ¢ d2

default

Verification of antiderivative is not currently implemented for this CAS.

[In] int((d*x~2+exx+c)~(1/2)*((b*x~2+a)~2)~(1/2),x,method=_RETURNVERBOSE)

[Out] 1/384x*((b*x~2+a)~2) " (1/2)*(96* (d*x~2+e*x+c) ~(3/2)*d~ (7/2) *b*xx—80* (d*x~2+e*x
+c) " (8/2)*d" (5/2) *bxe+192%d"~ (9/2) * (d*x~2+exx+c) ~ (1/2) *a*xx—48* (d*x~2+e*x+c)
(1/2)*d~ (7/2) *xb*xc*x+60* (d*xx~2+e*x+c) ~(1/2) *d~ (5/2) *b*e " 2*x+96*d "~ (7/2) * (d*x~
2+ex*xx+c) " (1/2) *axe-24* (d*x"2+e*x+c) " (1/2) *d™ (5/2) *b*c*xe+30* (d*x~2+e*x+c) ~ (1
/2)*d" (3/2) *xbxe~3+192*1n (1/2* (2% (d*x~2+e*xx+c) ~(1/2)*d~ (1/2) +2*d*x+e) /d~(1/2
))*axc*xd~4-48*1n(1/2*% (2% (d*xx~2+exx+c) ~(1/2) *d~ (1/2) +2*d*x+e) /d~(1/2) ) *a*d~3
*@~2-48%1n (1/2* (2% (d*x"2+exx+c) ~(1/2) *d~ (1/2) +2*xd*x+e) /d~ (1/2) ) *b*c~2*%d~3+7
2%1n(1/2*% (2% (d*x~2+e*xx+c) ~(1/2) *d~ (1/2) +2xd*x+e) /d~(1/2) ) *b*c*d~2*xe~2-15%1n
(1/2% (2% (d*x"2+e*x+c) " (1/2) *d” (1/2) +2*d*x+e) /A~ (1/2) ) *bkd*e~4) / (b*x"2+a) /d~
(9/2)

Maxima [F(-2)]

time = 0.00, size = 0, normalized size = 0.00

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x~2+exx+c)~(1/2)*((b*xx~2+a)~2)~(1/2),x, algorithm="maxima")

[Out] Exception raised: ValueError >> Computation failed since Maxima requested a
dditional constraints; using the ’assume’ command before evaluation *may* h

elp (example of legal syntax is ’assume(4*c*d-%e~2>0)’, see ‘assume?‘ for m

ore det

Fricas [A]
time = 0.38, size = 360, normalized size = 1.27

(061020 — 1 + 54— bt~ 201 VTt (327 + 8t — 4 VT T T (e 4V -+ e+ ) 44 08"~ 10MRre 15046+ 240 + 4+ 4 202~ 13hl 4+ 120f)e)TFTT T T SUSIEE ~ Sl + 50 8 ¥ ~ 20)) V= wetan (VETEZER =T ) 1 245kt 10K 4 15044 21 b+ ) +4(206%°  L3bof + 120 )]V T 2o e
T

| T

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x~2+exx+c)~(1/2)*((b*xx~2+a)~2)~(1/2),x, algorithm="fricas")

[Out] [1/768*(3*(16*%bxc~2*xd"2 - 64xa*cxd™3 + 5*bxe~4 - 8% (3*bkxcxd - 2*a*xd~2)*e”2)
*sqrt (d) *log(8*d~2*x~2 + 8*d*x*e - 4*sqrt(d*x~2 + x*e + c)*(2xd*x + e)*sqrt

(d) + 4xcxd + e72) + 4%(48xb*d"4*x"3 - 10%¥b*d~2*x*e”2 + 15xbkd*e”3 + 24x*(b*
cxd™3 + 4xaxd"4)*x + 4*(2%b*xd"3*x"2 - 13*b*c*kd"2 + 12*a*d”3)*e)*sqrt(d*x~2
+ x*e + c))/d”4, 1/384*%(3*x(16*%bxc~2*xd"2 - 64xa*cxd”3 + 5*bxe~4 - 8% (3*bxcxd

- 2xaxd~2)*e~2)*sqrt(-d) *arctan(1/2*sqrt (d*x~2 + x*e + c)*(2*d*x + e)*sqrt
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(-d)/(d"2%x"2 + d*xx*e + cxd)) + 2x(48%bxd~4*x~3 - 10%b*d"2*xx*e”2 + 15%b*d*e
~3 + 24%(bxc*d"3 + 4*axd~4)*x + 4% (2%xbxd"3*%x"2 - 13%b*ckxd~2 + 12%a*d”3)*e)*
sqrt (d*x~2 + x*e + c))/d"4]

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

/\/c—|-da:2+e:c \/ (@ +bz?)? dz

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x**2+e*x+c)**(1/2)* ((bkx**2+a)**2)**(1/2) ,x)
[Out] Integral(sqrt(c + d*x*x2 + e*xx)*sqrt((a + b*x**2)**2), x)

Giac [A]
time = 3.71, size = 265, normalized size = 0.94

(160 Pogn(o + 0) - MAacdga(be? +.) — 2 bedePogn(o + ) + 100 sgalba +a) + Selsgalba? + a)log (|2 (VITx — VAT 2T T)VA — )

L mraere (2 (bt 4 a) 4 PO+ 0)) 12

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x~2+exx+c)”~(1/2)*((b*x~2+a)~2)~(1/2),x, algorithm="giac")

[Out] 1/192*%sqrt(d*x~2 + x*e + c)*(2x(4*(6*b*x*sgn(b*x"2 + a) + bxexsgn(b*x~2 + a
)/d)*x + (12*%b*c*d"2*sgn(b*x”2 + a) + 48%a*d”3*sgn(b*x"2 + a) - 5*xbkd*e”~2*s
gn(b*x~2 + a))/d"3)*x - (52*bkckd*e*sgn(b*x~2 + a) - 48+%a*d”2*e*sgn(b*x~2 +

a) - 15%b*xe~3*sgn(b*x~2 + a))/d"3) + 1/128%(16*bxc~2*d"~2*sgn(b*x"2 + a) -
64*a*xcxd"3xsgn(b*x~2 + a) - 24xbxckd*e”2*sgn(b*x”2 + a) + 16%axd~2xe”2*sgn(
b*x~2 + a) + bxbxe~4*sgn(b*xx~2 + a))*log(abs(-2*(sqrt(d)*x - sqrt(d*x~2 + x

*e + c))*sqrt(d) - e))/d~(7/2)

Mupad [F]

time = 0.00, size = -1, normalized size = -0.00

/ (bz?+a) Vdaz?+ex+c dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int(((a + b*x"2)"2)"(1/2)*(c + e*x + d*x~2)~(1/2),x)
[Out] int(((a + b*x"2)"2)"(1/2)*(c + e*xx + d*x~2)~(1/2), x)
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3.39 [ Vc+ex+dx2\/32+2abx2+62x4 dr
Optimal. Leaf size=286

e(8a

(8ad? — be? — 2bdex) V¢ + ex + dx? Va2 + 2abz? + b2zt +b(c + ez + dz?)** Va2 + 2abz? + b2zt
8d? (a + bx?) 3d (a + bz?)

[Out] 1/3*b*(d*x~2+e*xx+c)~(3/2)*x((b*x"2+a)~2)~(1/2)/d/ (b*x~2+a)+1/16*e* (8*a*xd~2-b
* (4*c*d-e~2) ) *arctanh (1/2* (2*xd*x+e) /A~ (1/2) / (d*x"2+exx+c) ~(1/2) ) * ((b*x~2+a)
~2)7(1/2) /4" (56/2) / (bxx~2+a)-a*arctanh (1/2* (e*xx+2*c) /c~(1/2) / (d*x"2+e*x+c) ~(
1/2))*c~(1/2) *((b*x"2+a) "2) ~(1/2) / (b*x~2+a) +1/8* (-2*¥b*xd*e*xx+8*a*d~2-b*xe~2) *
(d*x~2+e*x+c) ~(1/2) *((b*x~2+a)~2)~(1/2)/d"2/ (b*x~2+a)

Rubi [A]
time = 0.50, antiderivative size = 286, normalized size of antiderivative = 1.00, number of

number of rules __
integrand size 0.175,

steps used = 8, number of rules used = 7, integrand size = 40,
Rules used = {6876, 1667, 828, 857, 635, 212, 738}

m 2 _ —e? -1 2dxte . W “1(_ 2ctex
VTR TP T T (o~ e ) | V200 O ot~ blhed - Ay ) vy e T (et da? 4 ey’ OV VEF 2B wnl e

& (a + b2?) 16477 (a + ba?) 3d(a + b2?) atba?

Antiderivative was successfully verified.
[In] Int[(Sqrtlc + e*x + d*x~2]*Sqrt[a”2 + 2*a*b*x~2 + b~2*x"4])/x,x]

[Out] ((8*a*xd™2 - b*e~2 - 2*¥bkd*e*xx)*Sqrt[c + e*xx + d*x~2]*Sqrt[a”2 + 2*a*b*x~2 +
b~2xx"4])/(8*%d"2*(a + b*x"2)) + (bx(c + e*xx + d*x"2)~(3/2)*Sqrt[a”2 + 2*a*

b*x"2 + b~2xx74])/(3*d*(a + b*x~2)) + (e*(8*a*d"2 - bx(4*xcxd - e72))*Sqrt[a

~2 + 2%axb*x"2 + b~2*x"4]*ArcTanh[(e + 2*d*x)/(2*Sqrt[d]*Sqrtlc + e*xx + d*x
~2]1)1)/(16%xd~(5/2)*(a + b*x~2)) - (a*Sqrtlc]*Sqrt[a~2 + 2*axb*x"2 + b~2xx~4
1*ArcTanh[(2%c + exx)/(2*Sqrt[c]*Sqrtlc + e*xx + d*x~2])]1)/(a + b*x"2)

Rule 212

Int[((a)) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[-b, 2]))*
ArcTanh[Rt[-b, 2]*(x/Rt[a, 2])], x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qla, 0] Il LtQ[b, 01)

Rule 635

Int[1/Sqrt[(a_) + (b_.)*(x_) + (c_.)*(x_)"2], x_Symbol] :> Dist[2, Subst[In
t[1/(4*xc - x°2), x], x, (b + 2%c*x)/Sqrt[a + bxx + c*x~2]], x] /; FreeQ[{a,
b, c}, x] && NeQ[b~2 - 4xaxc, 0]

Rule 738
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Int[1/(((d_.) + (e_.)*x(x_))*Sqrtl(a_.) + (b_.)*(x_) + (c_.)*(x_)"2]), x_Sym

bol] :> Dist[-2, Subst[Int[1/(4*cxd~2 - 4xb*d*e + 4*a*xe”™2 - x72), x], x, (2
*xaxe - bxd - (2xc*d - bxe)*x)/Sqrt[a + b*x + cxx~2]], x] /; FreeQ[{a, b, c,
d, e}, x] && NeQ[b~2 - 4+*a*c, 0] && NeQ[2*c*xd - bxe, 0]

Rule 828

Int[((d_.) + (e_.)*(x_))"(m_)*x((£f_.) + (g_.)*x(x_))*((a_.) + (b_)*(x_) + (c
_)*x(x_)7"2)"(p_.), x_Symbol] :> Simp[(d + e*x)~(m + 1)*(cxexf*(m + 2*p + 2)
- gx(cxd + 2%c*d*p - bxe*p) + gkckex(m + 2xp + 1)*x)*((a + b*x + c*x~2) p/
(cxe™2%(m + 2*%p + 1)*(m + 2%p + 2))), x] - Dist[p/(c*e”2x(m + 2xp + 1)*(m +
2xp + 2)), Int[(d + e*x)"m*(a + b*x + c*x"2)"(p - 1)*Simp[cxe*f*(b*xd - 2*a
xe)x(m + 2xp + 2) + gx(a*xex(b*e - 2kc*d*m + bke*m) + b*dx(bxexp - c*d - 2*c
*xdxp)) + (ckexfx(2kcxd — b*xe)*x(m + 2%p + 2) + gx(b™2%e™2x(p + m + 1) - 2%c”
2xd"2x (1 + 2%p) - c*e*x(b*d*(m - 2%p) + 2*xaxex(m + 2%p + 1))))*x, x], x], xI]
/; FreeQ[{a, b, c, d, e, f, g, m}, x] && NeQ[b~2 - 4*axc, 0] && NeQ[c*d~2
- bxdxe + a*e”2, 0] && GtQ[p, 0] && (IntegerQ[p]l || !'RationalQ[m] || (GeQL
m, -1] &% LtQ[m, 0])) && !ILtQ[m + 2*p, 0] && (IntegerQ[m] || IntegerQ[p]

|| IntegersQ[2*m, 2+%p])

Rule 857

Int[((d_.) + (e_.)*(x_))"(m )*((£f_.) + (g_.)*x(x_))*((a_.) + (b_.)*(x_) + (c
_Ox(x_)"2)"(p_.), x_Symbol] :> Dist[g/e, Int[(d + exx)"(m + 1)*(a + b*x +
c*x”2)"p, x], x] + Dist[(exf - d*g)/e, Int[(d + exx) m*(a + bxx + c*xx~2)7p,
x], x] /; FreeQ[{a, b, ¢, d, e, £, g, m, p}, x] && NeQ[b~2 - 4xaxc, 0] &&
NeQ[c*d~2 - bxd*e + a*e”2, 0] && !'IGtQ[m, O]

Rule 1667

Int[(Pq)*((d_.) + (e_)*(x_))"(m_.)*((a_.) + (b_.)*x(x_) + (c_.)*(x_)"2)"(p
_), x_Symbol] :> With[{q = Expon[Pq, x], f = Coeff[Pq, x, Expon[Pq, x]1}, S
imp[f*(d + exx)"(m + q - 1)*((a + b*x + c*xx"2)"(p + 1)/(c*e"(q - 1)*(m + q
+ 2%p + 1))), x] + Dist[1/(cxe"gq*(m + q + 2%p + 1)), Int[(d + e*x)"m*(a + b
*X + c*x~2) “p*ExpandToSum[c*e~q*(m + q + 2%p + 1)*Pq - cxf*x(m + q + 2%p + 1
)*(d + e*x)"q - £x(d + exx)"(q - 2)*(bxd*ex(p + 1) + a*e™2x(m + q - 1) - c*
d”2x(m + q + 2%p + 1) - ex(2xcxd - b*e)*(m + q + p)*x), x], x], x] /; GtQlq
, 1] && NeQ[m + q + 2*%p + 1, 011 /; FreeQ[{a, b, c, d, e, m, p}, x] && Poly
Q[Pq, x] && NeQ[b~2 - 4xaxc, 0] && NeQ[cxd~2 - b*xdxe + a*e”2, 0] && !(IGtQ
[m, 0] && RationalQ[a, b, c, d, el && (IntegerQl[p] || ILtQ[p + 1/2, 01))

Rule 6876

Int[(u_)*((a_) + (b_.)*(x_)"(n_.) + (c_)*x(x_)"(n2_.))"(p_), x_Symbol] :> D
ist[Sqrt[a + bxx™n + c*x~(2*n)]1/((4*c)~(p - 1/2)*(b + 2*c*x"n)), Int[ux(b +
2xc*x"n)~(2*p), x], x] /; FreeQ[{a, b, c, n, p}, x] && EqQ[n2, 2*n] && EqQ
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[b°2 - 4xa*c, 0] && IntegerQ[p - 1/2]

Rubi steps

1 1 ' a x V 2
Ve+ ex + dz? Va2 + 2abz? + b2t dp — Va2 + 2abx? + B2zt [ (20b+27a") Cx+ ez +dz* 4
x v 2ab + 2b222

_ blctex+ dz?)** Va2 ¥ 2abz? + b2zt N Va2 + 2abz? + b2
B 3d (a + bx?)

(8ad? — be? — 2bdex) Ve + ex + dz? Va2 + 2abz? + b2rt N
8d? (a + bz?)

(8ad? — be? — 2bdex) Vc + ex + dx? Va2 + 2abx? + b2zt N
8d? (a + bx?)

(8ad? — be? — 2bdex) Ve + ex + dz? Va2 + 2abz? + b2rt N
8d? (a + bx?)

(8ad? — be? — 2bdex) Ve + ex + dz? Va2 + 2abz? + b2rt N
8d? (a + bz?)

Mathematica [A]
time = 0.49, size = 174, normalized size = 0.61

\/(a + ba2)? (2\/47 Ve+a(e+dz) (24ad? + b(8cd — 3€* + 2dex + 8d°x?)) + 96a+/c' d*/? tanh ™! <\/(7177 W) — 3e(8ad? + b(—4cd + €?)) log <e +2de —2vVd e+ z(e+ dz) ))

484d5/2 (a + ba?)

Antiderivative was successfully verified.

[In] Integrate[(Sqrtlc + e*xx + d*x~2]*Sqrt[a”2 + 2*axb*x~2 + b~2%x74])/x,x]

[Out] (Sqrtl(a + b*xx~2)~2]*(2*Sqrt[d]*Sqrtlc + x*x(e + d*x)]*(24*axd”2 + b*(8*c*xd
- 3*e”2 + 2kdxexx + 8*%d"2xx"2)) + 96*a*xSqrt[cl*d”(5/2)*ArcTanh[(Sqrt[d]*x -
Sqrtc + xx(e + d*x)])/Sqrtlc]] - 3*ex(8*a*d™2 + bx(-4*c*d + e72))*Logle +
2xd*x - 2*Sqrt[d]*Sqrtlc + x*x(e + d*x)]1]))/(48%d”(5/2)*(a + b*x"2))

Maple [A]
time = 0.20, size = 251, normalized size = 0.88

] method \ result
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default

CT€exr 2
(b2? + a)? (16(dm2+em+c)%d%b—m\/dxz + ez + ¢ dbes—a8d% \/C 1n<2 rert21/C v dz®textec |,

Verification of antiderivative is not currently implemented for this CAS.

[In] int((d*x~2+e*x+c)”(1/2)*((b*x~2+a)~2)~(1/2)/x,x,method=_RETURNVERBOSE)

[Out] 1/48%((b*x~2+a)~2) ~(1/2)*(16%(d*x~2+exx+c) ~(3/2)*d~ (5/2) *b-12% (d*x~2+e*x+cC)

~(1/2)*d" (5/2) *bxexx-48*d~ (7/2) *c~ (1/2) *1n ((2*c+exx+2xc~ (1/2) * (d*x"2+e*x+C)
~(1/2)) /%) *a+48* (d*x"2+exx+c) " (1/2)*d~ (7/2) *a-6* (d*x~2+e*x+c) ~(1/2) *d~ (3/2)
*bxe”2+24*d~3*1n (1/2* (2% (d*xx~2+e*x+c) ~(1/2) *d~ (1/2) +2*d*x+e) /d~(1/2) ) ¥axe-1
2%1n(1/2*% (2% (d*x~2+e*xx+c) ~(1/2) *d~ (1/2) +2xd*x+e) /d~(1/2) ) ¥b*cxd~2*e+3*1n(1/
2% (2% (d*x~2+e*xx+c) ~(1/2) *d~ (1/2) +2xd*x+e) /d~(1/2) ) *b*d*e~3) / (b*x~2+a) /d~(7/
2)

Maxima [F(-2)]

time = 0.00, size = 0, normalized size = 0.00

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x~2+exx+c)~(1/2)*((b*x~2+a)~2)~(1/2)/x,x, algorithm="maxima")

[Out] Exception raised: ValueError >> Computation failed since Maxima requested a

dditional constraints; using the ’assume’ command before evaluation *may* h
elp (example of legal syntax is ’assume(4*c*d-%e~2>0)’, see ‘assume?‘ for m
ore det

Fricas [A]

time = 0.84, size = 771, normalized size = 2.70

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x~2+exx+c)~(1/2)*((b*xx~2+a)~2)"(1/2)/x,x, algorithm="fricas")
[Out] [1/96%(48*a*sqrt(c)*d~3*log((4*cxd*x~2 + x"2%xe”2 + 8*kcxx*e — 4*xsqrt(d*x~2 +

x*e + c)x(x*xe + 2*c)*sqrt(c) + 8%c~2)/x"2) + 3*(b*e”3 - 4x(bxcxd - 2%a*xd”2
)*e) *sqrt (d) *Llog (8+*d~2*x"2 + 8*d*x*e + 4*sqrt(d*x~2 + x*e + c)*(2xd*x + e)*
sqrt(d) + 4*ckd + e72) + 4*(8xb*d~3*x"2 + 2%b*d"2*x*e + 8*bkxcxd"2 + 24*a*xd”
3 - 3xbkd*e”2)*sqrt(d*x”2 + x*e + c))/d"3, 1/48*(24*a*sqrt(c)*d~3*log((4*cx
d*x"2 + X"2%e"2 + 8xckxke - 4xsqrt(d*x”"2 + x*ke + c)*(xke + 2*c)*sqrt(c) + 8
*C"2)/x72) - 3*(bxe”3 - 4x(b*ckd - 2%a*d”2)*e)*sqrt(-d)*arctan(1l/2*sqrt (d*x
"2 + x*e + c)*(2*d*x + e)*sqrt(-d)/(d"2*x"2 + d*xx*e + c*d)) + 2%(8xb*d~3*x~
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2 + 2xb*d”2%x*e + 8*bkcxd~2 + 24xa*d”~3 - 3xb*d*e”2)*sqrt(d*x"2 + x*e + c))/
d~3, 1/96%(96*a*sqrt(-c)*d"3*arctan(1/2*sqrt(d*x”"2 + x*e + c)*(x*e + 2%c)*s
qrt(-c)/(cxd*x~2 + cxx*e + c~2)) + 3*(b*e”3 - 4x(b*ckd - 2*a*d~2)*e)*sqrt(d
)*log(8*d~2%x"2 + 8xd*x*e + 4*xsqrt(d*x~2 + x*e + c)*(2xd*x + e)*sqrt(d) + 4
xckd + e72) + 4*(8*%bxd"3*x"2 + 2%b*d"2*x*e + 8xb*ckd~2 + 24*xa*d”3 - 3xb*d*e
~2)*sqrt(d*x~2 + x*e + c))/d”3, 1/48%(48*axsqrt(-c)*d 3*arctan(1/2*sqrt(d*x
~2 + x*e + c)*(x*e + 2xc)*sqrt(-c)/(cxd*x"2 + c*xxxe + c”2)) - 3*(bxe”3 - 4x
(bxc*xd - 2*axd~2)*e)*sqrt(-d)*arctan(1/2*sqrt(d*x~2 + x*e + c)*(2*d*x + e)x*
sqrt(-d)/(d"2*x"2 + d*x*e + c*xd)) + 2x(8*%b*d~3*x"2 + 2%bxd~2*x*e + 8*b*c*d~
2 + 24%axd"3 - 3*bxdxe”2)*sqrt(d*x”2 + x*e + c))/d"3]

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

Vve+dz? +ex a+ bz?)?
/ VA ) s

T

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x**2+e*xx+c)**(1/2)* ((bxx**2+a)**2)**(1/2)/x,x)
[Out] Integral(sqrt(c + d*x**2 + e*xx)*sqrt((a + b*x**2)**2)/x, x)
Giac [F(-2)]

time = 0.00, size = 0, normalized size = 0.00

Exception raised: TypeError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x™2+exx+c)~(1/2)*((b*x"2+a)~2)"(1/2)/x,x, algorithm="giac")

[Out] Exception raised: TypeError >> An error occurred running a Giac command:INP
UT:sage2:=int (sage0,sageVARx) : ; OUTPUT :Warning, integration of abs or sign a
ssumes constant sign by intervals (correct if the argument is real):Check [
abs(sa

Mupad [F]

time = 0.00, size = -1, normalized size = -0.00

(bz?+a)® Vdz?+ex+c
/ dz

x

Verification of antiderivative is not currently implemented for this CAS.

[In] int((((a + b*x"2)"2)"(1/2)*(c + exx + d*x~2)~(1/2))/x,x)
[Out] int((((a + b*x~2)"2)"(1/2)*(c + exx + d*x~2)~(1/2))/x, x)
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3.40 [ \/c—l—e:z:+d:c2\/xczzz-l—2aba:2+b2x4dx

Optimal. Leaf size=294

((be + 4ad)e + 2d(be + 2ad)z) Ve + ex + dz® Va? + 2aba? + b2z a(c+ ex + dz?)** Va? + 2abz? + b2z?

4cd (a + bx?) cz (a + bz?)

[Out] -ax(d*x"2+exx+c) ~(3/2)*((b*x~2+a)~2)~(1/2)/c/x/ (b*x~2+a)+1/8*(8*a*d~2+4xb*c
*d-b*e~2) *arctanh (1/2* (2xd*x+e) /d~(1/2) / (d*x"2+e*xx+c) ~(1/2) ) * ((b*x~2+a) "2)~
(1/2)/4°(3/2)/ (bxx~2+a)-1/2*a*e*arctanh (1/2* (exx+2*c) /c~(1/2) / (d*x"2+e*xx+cC)

~(1/2) ) *((b*x~2+a)~2) ~(1/2) / (b*x~2+a) /c~(1/2) +1/4* ((4*axd+b*c) *e+2*d* (2xa*d

+b*c) *x) * (d*x"2+exx+c) " (1/2) * ((b*x~2+a) ~2)~(1/2) /c/d/ (bxx~2+a)

Rubi [A]
time = 0.54, antiderivative size = 294, normalized size of antiderivative = 1.00, number of

number of rules _ ( 175
integrand size ’

steps used = 8, number of rules used = 7, integrand size = 40,
Rules used = {6876, 1664, 828, 857, 635, 212, 738}

aeva? + 2abz? + b2z* tanh™" (“*7“>
2/c
- + -

ST T (S T sdrse ] )
o o 2abat + ot (Sad + dbed —be*) tanh ™! | m Ao | b TP (o4 da? + e)’? Ve T 30T T Wt Ve & T e (eldad + be) + 2dz(2ad + b))
S (a + ba?) @ (atbe?) od(a+ br?) 2/C (at ba?)

Antiderivative was successfully verified.
[In] Int[(Sqrtlc + e*x + d*x~2]*Sqrt[a”2 + 2*a*b*x~2 + b~2*x~4])/x"2,x]

[Out] (((b*c + 4*axd)*e + 2*d*(b*c + 2*%axd)*x)*Sqrtl[c + exx + d*x~2]*Sqrt[a”2 + 2
*axb*x~2 + b~2%x74])/(4*cxdx(a + b*xx"2)) - (ax(c + exx + d*x~2)~(3/2)*Sqrt[

a"2 + 2%a*xb*x”2 + b"2*x74])/(cxx*x(a + b*x"2)) + ((4*b*c*d + 8*axd~2 - bxe”2
)*Sqrt[a”2 + 2xaxb*x”2 + b~2+x"4]*ArcTanh[(e + 2xd*x)/(2*Sqrt[d]*Sqrtlc + e

*x + d*x~2])])/(8%d~(3/2)*(a + b*x"2)) - (axexSqrt[a”™2 + 2*a*b*x™2 + b~2*x"

4] *ArcTanh[(2*xc + e*x)/(2*Sqrt[c]*Sqrtlc + e*x + d*x~2])])/(2*Sqrt[cl*(a +
bxx~2))

Rule 212

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[-b, 2]1))*
ArcTanh[Rt[-b, 2]*(x/Rt[a, 21)], x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qla, 0] Il LtQ[b, 01)

Rule 635

Int[1/Sqrt[(a_) + (b_.)*(x_) + (c_.)*(x_)"2], x_Symbol] :> Dist[2, Subst[In
t[1/(4*xc - x°2), x], x, (b + 2%c*x)/Sqrt[a + b*x + c*x2]], x] /; FreeQ[{a,
b, c}, x] && NeQ[b~2 - 4xaxc, 0]

Rule 738
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Int[1/(((d_.) + (e_.)*(x_))*Sqrtl(a_.) + (b_.)*(x_) + (c_.)*(x_)"2]), x_Sym

bol] :> Dist[-2, Subst[Int[1/(4*xcxd~2 - 4xb*d*e + 4*axe”™2 - x72), x], x, (2
*xaxe - bxd - (2xc*d - bxe)*x)/Sqrt[a + b*x + cxx~2]], x] /; FreeQ[{a, b, c,
d, e}, x] && NeQ[b~2 - 4+*a*c, 0] && NeQ[2*c*xd - bxe, 0]

Rule 828

Int[((d_.) + (e_.)*(x_))"(m_)*x((£f_.) + (g_.)*(x_))*((a_.) + (b_)*(x_) + (c
_I)*x(x_)7"2)"(p_.), x_Symbol] :> Simp[(d + e*x)~(m + 1)*(cxexf*(m + 2%p + 2)
- gx(cxd + 2xc*d*p - bxe*p) + gkckex(m + 2xp + 1)*x)*((a + b*x + c*x~2) p/
(cxe™2%(m + 2*%p + 1)*(m + 2%p + 2))), x] - Dist[p/(c*e™2x(m + 2xp + 1)*(m +
2xp + 2)), Int[(d + e*x)"m*(a + b*x + c*x"2)"(p - 1)*Simp[cxe*xf*(b*xd - 2*a
xe)x(m + 2*p + 2) + gx(a*xex(b*e - 2kckd*m + bkxe*m) + b*dx(bxexp - c*d - 2*c
*xdxp)) + (ckexfx(2kcxd — b*xe)*x(m + 2%p + 2) + gx(b™2*%e™2x(p + m + 1) - 2%c™
2xd"2x (1 + 2%p) - c*e*x(b*d*(m - 2%p) + 2*xaxex(m + 2%p + 1))))*x, x], x], xI]
/; FreeQ[{a, b, c, d, e, f, g, m}, x] && NeQ[b~2 - 4*axc, 0] && NeQ[c*d~2
- bxdxe + a*e”2, 0] && GtQ[p, O] && (IntegerQ[p] || !'RationalQ[m] || (GeQL
m, -1] &% LtQ[m, 0])) && !ILtQ[m + 2*p, 0] && (IntegerQ[m] || IntegerQ[p]

|| IntegersQ[2*m, 2+%p])

Rule 857

Int[((d_.) + (e_.)*(x_))"(m )*((£f_.) + (g_.)*x(x_))*((a_.) + (b_.)*(x_) + (c
_)*x(x_)"2)"(p_.), x_Symbol] :> Dist[g/e, Int[(d + exx)"(m + 1)*(a + b*x +
c*x”2)"p, x], x] + Dist[(exf - d*g)/e, Int[(d + exx) m*(a + bxx + c*xx~2)7p,
x], x] /; FreeQ[{a, b, ¢, d, e, f, g, m, p}, x] && NeQ[b~2 - 4xaxc, 0] &&
NeQ[c*d~2 - bxd*e + a*e”2, 0] && !'IGtQ[m, O]

Rule 1664

Int[(Pq_)*((d_.) + (e_.)*(x_))"(m_)*((a_.) + (b_.)*(x_) + (c_.)*x(x_)"2)"(p_
), x_Symbol] :> With[{Q = PolynomialQuotient[Pq, d + e*x, x], R = Polynomia
1Remainder[Pq, d + e*xx, x]}, Simp[(e*R*(d + e*x)~(m + 1)*(a + b*x + c*x~2)"
(p + 1))/((m + 1)*(c*xd"2 - b*d*e + axe”2)), x] + Dist[1/((m + 1)*(c*d”2 - b
xd*e + axe”2)), Int[(d + exx)"(m + 1)*(a + b*x + c*x~2) p*ExpandToSum[(m +
1)*(c*d™2 - bxd*e + axe”2)*Q + c*d*R*x(m + 1) - bxexR*(m + p + 2) - c*xexRx(m
+ 2xp + 3)*x, x], x], x]] /; FreeQ[{a, b, c, d, e, p}, x] && PolyQ[Pq, x]
&& NeQ[b~2 - 4xaxc, 0] && NeQ[c*d™2 - bxdxe + a*e”2, 0] && LtQ[m, -1]

Rule 6876

Int[(u_)*((a)) + (b_)*(x_)"(n_.) + (c_)*(x_)"(m2_.))"(p_), x_Symbol] :> D
ist[Sqrt[a + b*x"n + c*xx~(2*n)]/((4*xc)~(p - 1/2)*(b + 2*c*x"n)), Int[u*x(b +
2xc*xx"n) " (2*p), x], x] /; FreeQ[{a, b, c, n, p}, x] && EqQ[n2, 2*n] && EqQ
[b°2 - 4xa*c, 0] && IntegerQ[p - 1/2]
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Rubi steps

(2ab+20222) V€ + ex + dx? dz

Ve + ex + dz? Va? + 2abx? + b2zt Va2 + 2abz? + B2t | =
dx =
x2 2ab + 2b%x?

_alctex+ dar:2)3/2 Va2 + 2abx? + b2rt B Va2 + 2abz? + b
cz (a + bz?)

((bc + 4ad)e + 2d(bc + 2ad)x)Vc + ex + dz? Va2 + 2abz? + |
4cd (a + bz?)

((bc + 4ad)e + 2d(bc + 2ad)x)Vc + ex + dz? Va2 + 2abx? +
4cd (a + bx?)

((bc + 4ad)e + 2d(bc + 2ad)x)Vc + ex + dz? Va2 + 2abz? + |
4cd (a + bz?)

((bc + 4ad)e + 2d(bc + 2ad)z)Vc + ex + dz? Va2 + 2abz? + |
4cd (a + bx?)

Mathematica [A]
time = 0.63, size = 169, normalized size = 0.57

(a+bx2)? (8ad3/zez tanh™" (mi W) ++/c (2\/E Ve+z(e+ dr) (—4ad + bx(e + 2dz)) + (—8ad? + b(—4cd + €2)) zlog (d(e +2dz — 2Vd \/c+ z(e + dx) ))))
8v/c d3/2z (a + bx?)

Antiderivative was successfully verified.

[In] Integrate[(Sqrtlc + exx + d*x"2]*Sqrt[a”2 + 2xaxbxx~2 + b~2xx"4])/x"2,x]

[Out] (Sqrtl[(a + b*x~2)~2]*(8*a*d~(3/2)*e*x*ArcTanh[(Sqrt[d]*x - Sqrtlc + x*(e +
d*x)])/Sqrtlc]] + Sqrtlcl*(2xSqrt[d]l*Sqrtlc + x*(e + d*x)]*(-4*axd + b*x*(e

+ 2xd*x)) + (-8%a*d”2 + bx(-4*c*d + e~2))*x*Log[d*(e + 2*d*x - 2xSqrt[d]*S
gqrtlc + x*x(e + d*x)])])))/(8%Sqrt[c]*d~(3/2)*x*(a + b*x~2))

Maple [A]
time = 0.22, size = 288, normalized size = 0.98

’ method ‘ result
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‘  pem| 219 /dx? +
w\Vdz? +ex+c +be\/dx2—|—ex—|—c _b 1 (\/d "
2 4d

8d2

adz?+ex+c \/(bz?+a)

risch — w6 7a) +

7/ 2
(bx? + a)® <—8\/d$2 + ex + ¢ d2aa?-4/d 22 + €T + C d3bea?+4d3\/C 1n<2°+”+2\/g ch 1

default | —

Verification of antiderivative is not currently implemented for this CAS.

[In] int((d*x~2+exx+c)~(1/2)*((b*x~2+a)~2)~(1/2)/x"2,x,method=_RETURNVERBOSE)

[Out] -1/8*((b*x~2+a)~2)~(1/2)*(-8*%(d*x"2+exx+c) ~(1/2)*d~ (7/2) *a*x~2-4* (d*x~2+e*x
+c) " (1/2)*d™ (5/2) *bxcxx~2+4*d~(5/2) *c™ (1/2) *1n ((2*c+exx+2*c™ (1/2) * (d*x~2+e*

x+c) " (1/2) ) /x) *axe*xx+8* (d*x~2+ex*xx+c) ~(3/2) *d~ (5/2) *a-8* (d*x~2+ex*xx+c) ~(1/2) *

d~ (5/2) xaxe*xx—-2* (d*x~2+e*x+c) ~(1/2) *d" (3/2) *bxcke*x-8*1n (1/2* (2% (d*x~2+e*x+
c)~(1/2)*d~ (1/2) +2*xd*x+e) /d”~(1/2) ) *a*xcxd~3*x-4*1n(1/2*% (2% (d*x"2+e*x+c) ~(1/2
Y*d~(1/2)+2*d*x+e) /A" (1/2) ) ¥bxc™2xd " 2*x+1n (1/2% (2% (d*x~2+e*xx+c) ~(1/2)*d~ (1/
2)+2*d*x+e) /d” (1/2)) ¥bxc*d*e”2*x) / (b*x~2+a) /c/x/d~ (5/2)

Maxima [F(-2)]
time = 0.00, size = 0, normalized size = 0.00

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x~2+exx+c)~(1/2)*((b*x~2+a)~2)~(1/2)/x"2,x, algorithm="maxima"
)

[Out] Exception raised: ValueError >> Computation failed since Maxima requested a
dditional constraints; using the ’assume’ command before evaluation *may* h

elp (example of legal syntax is ’assume(4*c*d-%e~2>0)’, see ‘assume?‘ for m

ore det

Fricas [A]

time = 0.71, size = 767, normalized size = 2.61

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x~2+exx+c)~(1/2)*((b*x~2+a)~2)~(1/2)/x"2,x, algorithm="fricas"
)

[Out] [1/16%(4*axsqrt(c)*d~2xx*e*log((4*cxd*x~2 + x"2%e”2 + 8kckxxxe — 4*xsqrt(d*x”
2 + xxe + c)*(xxe + 2*kc)*sqrt(c) + 8%c”2)/x72) + (b*c*x*e™2 - 4*(bxc™2*d +
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2xaxcxd~2) *x) *sqrt (d) *Llog(8*d~2*x~2 + 8*d*x*e - 4*sqrt(d*x~2 + x*e + c)*(2x
dxx + e)xsqrt(d) + 4xc*d + e72) + 4x(2xbxc*xd~2*x"2 + b*ckd*x*e - 4*akxcxd"2)
*sqrt (d*x~2 + x*e + c))/(c*d™2*x), 1/8%(2xaxsqrt(c)*d~2xx*exlog((4*c*d*x~2

+ X"2%e”2 + 8xcxx*e - 4xsqrt(d*x”2 + x*e + c)*(x*e + 2%c)*sqrt(c) + 8%c~2)/
x72) + (bxckxke™2 - 4*x(bxc™2xd + 2xaxcxd~2)*x)*sqrt(-d)*arctan(1/2*sqrt (d*x
"2 + x*e + c)*(2*d*x + e)*sqrt(-d)/(d"2*x"2 + d*xx*e + c*d)) + 2%(2xb*xc*d~2x%
X"2 + b*ckdxxxe — 4*axcxd"2)*sqrt(d*x~2 + x*e + c))/(c*d"2*x), 1/16x(8*axsq
rt(-c)*d~2*x*arctan(1/2xsqrt (d*x~2 + x*e + c)*(x*e + 2*c)*sqrt(-c)/(cxd*x"2
+ ckx*ke + c72))*e + (bxcxx*e”2 - 4x(b*c”2*d + 2¥a*xc*d”2)x*x)*sqrt(d)*log(8*
d"2%x72 + 8*d¥x*e - 4*sqrt(d*x~2 + x*e + c)*(2*d*x + e)xsqrt(d) + 4xc*xd + e
"2) + 4x(2xbxc*d"2*x"2 + b*ckdkxk*e - 4¥akxckd"2)*sqrt(d*x~2 + x*e + c))/(cxd
~2xx), 1/8*x(4*axsqrt(-c)*d~2*x*arctan(1/2*sqrt(d*x~2 + xxe + c)*(xxe + 2%c)
xsqrt (-c)/(cxd*x"2 + cxxxe + c"2))xe + (bxc*x*e™2 - 4*(bxc™2*d + 2xaxc*d”2)
*xx) *sqrt (-d) *arctan(1/2*sqrt (d*x~2 + x*e + c)*(2*d*x + e)*sqrt(-d)/(d"2*x"2
+ d*x*e + cxd)) + 2%(2%bxc*d"2*x"2 + bkckxdkxxe — 4xakcxd”2)*sqrt(d*x”2 + x
*e + c))/(cxd™2%x)]

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

Vve+dx? +ex a + bx?)?
/ 2\/( ) i

X

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x**2+e*xx+c)**(1/2)* ((bxx**2+a)**2)**(1/2) /x**2,%)
[Out] Integral(sqrt(c + d*x**2 + e*x)*sqrt((a + b*x**2)**2)/x**2, Xx)
Giac [F(-2)]

time = 0.00, size = 0, normalized size = 0.00

Exception raised: TypeError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x~2+exx+c)~(1/2)*((b*xx~2+a)~2)~(1/2)/x"2,x, algorithm="giac")

[Out] Exception raised: TypeError >> An error occurred running a Giac command:INP
UT:sage2:=int (sage0,sageVARx) : ;OUTPUT:Warning, integration of abs or sign a
ssumes constant sign by intervals (correct if the argument is real) :Check [
abs(sa

Mupad [F]
time = 0.00, size = -1, normalized size = -0.00

(bz?+a)® Vdz?+ex+c
/ dz

2
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Verification of antiderivative is not currently implemented for this CAS.

[In] int((((a + b*x"2)"2)"(1/2)*(c + e*xx + d*x~2)~(1/2))/x"2,x%)
[Out] int((((a + b*x"2)"2)"(1/2)*(c + exx + d*x~2)~(1/2))/x"2, x)
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3.41 [ \/c—l—e:z:+d:c2\/£2-l—2abx2+b2x4dx
Optimal. Leaf size=288

beva?

(ae + 2(2bc + ad)z) Ve + ex + dz? Va2 + 2abz® + b2x*  a(c+ex + dxz)?’/2 Va2 + 2abx? + b2zt 4
4cx (a + bx?) 2cz? (a + bx?)

[Out] -1/2*a*(d*x"2+e*xx+c) ~(3/2)*x((b*x"2+a)~2)~(1/2)/c/x"2/ (b*x~2+a)-1/8* (4*axc*xd
—a*xe~2+8*b*c~2) *arctanh (1/2* (exx+2*c) /c~(1/2) / (d*x~2+e*xx+c) ~(1/2) ) * ((b*x~2+
a)~2)"(1/2)/c~(3/2) / (bxx~2+a)+1/2*b*e*arctanh (1/2* (2xd*x+e) /d~(1/2) / (d*x~2+
exx+c) " (1/2))*((b*x~2+a) ~2) ~(1/2) / (b*x~2+a) /d~ (1/2) +1/4* (a*e+2x (a*xd+2xb*c) *
x)*(d*x"2+e*xx+c) " (1/2) * ((b*x~2+a) ~2) ~(1/2) /c/x/ (bxx~2+a)

Rubi [A]
time = 0.54, antiderivative size = 288, normalized size of antiderivative = 1.00, number of

number of rules _ ( 175
integrand size ’

steps used = 8, number of rules used = 7, integrand size = 40,
Rules used = {6876, 1664, 826, 857, 635, 212, 738}

S————— e , eVaZ T 2aba? + Pt tanh! 20rse
Va2 + 2aba? + Bz (4acd — ae® + 8bc”) tanh 2v/c'Ve+da? +ex aVa® ¥ 2aba® + BPz" (c + da? + ex)” 4 Vo 2ab 4 P Ve+ de? + ez (2z(ad + 2bc) + ae) N beva? + 2aba? + P2t tanh 2Vd Vet da? +ex
837 (a 1 b%) 2ca? (a + ba?) dex (a+ba?) 2Vd' (a+ba?)

Antiderivative was successfully verified.
[In] Int[(Sqrtl[c + e*x + d*x~2]*Sqrt[a”2 + 2*a*b*x~2 + b~2*x~4])/x"3,x]

[Out] ((axe + 2%(2xb*xc + axd)*x)*Sqrtlc + exx + d*x~2]*Sqrt[a”2 + 2xa*xb*x~2 + b~2
*x~4])/(4*c*x*(a + b*x"2)) - (ax(c + e*x + d*xx"2)"(3/2)*Sqrt[a™2 + 2*a*b*x~

2 + b"2*%x74])/(2xcxx"2x(a + b*x72)) + (b*exSqrt[a”2 + 2%a*b*x~2 + b~2*x"4]*
ArcTanh[(e + 2*d*x)/(2*Sqrt[d]*Sqrt[c + exx + d*x~2])])/(2*Sqrt[d]*(a + b*x

~2)) - ((8*bxc™2 + 4*xaxcxd - akxe~2)*Sqrt[a”2 + 2%a*b*x~2 + b~2*x"4]*ArcTanh

[(2xc + exx)/(2%Sqrtc]*Sqrtlc + e*xx + d*x~2])]1)/(8*c~(3/2)*(a + b*x"2))

Rule 212

Int[((a)) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[-b, 2]))*
ArcTanh[Rt[-b, 2]*(x/Rt[a, 2]1)]1, x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qla, 0] || LtQ[b, 01)

Rule 635

Int[1/Sqrtl(a_) + (b_.)*(x_) + (c_.)*(x_)"2], x_Symbol] :> Dist[2, Subst[In
t[1/(4xc - x72), x], x, (b + 2xc*x)/Sqrtla + bxx + c*xx~2]], x] /; FreeQ[{a,
b, c}, x] && NeQ[b~2 - 4xaxc, 0]

Rule 738
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Int[1/(((d_.) + (e_.)*(x_))*Sqrtl(a_.) + (b_.)*(x_) + (c_.)*(x_)"2]), x_Sym

bol] :> Dist[-2, Subst[Int[1/(4*xcxd~2 - 4xb*d*e + 4*axe”™2 - x72), x], x, (2
*xaxe - bxd - (2xc*d - bxe)*x)/Sqrt[a + b*x + cxx~2]], x] /; FreeQ[{a, b, c,
d, e}, x] && NeQ[b~2 - 4+*a*c, 0] && NeQ[2*c*xd - bxe, 0]

Rule 826

Int[((d_.) + (e_)*(x_ )" (@ )*((£_.) + (g_)*(x_))*((a_.) + (b_.)*(x_) + (c
_I)*x(x_)7"2)"(p_.), x_Symbol] :> Simp[(d + e*x)~(m + 1)*(exfx(m + 2%p + 2) -
dxgx(2xp + 1) + exgx(m + 1)*x)*((a + b*x + c*x72)7p/(e”2*%(m + 1)*(m + 2%p
+ 2))), x] + Dist[p/(e™2*x(m + 1)*(m + 2*%p + 2)), Int[(d + e*x)"(m + 1)*x(a +
bxx + c*x"2)"(p - 1)*Simp[g*(b*d + 2%axe + 2%axexm + 2%bxd*p) - fxb*ex(m +
2xp + 2) + (gx(2*%cxd + b*e + bxexm + 4kckxdxp) — 2xckexf*x(m + 2%p + 2))*x,
x], x], x] /; FreeQ[{a, b, c, d, e, £, g, m}, x] && NeQ[b~2 - 4xa*c, 0] &&
NeQ[c*d™2 - bxd*e + a*e”2, 0] && RationalQ[p] && p > 0 && (LtQ[m, -1] || Eq
Qlp, 11 || (IntegerQLp] && !'RationalQ[m])) && NeQ[m, -1] && !'ILtQ[m + 2xp

+ 1, 0] & (IntegerQ[m] || IntegerQ[p] || IntegersQ[2*m, 2*p])

Rule 857

Int[((d_.) + (e_.)*(x_))"(m )*((£f_.) + (g_.)*x(x_))*((a_.) + (b_.)*(x_) + (c
_I)x(x_)"2)"(p_.), x_Symbol] :> Dist[g/e, Int[(d + exx)"(m + 1)*(a + b*x +
c*x”2)"p, x], x] + Dist[(exf - d*g)/e, Int[(d + exx) m*(a + bxx + c*xx~2)7p,
x], x] /; FreeQ[{a, b, c, d, e, f, g, m, p}, x] && NeQ[b~2 - 4xa*xc, 0] &&
NeQ[c*d~2 - bxd*e + a*e”2, 0] && !'IGtQ[m, O]

Rule 1664

Int[(Pq_)*((d_.) + (e_.)*(x_))"(m_)*((a_.) + (b_.)*(x_) + (c_.)*x(x_)"2)"(p_
), x_Symbol] :> With[{Q = PolynomialQuotient[Pq, d + e*x, x], R = Polynomia
1Remainder[Pq, d + e*x, x]}, Simp[(exR*(d + e*x)~(m + 1)*(a + b*x + c*xx~2)~
(p+1))/((m + 1)*(c*xd"2 - b*d*e + axe”2)), x] + Dist[1/((m + 1)*(c*d”2 - b
xdxe + a*e”2)), Int[(d + e*x)"(m + 1)*(a + bxx + c*x~2) p*ExpandToSum[(m +
1)*(c*d™2 - bxd*e + axe”2)*Q + c*d*R*x(m + 1) - bxexR*(m + p + 2) - c*exRx(m
+ 2xp + 3)*x, x], x], x]1] /; FreeQ[{a, b, c, d, e, p}, x] && PolyQ[Pq, x]
&& NeQ[b~2 - 4xaxc, 0] && NeQ[c*d"2 - bxd*xe + axe”2, 0] && LtQ[m, -1]

Rule 6876

Int[(u_)*((a)) + (b_.)*(x_)"(n_.) + (c_.)*(x_)"(m2_.))"(p_), x_Symbol] :> D
ist[Sqrt[a + b*xx™n + c*xx~(2*n)]/((4*c)~(p - 1/2)*(b + 2%c*x"n)), Int[ux(b +
2*%c*x"n) ~(2*p), x1, x] /; FreeQ[{a, b, ¢, n, p}, x] && EqQ[n2, 2*n] && EqQ
[b°2 - 4xaxc, 0] && IntegerQ[p - 1/2]

Rubi steps
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1 1 ' ai x V 2
Ve+ex + dz? Va2 + 2aba? + b2t dr — Va2 + 2aba? + B2zt [ (204 27a") §3+ ez +dz* 4,
x3 2ab + 2b2x?

a(c+ ez + dz?)** Va2 + 2abz? + B’z*  Va? + 2abz? £ b

2cz? (a + bx?)

(ae + 2(2bc + ad)z) Ve + ex + dz® Va2 + 2abz? + b2zt

4cz (a + bx?)

(ae + 2(2bc + ad)z)Vc + ex + dz® Va2 + 2abx? + b2rt

4cx (a + bx?)

(ae + 2(2bc + ad)x)Vc + ex + dz® Va2 + 2abx? + b2zt

4cz (a + bx?)

(ae + 2(2bc + ad)z)Vc + ex + dz? Va2 + 2abx? + b2rt

4cz (a + bx?)

Mathematica [A]
time = 0.61, size = 173, normalized size = 0.60

(a+ba?)® (\/LT(EBIJC2 + 4acd — ae®) 7% tanh™! (,\/E“— W) ++/c (\/E (2ac + aex — 4bcz?) \/c + x(e + dx) + 2bcex? log (e +2dz — 2Vd /e + z(e + dz) )))
4632v/d 22 (a + ba?)

Antiderivative was successfully verified.

[In] Integrate[(Sqrtlc + exx + d*x~2]*Sqrt[a”2 + 2xaxb*xx~2 + b~2xx~4])/x"3,x]

[Out] -1/4%(Sqrtl(a + b*xx~2)~2]*(Sqrt[d]*(8*b*xc~2 + 4*axc*d - a*e”2)*x~2xArcTanh[
(-(8qrt[d]*x) + Sqrtl[c + x*(e + d*x)])/Sqrtlcl] + Sqrtl[cl*(Sqrt[d]*(2*a*xc +
akexx — 4*bkxcxx~2)*Sqrtlc + x*(e + d*x)] + 2xb*ckexx"2xLogle + 2xd*x - 2%S
qrt[d]*Sqrt[c + x*x(e + d*x)]11)))/(c~(3/2)*Sqrt [d]*x"2*(a + b*x"2))

Maple [A]
time = 0.20, size = 330, normalized size = 1.15

method | result

wdzr?+exr+c+ vd _

e 2¢+
ebln(?*d’”ﬂ/dz? +er+c ) ln(ce

o 2V/d
aV dz?2+ex+c (ex+2c) (b.Z'2 + CL)2

risch 4z2c(bz2+a) +
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(ba? + a)? <4d%c%m<2c+w+2\/5 Vds®testc )axz+8d%c%1n<zc+”“\/g Vds?testc )b

default | —

Verification of antiderivative is not currently implemented for this CAS.

[In] int((d*x~2+e*x+c)~(1/2)*((b*x~2+a)~2)~(1/2)/x~3,x,method=_RETURNVERBOSE)

[Out] -1/8*%((b*x~2+a)~2) " (1/2)*(4*d"(5/2)*c”(3/2) *1n((2*c+e*x+2*c”(1/2) * (d*x"2+ex*
x+c) " (1/2)) /%) *a*xx~2+8*d" (3/2) *c~ (5/2) *1n ((2*c+e*x+2*c” (1/2) * (d*x~2+e*x+c)~
(1/2)) /%) *bxx~2+2* (d*x~2+e*xx+c) ~ (1/2) *d™ (5/2) *a*xe*xx”~3-4* (d*x~2+e*x+c) ~(1/2)

*d~ (5/2) *a*xc*x~2-d"(3/2) *c~ (1/2) *1n ((2*c+e*xx+2*c™ (1/2) * (d*x"2+e*x+c) ~(1/2))

/X)) *a*xe~2*%x"2-2% (d*xx~2+e*xx+c) " (3/2) *d~ (3/2) xa*xexx+2* (d*xx~2+e*x+c) " (1/2) *d~(

3/2) xaxe”2xx"2-8*% (d*x~2+e*x+c) ~(1/2) *d~ (3/2) *b*c~2*x~2+4* (d*x~2+e*x+c) ~(3/2

)*d” (3/2) *axc—4*1n(1/2* (2x (d*x"2+exx+c) ~(1/2)*d~ (1/2) +2*d*x+e) /d~ (1/2) ) *d*b
*c"2%e*xx"2) /4" (3/2) /x"2/c"2/ (b*xx"2+a)

Maxima [F(-2)]
time = 0.00, size = 0, normalized size = 0.00

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x~2+e*xx+c)~(1/2)*((bxx~2+a)~2)~(1/2)/x"3,x, algorithm="maxima"
)

[Out] Exception raised: ValueError >> Computation failed since Maxima requested a
dditional constraints; using the ’assume’ command before evaluation *may* h

elp (example of legal syntax is ’assume(4*c*d-%e~2>0)’, see ‘assume?‘ for m

ore det

Fricas [A]
time = 0.74, size = 797, normalized size = 2.77

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x~2+exx+c)~(1/2)*((b*x~2+a)~2)~(1/2)/x73,x, algorithm="fricas"
)

[Out] [1/16%(4*bxc~2*sqrt(d)*x~2*e*log(8*xd~2*x"2 + 8*d*x*e + 4xsqrt(d*x~2 + x*e +
c)*(2*d*x + e)*sqrt(d) + 4xc*d + e72) + (axd*x"2%e”2 - 4*x(2xb*c™2xd + a*c*
d~2)*x~2)*sqrt(c) *log((4*cxd*x~2 + x"2%e”2 + 8kckx*xe + 4*xsqrt(d*x~2 + x*e +
c)*(x*e + 2*c)*sqrt(c) + 8*c™2)/x"2) + 4x(4xb*xc”™2xd*x"2 - axckdkx*xe - 2%ax
c~2*xd) *sqrt (d*x~2 + x*e + c))/(c"2xd*x"2), -1/16*(8xb*c~2*sqrt(-d)*x~2*arct
an(1/2*xsqrt(d*x~2 + x*e + c)*(2xd*x + e)*sqrt(-d)/(d"2*x"2 + d*xx*e + c*xd))x*
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e — (axd*x~2%e”2 - 4x(2¥bxc~2*d + axcxd~2)*x"2)*sqrt(c)*log((4*xc*xd*x"2 + x~
2%e"2 + 8*ckxxe + 4*sqrt(d*x”2 + x*e + c)*(x*e + 2xc)*sqrt(c) + 8%c~2)/x"2)
- 4x(4*%bxc"2%d*x"2 - axckd*xke - 2%a*c”2xd)*sqrt(d*x~2 + x*e + c))/(c"2x*d*
X72), 1/8%(2%b*c™2xsqrt(d)*x"2*e*log(8*d~2%x"2 + 8xd*x*e + 4*xsqrt(d*x~2 + x
xe + c)*x(2xd*x + e)*sqrt(d) + 4*cxd + e72) - (axd*x"2xe”2 - 4*(2%bxc~2xd +

axcxd~2)*x"2)*sqrt (-c)*arctan(1/2*sqrt (d*x~2 + x*e + c)*(x*e + 2xc)*sqrt(-c
)/ (c*xd*x"2 + cxx*e + c72)) + 2% (4*b*c™2xd*x"2 - axckxd*x*e — 2xaxc”2*d)*sqrt
(d*x~2 + x*e + c))/(c”2*%d*x"2), -1/8*(4xbxc~2*sqrt(-d)*x"2*arctan(1/2*sqrt(
d*x"2 + x*e + c)*(2kd*x + e)*sqrt(-d)/(d"2*x"2 + d*x*e + c*xd))*e + (a*xd*x~2
*xe"2 — 4x(2%b*c”2+d + axcxd"2)*x"2)*sqrt(-c)*arctan(1/2*sqrt(d*x"2 + x*e +

c)*(xxe + 2*c)*sqrt(-c)/(c*xd*x"2 + cxx*e + c72)) - 2% (4*bkc™2xd*x"2 - axcxd
xx*xe — 2kaxc”2+d)*sqrt(d*x”2 + xxe + c))/(c"2xd*x"2)]

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

ve+dz? +ex a + bx?)?
/ 3\/( ) &

X

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x**2+e*x+c)**(1/2)*((b*x**2+a)**2)**(1/2)/x**3,x)
[Out] Integral(sqrt(c + d*x**2 + e*x)*sqrt((a + b*x**2)**2)/x**3, Xx)

Giac [A]
time = 7.32, size = 370, normalized size = 1.28

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x~2+e*x+c)”(1/2)*((b*x~2+a)~2)"(1/2)/x"3,x, algorithm="giac")

[Out] -1/2%b*exlog(abs(-2*%(sqrt(d)*x - sqrt(d*x~2 + x*e + c))*d - sqrt(d)*e))*sgn
(b*xx~2 + a)/sqrt(d) + sqrt(d*x”2 + x*e + c)*b*sgn(b*x~2 + a) + 1/4*(8*bxc~2
*sgn(b*x~2 + a) + 4*axcxd*sgn(b*x~2 + a) - axe”2xsgn(b*x~2 + a))*arctan(-(s
qrt(d)*x - sqrt(d*x~2 + x*xe + c))/sqrt(-c))/(sqrt(-c)*c) + 1/4x(4*x(sqrt(d)=*
X — sqrt(d*x~2 + x*e + c)) 3xaxc*d*sgn(b*x~2 + a) + 8*(sqrt(d)*x - sqrt(d*x

~2 + x*e + c)) 2*akxcxsqrt(d)*exsgn(b*x”"2 + a) + 4x(sqrt(d)*x - sqrt(d*x~2 +

x*e + c))*axc 2xd*sgn(b*x~2 + a) + (sqrt(d)*x - sqrt(d*x~2 + x*e + c)) 3*a
xe"2xsgn(b*x"2 + a) + (sqrt(d)*x - sqrt(d*x~2 + x*e + c))*axcxe”2xsgn(bxx~2

+ a))/(((sqrt(d)*x - sqrt(d*x~2 + x*e + c))~2 - c)~2%c)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.00
(bz?+a)® Vdz?+ex+c
/ dz

3
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Verification of antiderivative is not currently implemented for this CAS.

[In] int((((a + b*x"2)"2)"(1/2)*(c + e*xx + d*x~2)~(1/2))/x"3,x)
[Out] int((((a + b*x~2)"2)"(1/2)*(c + exx + d*x~2)~(1/2))/x"3, x)
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3.49 [ \/c+ex+dx2\/a:€lz2+2abx2+b2x4dx

Optimal. Leaf size=294

bV

(2ace — (8bc® — ae?) z) Ve + ex + da® Va2 + 2abz® + b2zt a(c + ex + da?)** Va? + 2aba? + Bzt

8c2z? (a + bx?) 3cz? (a + bx?)

[Out] -1/3*a*(d*x"2+e*xx+c)~(3/2)*x((b*x"2+a)~2)~(1/2)/c/x"3/ (b*x"2+a)-1/16*e* (8xbx*
c"2-a*(4xcxd-e~2) ) *xarctanh (1/2* (e*xx+2%c) /c”~(1/2) / (d*x~2+e*xx+c) ~(1/2)) *((b*x
~2+a)~2)"(1/2)/c”(5/2) / (bxx~2+a)+b*arctanh (1/2* (2xd*x+e) /d~(1/2) / (d*x~2+e*x
+c)~(1/2))*d~ (1/2)*((b*xx~2+a) ~2) ~(1/2) / (b*x~2+a) +1/8%* (2*a*cxe- (—axe”2+8*b*c
~2)*x) * (d*x"2+e*xx+c) ~(1/2) * ((b*x"2+a) "2) ~(1/2) /c~2/x"2/ (b*x~2+a)

Rubi [A]
time = 0.51, antiderivative size = 294, normalized size of antiderivative = 1.00, number of

number of rules _
integrand size 0.175,

steps used = 8, number of rules used = 7, integrand size = 40,
Rules used = {6876, 1664, 824, 857, 635, 212, 738}

sdrte
2Vd Vetda® +ex ) aVa® + 2aba® + Bat (c + da? + ex)*?

Va3 T B Vet AT e (2ace — a(8he? —ae) Y+ 2abe? Bt (8" —alded — ) tanh ™ | A +”‘/E o 2abet 4 Bt tanl

8% (a + ba?) 16672 (a + ba?) a+tba? 3 (a + ba?)

Antiderivative was successfully verified.
[In] Int[(Sqrtl[c + e*x + d*x~2]*Sqrt[a”2 + 2*a*b*x~2 + b~2*x"4])/x74,x]

[Out] ((2*axcxe — (8*b*c™2 - axe”2)*x)*Sqrtlc + e*x + d*x~2]*Sqrt[a”2 + 2*axbxx~2
+ b™2%x74])/(8*c"2xx"2%(a + b*x"2)) - (ax(c + exx + d*x~2)~(3/2)*Sqrt[a~2

+ 2xaxb*x”"2 + b"2*%x"4])/(3xc*xx"3x(a + b*x72)) + (b*Sqrt[d]*Sqrt[a~2 + 2xaxb

*x~2 + b~ 2*x~4]*ArcTanh[(e + 2*d*x)/(2*Sqrt[d]*Sqrt[c + e*x + d*x~2])]1)/(a

+ b*x72) - (e*x(8*%bxc™2 - a*x(4*cxd - e72))*Sqrt[a”2 + 2*a*b*x~2 + b~2*xx"4]*A
rcTanh[(2%c + ex*x)/(2*Sqrt[c]l*Sqrtlc + exx + d*x~2])])/(16*%c~(5/2)*(a + b*x

~2))

Rule 212

Int[((a)) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[-b, 2]))*
ArcTanh[Rt[-b, 2]*(x/Rt[a, 2])], x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qfa, 0] Il LtQ[b, 01)

Rule 635

Int[1/Sqrtl(a_) + (b_.)*(x_) + (c_.)*(x_)"2], x_Symbol] :> Dist[2, Subst[In
t[1/(4xc - x72), x], x, (b + 2xc*x)/Sqrt[a + bxx + c*x~2]], x] /; FreeQ[{a,
b, c}, x] && NeQ[b~2 - 4xaxc, 0]

Rule 738
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Int[1/(((d_.) + (e_.)*(x_))*Sqrtl(a_.) + (b_.)*(x_) + (c_.)*(x_)"2]), x_Sym

bol] :> Dist[-2, Subst[Int[1/(4*xcxd~2 - 4xb*d*e + 4*axe”™2 - x72), x], x, (2
*xaxe - bxd - (2xc*d - bxe)*x)/Sqrt[a + b*x + cxx~2]], x] /; FreeQ[{a, b, c,
d, e}, x] && NeQ[b~2 - 4+*a*c, 0] && NeQ[2*c*xd - bxe, 0]

Rule 824

Int [((d_.) + (e_.)*(x_))"(m_)*((£f_.) + (g_.)*x(x_))*((a_.) + (b_.)*(x_) + (c
_I)*x(x_)7"2)"(p_.), x_Symbol] :> Simp[(-(d + exx)"(m + 1))*((a + b*x + c*x~2
)7p/(e”2%(m + 1)*(m + 2)*(c*d™2 - b*d*e + axe”2)))*((d*g - exf*(m + 2))*(c*
d”2 - b*d*e + axe”2) - d¥px(2*cxd - bxe)x(exf - d*g) - ex(gx(m + 1)*(cxd~2

- bxdxe + a*e”2) + px(2kcxd - bke)*(exf - d*g))*x), x] - Dist[p/(e”™2*(m + 1
)¥(m + 2)*(c*d™2 - bkd*e + a*e”2)), Int[(d + e*x)"(m + 2)*(a + b*x + c*x~2)
“(p - 1)*Simp[2*axcxe*(exf - d*xg)*(m + 2) + b"2xex(d*gx(p + 1) - exf*x(m + p
+ 2)) + bx(a*xe™2xgx(m + 1) - cxd*x(dxgx(2xp + 1) - exf*x(m + 2%p + 2))) - c*
(2xc*d* (d*g*(2xp + 1) - exfx(m + 2xp + 2)) - ex(2xaxexg*(m + 1) - b*(d*g*(m
- 2xp) + exfx(m + 2%p + 2))))*x, x], x], x] /; FreeQ[{a, b, c, d, e, f, g}
, x] && NeQ[b~2 - 4xaxc, 0] && NeQ[c*d™2 - b*d*e + a*e”2, 0] && GtQ[p, 0] &
& LtQ[m, -2] && LtQ[m + 2xp, 0] && !'ILtQ[m + 2xp + 3, 0]

Rule 857

Int[((d_.) + (e_.)*(x_))"(m )*((£f_.) + (g_.)*x(x_))*((a_.) + (b_.)*(x_) + (c
_)*x(x_)"2)"(p_.), x_Symbol] :> Dist[g/e, Int[(d + exx)"(m + 1)*(a + b*x +
c*x”2)"p, x], x] + Dist[(exf - d*g)/e, Int[(d + exx) m*(a + bxx + c*xx~2)7p,
x], x] /; FreeQ[{a, b, ¢, d, e, f, g, m, p}, x] && NeQ[b~2 - 4xaxc, 0] &&
NeQ[c*d~2 - bxd*e + a*e”2, 0] && !'IGtQ[m, O]

Rule 1664

Int[(Pq_)*((d_.) + (e_.)*(x_))"(m_)*((a_.) + (b_.)*(x_) + (c_.)*x(x_)"2)"(p_
), x_Symbol] :> With[{Q = PolynomialQuotient[Pq, d + e*x, x], R = Polynomia
1Remainder[Pq, d + e*xx, x]}, Simp[(e*R*(d + e*x)~(m + 1)*(a + b*x + c*x~2)"
(p + 1))/((m + 1)*(c*xd"2 - b*d*e + axe”2)), x] + Dist[1/((m + 1)*(c*d”2 - b
xd*e + axe”2)), Int[(d + exx)"(m + 1)*(a + b*x + c*x~2) p*ExpandToSum[(m +
1)*(c*d™2 - bxd*e + axe”2)*Q + c*d*R*x(m + 1) - bxexR*(m + p + 2) - c*xexRx(m
+ 2xp + 3)*x, x], x], x]] /; FreeQ[{a, b, c, d, e, p}, x] && PolyQ[Pq, x]
&& NeQ[b~2 - 4xaxc, 0] && NeQ[c*d™2 - bxdxe + a*e”2, 0] && LtQ[m, -1]

Rule 6876

Int[(u_)*((a)) + (b_)*(x_)"(n_.) + (c_)*(x_)"(m2_.))"(p_), x_Symbol] :> D
ist[Sqrt[a + b*x"n + c*xx~(2*n)]/((4*xc)~(p - 1/2)*(b + 2*c*x"n)), Int[u*x(b +
2xc*xx"n) " (2*p), x], x] /; FreeQ[{a, b, c, n, p}, x] && EqQ[n2, 2*n] && EqQ
[b°2 - 4xa*c, 0] && IntegerQ[p - 1/2]
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Rubi steps

2
Ve+exr+dx dz

x4

Ve + ez +dz? Va? + 2abs? + bzt Va2 + 2abz? + B2t | (ebt27s")
dr =
zt 2ab + 2b%?

_afctex+ dz2)*? va? ¥ 2abz® + b2z B Va2 + 2abz? + b
3cz3 (a + bx?)

(2ace — (8bc? — ae?) z) Ve + ex + dx? Va2 + 2abx? + b2zt
8c22? (a + bx?)

(2ace — (8bc? — ae?) x) Ve + ex + dz® Va2 + 2aba? + b2zt

B 8c2x2 (a + bx?)

(2ace — (8bc? — ae?) x) Ve + ex + dx? Va2 + 2abx? + bxt
8c22z? (a + bx?)

(2ace — (8bc? — ae?) x) Ve + ex + dx? Va2 + 2abx? + b2xt

B 8c2x2 (a + bx?)

Mathematica [A]
time = 0.77, size = 186, normalized size = 0.63

\/(a+ba?)? (*36(8[702 +a(—4cd + €2)) 2° tanh ™" (’\/3”7 W) —VC (\/c T (e + dz) (24b22? + a(8¢* — 3222 + 2cx(e + 4dx))) + 24bVd 7% log (e +2dz — 2V/d \/e+ z(e + da) )))

24¢%/%23 (a + ba?)

Antiderivative was successfully verified.

[In] Integrate[(Sqrtlc + exx + d*x~2]*Sqrt[a”2 + 2xa*b*x~2 + b~2*x"4])/x74,x]

[Out] (Sqrtl(a + b*xx"2)~2]*(-3*e*(8*b*c~™2 + ax(-4*c*d + e~2))*x"3xArcTanh[(-(Sqrt
[d]*x) + Sqrtlc + x*(e + d*x)])/Sqrtlcl] - Sqrtlcl*(Sqrtlc + x*x(e + d*x)]*(
24xbxCc”2xx"2 + ax(8%c”2 - 3%e”2%x72 + 2%c*x*(e + 4*d*x))) + 24*b*c”2*Sqrt[d
1*x"3xLogle + 2xd*x - 2*xSqrt[d]*Sqrtlc + xx(e + d*x)]1])))/(24*c™(5/2)*x~3*(

a + bxx~2))

Maple [A]
time = 0.20, size = 412, normalized size = 1.40

\ method \ result




257

md ln<f}_§+\/dﬁ;2 + ez

2
vV d.’L’2 +exr+c (8acd:v2—3a e2x2424b 02x2+2acez+8¢2a) (b .I2 + a)

risch - 24z3c2(bz2+a) +

5 Jd 22 Jd 22
(bz? + a) <—12d%c%1n<2c+”+2\/g cf:c +6x+c>aem3+24d%c%1n<2°+”+2\/g ng Tert

default

Verification of antiderivative is not currently implemented for this CAS.

[In] int((d*x~2+e*x+c)~(1/2)*((b*x~2+a)~2)~(1/2)/x"4,x,method=_RETURNVERBOSE)

[Out] -1/48%((b*x~2+a)~2)~(1/2)*(-12+%d~(5/2) *c~ (3/2) *1n((2*c+exx+2*xc~ (1/2) * (d*x"2
+e*xx+c) " (1/2)) /x) *axexx”"3+24*d”~ (3/2) *c~ (5/2) *1n ((2*c+exx+2*xc™ (1/2) * (d*x"2+e

*x+c) " (1/2)) /%) *bxexx~3-6* (d*x~2+e*x+c) ~(1/2) *d~ (5/2) *axe~2*xx~4-48%* (d*x~2+e

*x+c) " (1/2)*d~ (5/2) *¥b*c™2xx~4+12* (d*x~2+e*xx+c) ~(1/2) *d™ (5/2) *a*xcxe*xx~3+3*d~
(3/2)*xc™(1/2) *1n((2xc+exx+2xc™ (1/2) * (d*xx"2+e*xx+c) ~(1/2) ) /x) *a*xe”3xx~3+6* (d*

X" 2+exx+c) " (3/2) *d”~ (3/2) *a*e 2xx”"2+48* (d*x"2+e*xx+c) ~(3/2) *d" (3/2) *b*c~2*x "2

-6*% (d*xx~2+e*x+c) ~(1/2) *d~ (3/2) *a*e " 3*x~3-48* (d*x~2+exx+c) ~(1/2) *d~ (3/2) *b*c
“2%e*x"3-12* (d*x"2+exx+c) ~(3/2)*d" (3/2) *a*cke*xx—48*1n (1/2* (2% (d*x"2+e*x+c) "~

(1/2) *d~ (1/2) +2*d*xx+e) /d~ (1/2) ) ¥bxc~3*d~2*x"3+16* (d*x~2+e*x+c) ~(3/2) *d~ (3/2
Yxaxc~2)/d~(3/2)/x~3/c~3/ (bxx~2+a)

Maxima [F(-2)]
time = 0.00, size = 0, normalized size = 0.00

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x~2+exx+c)”~(1/2)*((b*x~2+a)~2)~(1/2)/x"4,x, algorithm="maxima"
)

[Out] Exception raised: ValueError >> Computation failed since Maxima requested a
dditional constraints; using the ’assume’ command before evaluation *may* h

elp (example of legal syntax is ’assume(4*c*d-%e~2>0)’, see ‘assume?‘ for m

ore det

Fricas [A]

time = 0.70, size = 843, normalized size = 2.87

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate((d*x~2+exx+c)~(1/2)*((b*x~2+a)~2)~(1/2)/x"4,x, algorithm="fricas"
)

[Out] [1/96%(48%bxc~3*sqrt(d)*x~3*log(8*d~2*x"2 + 8*d*x*e + 4*sqrt(d*x~2 + x*e +
c)*x(2xd*x + e)*sqrt(d) + 4*c*xd + e72) + 3*(a*xx"3%e”3 + 4x(2xbxc”2 - axcxd)*
x"3%e) *sqrt (c) *log ((4*c*d*x™2 + x"2%e”2 + 8*cxx*e - 4*sqrt(d*x”~2 + x*e + c)
*x(x*ke + 2xc)*sqrt(c) + 8%c™2)/x72) + 4*(3*a*xc*kx"2%e”2 - 2kaxc"2*x*ke — 8xaxc
"3 - 8%(3%b*c”3 + axc”2*d)*x72)*sqrt(d*x”2 + x*e + c))/(c"3*x"3), -1/96%(96
*xbxc~3*sqrt (-d) *x"3*arctan(1/2*sqrt (d*x~2 + x*e + c)*(2*d*x + e)*sqrt(-d)/(
d72%x"2 + d*x*e + c*d)) - 3*(axx"3%e”3 + 4%(2xbxc”2 - axcxd)*x"3*e)*sqrt(c)
*xlog ((4*c*xd*x™2 + X"2%e”2 + 8xckx*e - 4xsqrt(d*x~2 + x*e + c)*(x*e + 2%C)*s
qrt(c) + 8xc”™2)/x72) - 4*(3*kakxc*x"2xe”2 - 2xaxc”2*x*e - 8*axc”3 - 8*(3*b*c”
3 + axc™2*d)*x"2)*sqrt(d*x~2 + x*e + c))/(c"3*x"3), 1/48%(24*xbxc~3*sqrt(d)*
X"3x1og(8*d~2xx"2 + 8*xdxx*e + 4*xsqrt(d*x~2 + x*e + c)*(2*d*x + e)*sqrt(d) +
4xcxd + e€72) + 3x(a*x"3*%e”3 + 4*(2xbxc”2 - axc*d)*x"3%e)*sqrt(-c)*arctan(l
/2*%sqrt (d*x~2 + xxe + c)*(xxe + 2xc)*sqrt(-c)/(cxd*x"2 + c*x*e + c72)) + 2%
(3xaxc*x~2%e"2 - 2%akxc”2xx*e — 8*axc”3 - 8*%(3%bkc”3 + akxc”2*d)*x"2)*sqrt(d*
X"2 + x*e + ¢))/(c”3%x73), -1/48%(48%bxc~3*sqrt(-d)*x"3*arctan(1/2*sqrt (d*x
"2 + x*e + c)*(2*d*x + e)*sqrt(-d)/(d"2*x"2 + d*xxe + c*d)) - 3*(axx"3*e”3
+ 4% (2%b*c™2 - axcx*d)*x~3*e)*sqrt(-c)*arctan(1/2xsqrt(d*x~2 + x*e + c)*(x*e
+ 2xc)*sqrt(-c)/(cxd*x"2 + ckxx*xe + c72)) - 2*(3xaxc*x"2%e"2 - 2%akxc”2xx*e
- 8%axc”3 - 8%(3*bxc”3 + a*c”2xd)*x"2)*sqrt(d*x~2 + xxe + ¢))/(c"3%x"3)]

Sympy [F(-1)] Timed out
time = 0.00, size = 0, normalized size = 0.00

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x**2+e*xx+c)**(1/2)* ((bxx**2+a)**2)**(1/2) /x**4,x)
[Out] Timed out

Giac [B] Leaf count of result is larger than twice the leaf count of optimal. 720 vs. 2(230) =
460.
time = 6.43, size = 720, normalized size = 2.45

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x~2+e*x+c)”(1/2)*((b*x~2+a)~2)"(1/2)/x"4,x, algorithm="giac")

[Out] -bxsqrt(d)*log(abs(2*(sqrt(d)*x - sqrt(d*x~2 + x*e + c))*sqrt(d) + e))*sgn(
b*x~2 + a) + 1/8x(8xbxc”2*e*xsgn(b*x~2 + a) - 4xaxcxd*exsgn(b*x~2 + a) + axe
~3xsgn(b*x~2 + a))*arctan(-(sqrt(d)*x - sqrt(d*x~2 + x*e + c))/sqrt(-c))/(s
qrt(-c)*c”2) + 1/24%(24*(sqrt(d)*x - sqrt(d*x~2 + x*e + c)) 5xbxc~2xsqrt(d)
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xexsgn(b*x~2 + a) + 12x(sqrt(d)*x - sqrt(d*x~2 + x*e + c)) “Bkakcxd~(3/2)*ex
sgn(b*x~2 + a) + 48x(sqrt(d)*x - sqrt(d*x~2 + x*e + c)) 4*bxc~3*d*sgn(b*xx~2
+ a) + 48*%(sqrt(d)*x - sqrt(d*x~2 + x*e + c)) 4*a*xc”2+d"2*sgn(b*x~2 + a) -
48%(sqrt(d)*x - sqrt(d*x~2 + x*e + c)) 3xbxc~3*sqrt(d)*e*xsgn(b*x~2 + a) +
48 (sqrt(d)*x - sqrt(d*x~2 + x*e + c)) 3xaxc™2*d~(3/2)*e*sgn(b*x"2 + a) - 9
6% (sqrt(d)*x - sqrt(d*x~2 + x*e + c)) “2%b*c 4*xd*sgn(b*x"2 + a) - 3*(sqrt(d)
*x — sqrt(d*x~2 + x*e + c)) bxaxsqrt(d)*e~3*sgn(b*x~2 + a) + 24x(sqrt(d)*x
- sqrt(d*x~2 + x*e + c))*bxc"4xsqrt(d)*exsgn(b*x"2 + a) + 36*%(sqrt(d)*x - s
qrt(d*x~2 + x*e + c))*a*c”~3*%d~(3/2)*e*sgn(b*x~2 + a) + 48*bxc~5xd*sgn(b*x~2
+ a) + 16%axc”4xd"2*sgn(b*x~2 + a) + 48*(sqrt(d)*x - sqrt(d*x~2 + x*e + c)
) "2%axc"2xd*xe”2*sgn(b*x"2 + a) + 8*(sqrt(d)*x - sqrt(d*x~2 + x*e + c)) 3xax
cksqrt (d) *e~3*sgn(b*x~2 + a) + 3x(sqrt(d)*x - sqrt(d*x~2 + x*e + c))*a*c™2x%
sqrt (d)*e~3*sgn(b*xx~2 + a))/(((sqrt(d)*x - sqrt(d*x~2 + x*e + c))~2 - c) 3%
c"2xsqrt(d))

Mupad [F]
time = 0.00, size = -1, normalized size = -0.00

(b2 +a)® Vdz?+ex+c
0/1 dz

r

Verification of antiderivative is not currently implemented for this CAS.

[In] int((((a + b*x"2)"2)"(1/2)*(c + exx + d*x~2)~(1/2))/x"4,%)
[Out] int((((a + b*x~2)"2)"(1/2)*(c + exx + d*x~2)~(1/2))/x"4, x)
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4.1 Download section

The following zip files contain the raw integrals used in this test.

Mathematica format [Mathematica syntax.zip|

Maple and Mupad format [Maple syntax.zip|

Sympy format SYMPY syntax.zip|

Sage math format SAGE syntax.zip|

4.2 Listing of Grading functions

The following are the current version of the grading functions used for grading the quality
of the antiderivative with reference to the optimal antiderivative included in the test suite.

There is a version for Maple and for Mathematica/Rubi. There is a version for grading
Sympy and version for use with Sagemath.

The following are links to the current source code.

The following are the listings of source code of the grading functions.

4.2.1 Mathematica and Rubi grading function

(* Original version thanks to Albert Rich emailed on 03/21/2017 *)
(* ::Package:: *)

(* Nasser: April 7,2022. add second output which gives reason for the grade *)
(* Small rewrite of logic in main function to make it*)
(* match Maple's logic. No change in functionality otherwis

(* ::Subsection:: *)

(*GradeAntiderivative[result, optimal]*)

(* ::Text:: *)
(*If result and optimal are mathematical expressions, *)

(* GradeAntiderivative[result,optimal] returns*)
(¥ "F" if the result fails to integrate an expression that*)
(* is integrablex)

(¥ "C" if result involves higher level functions than necessary+*)
(*» "B" if result is more than twice the size of the optimal*)

(* antiderivative*)

(*» "A" if result can be considered optimalx*)

ex)


/my_notes/CAS_integration_tests/reports/summer_2022/input/Mathematica_syntax.zip
/my_notes/CAS_integration_tests/reports/summer_2022/input/Maple_syntax.zip
/my_notes/CAS_integration_tests/reports/summer_2022/input/SYMPY_syntax.zip
/my_notes/CAS_integration_tests/reports/summer_2022/input/SAGE_syntax.zip
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GradeAntiderivative[result_,optimal_] := Module[{expnResult,expnOptimal,leafCount

(* :

expnResult = ExpnType[result];
expnOptimal = ExpnType[optimal];
leafCountResult = LeafCount [result];
leafCountOptimal = LeafCount [optimal];

(*Print ["ezpnResult=", expnResult, " expnOptimal=",expnOptimall];*)
If [expnResult<=expnOptimal,
If [Not[FreeQ[result,Complex]], (*result contains complez+*)
If [Not [FreeQ[optimal,Complex]], (*optimal contains complex*)
If [leafCountResult<=2*leafCountOptimal,
finalresult={"A","none"}

,» (*ELSE*)
finalresult={"B","Both result and optimal contain complex but
]
, (*ELSE*)
finalresult={"C","Result contains complex when optimal does not."
]
, (xELSE*) (*result does not contains complez*)
If [leafCountResult<=2*leafCountOptimal,
finalresult={"A","none"}
, (*ELSE*)
finalresult={"B","Leaf count is larger than twice the leaf count o
]

]
, (*ELSE*) (*expnResult>expnOptimal*)
If [FreeQ[result,Integrate] && FreeQ[result,Int],
finalresult={"C","Result contains higher order function than in optim

3

finalresult={"F","Contains unresolved integral."}

]
1;
finalresult
:Text:: *)

(*The following summarizes the type number assigned an *)
(*expression based on the functions it involves*)

(*1
(*2
(*3
(%4
(*5
(*6
(*7
(*8

= rational function*)

= algebraic function*)

= elementary function¥)

= special function*)

= hyperpergeometric function*)
= appell function*)

= rootsum function*)

= integrate function*)

Result,leafC

leaf count

f optimal. $

al. Order "<
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(*9 = unknown function*)

ExpnType[expn_] :=
If[AtomQ[expn],
1,
If[ListQ[expn],
Max [Map [ExpnType,expn]],
If [Head[expn]===Power,
If [IntegerQ[expn[[2]]1],
ExpnType [expn[[1]]],
If [Head [expn[[2]]]===Rational,
If[IntegerQlexpn[[1]1]] || Head[expn[[1]]]===Rational,
1,
Max [ExpnType [expn[[1]1]],2]],
Max [ExpnType [expn[[1]1]] ,ExpnType [expn[[2]1]1,3]11],
If [Head[expn]===Plus || Head[expn]===Times,
Max [ExpnType [First [expn]] ,ExpnType [Rest [expn]]],
If [ElementaryFunctionQ[Head [expn]],
Max[3,ExpnType[expn[[1]]1]],
I1f [SpecialFunctionQ[Head [expn]],
Apply [Max,Append [Map [ExpnType,Apply[List,expn]],4]1],
I1f [HypergeometricFunctionQ[Head [expn]],
Apply[Max, Append [Map [ExpnType,Apply[List,expn]],5]],
If [AppellFunctionQ[Head [expn]],
Apply [Max, Append [Map [ExpnType,Apply[List,expn]],6]1],
If [Head[expn]===RootSum,
Apply [Max, Append [Map [ExpnType,Apply[List,expn]],7]1],
If [Head[expn]===Integrate || Head[expn]===Int,
Apply [Max, Append [Map [ExpnType,Apply[List,expn]],8]]1,
91111111111

ElementaryFunctionQ[func_] :=
MemberQ[{
Exp,Log,
Sin,Cos,Tan,Cot,Sec,Csc,
ArcSin,ArcCos,ArcTan,ArcCot,ArcSec,ArcCsc,
Sinh,Cosh,Tanh,Coth,Sech,Csch,
ArcSinh,ArcCosh,ArcTanh,ArcCoth,ArcSech,ArcCsch
},func]

SpecialFunctionQ[func_] :=
MemberQ [{
Erf, Erfc, Erfi,
FresnelS, FresnelC,
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ExpIntegralE, ExpIntegralEi, LogIntegral,
SinIntegral, CosIntegral, SinhIntegral, CoshIntegral,
Gamma, LogGamma, PolyGamma,
Zeta, PolyLog, ProductLog,
EllipticF, EllipticE, EllipticPi

},func]

HypergeometricFunctionQ[func_] :=
MemberQ [{HypergeometriciF1,Hypergeometric2F1,HypergeometricPFQ}, func]

AppellFunctionQ[func_] :=
MemberQ[{AppellF1}, func]

4.2.2 Maple grading function

# File: GradeAntiderivative.mpl
# Original version thanks to Albert Rich emailed on 03/21/2017

#Nasser 03/22/2017 Use Maple leaf count instead since buildin
#Nasser 03/23/2017 missing 'ln' for ElementaryFunctionQ added
#Nasser 03/24/2017 corrected the check for complex result
#Nasser 10/27/2017 check for leafsize and do not call ExpnType()

# if leaf size is "too large". Set at 500,000
#Nasser 12/22/2019 Added debug flag, added 'dilog' to special functions
# see problem 156, file Apostol_Problems

#Nasser 4/07/2022 add second output which gives reason for the grade

GradeAntiderivative := proc(result,optimal)
local leaf_count_result,
leaf_count_optimal,
ExpnType_result,
ExpnType_optimal,
debug:=false;

leaf _count_result:=leafcount(result);
#do NOT call ExpnType() if leaf size is too large. Recursion problem
if leaf count_result > 500000 then
return "B","result has leaf size over 500,000. Avoiding possible recu

fi;
leaf_count_optimal := leafcount(optimal);
ExpnType_result := ExpnType(result);

ExpnType_optimal := ExpnType(optimal);

rsion issues




#
#
#
#
#
#
#
#

If result and optimal are mathematical expressions,
GradeAntiderivative[result,optimal] returns

IIFII

IICII
IIBII

"AII

#This check below actually is not needed, since I only

#call this grading only for passed integrals. i.e. I check
#for "F" before calling this. But no harm of keeping it here.
#just in case.

if not type(result,freeof('int')) then

fi;

if ExpnType_result<=ExpnType_optimal then
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if debug then
print ("ExpnType_result" ,ExpnType_result," ExpnType_optimal=",ExpnType
fi;

if the result fails to integrate an expression that

is integrable

if result involves higher level functions than necessary
if result is more than twice the size of the optimal
antiderivative

if result can be considered optimal

return "F","Result contains unresolved integral";

if debug then
print ("ExpnType_result<=ExpnType_optimal") ;
fi;
if is_contains_complex(result) then
if is_contains_complex(optimal) then
if debug then
print ("both result and optimal complex");

fi;

if leaf_count_result<=2*leaf_count_optimal then
return "A" s nn g

else

return "B",cat("Both result and optimal contain complex but le
convert(leaf_count_result,string)," vs. $2 (",
convert(leaf_count_optimal,string)," ) = ",con
end if
else #result contains complex but optimal is not
if debug then
print("result contains complex but optimal is not");
fi;
return "C","Result contains complex when optimal does not.";
fi;

optimal) ;

af count of r

vert (2xleaf _c

else # result do not contain complex
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# this assumes optimal do not as well. No check is needed here.
if debug then
print("result do not contain complex, this assumes optimal do not as well"
fi;
if leaf_count_result<=2*leaf_count_optimal then
if debug then
print("leaf_count_result<=2*leaf_count_optimal");
fi;
return "A","";
else
if debug then
print("leaf_count_result>2*leaf_count_optimal");
fi;
return "B",cat("Leaf count of result is larger than twice the leaf count of o
convert(leaf_count_result,string),"$ vs. $2(",
convert(leaf_count_optimal,string),")=",convert(2xleaf_cou
fi;
fi;
else #ExpnType(result) > ExpnType(optimal)
if debug then
print ("ExpnType(result) > ExpnType(optimal)");
fi;
return "C",cat("Result contains higher order function than in optimal. Order ",
convert (ExpnType_result,string)," vs. order ",
convert (ExpnType_optimal,string),".");
fi;

end proc:

#
# is_contains_complex(result)
# takes expressions and returns true if it contains "I" else false
#
#Nasser 032417
is_contains_complex:= proc(expression)
return (has(expression,I));
end proc:

The following summarizes the type number assigned an expression
based on the functions it involves

rational function

= algebraic function

= elementary function

= special function

= hyperpergeometric function

= appell function

= rootsum function

H OH OH H HH HEHH
~NOo O WwN -
|



# 8 = integrate function
# 9 = unknown function

ExpnType := proc(expn)
if type(expn, 'atomic') then
1
elif type(expn,'list') then
apply (max ,map (ExpnType, expn) )
elif type(expn, 'sqrt') then
if type(op(1,expn), 'rational') then
1
else
max (2,ExpnType (op(1,expn)))
end if
elif type(expn,' " ') then
if type(op(2,expn),'integer') then
ExpnType (op(1,expn))
elif type(op(2,expn),'rational') then
if type(op(1,expn),'rational') then
1
else
max (2,ExpnType (op(1,expn)))
end if
else
max (3,ExpnType (op(1,expn)) ,ExpnType (op(2,expn)))
end if
elif type(expn,' + ') or type(expn,' * ') then
max (ExpnType (op(1,expn) ) ,max (ExpnType (rest (expn))))
elif ElementaryFunctionQ(op(0,expn)) then
max (3,ExpnType (op(1,expn)))
elif SpecialFunctionQ(op(0,expn)) then
max (4, apply (max,map (ExpnType, [op(expn)]1)))
elif HypergeometricFunctionQ(op(0,expn)) then
max (5, apply (max,map (ExpnType, [op(expn)]1)))
elif AppellFunctionQ(op(0,expn)) then
max (6, apply (max,map (ExpnType, [op(expn)]1)))
elif op(0,expn)='int' then
max (8,apply (max ,map (ExpnType, [op(expn)]))) else
9
end if
end proc:

ElementaryFunctionQ := proc(func)
member (func, [
exp,log,ln,
sin,cos,tan,cot,sec,csc,
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arcsin,arccos,arctan,arccot,arcsec,arccsc,

sinh,cosh,tanh,coth,sech,csch,

arcsinh,arccosh,arctanh,arccoth,arcsech,arccsch])
end proc:

SpecialFunction := proc(func)
member (func, [

erf,erfc,erfi,
FresnelS,FresnelC,
Ei,Ei,Li,Si,Ci,Shi,Chi,
GAMMA,1nGAMMA,Psi,Zeta,polylog,dilog,LambertW,
EllipticF,El1lipticE,EllipticPi])

end proc:

HypergeometricFunctionQ := proc(func)
member (func, [HypergeometriclF1,hypergeom, HypergeometricPFQ])
end proc:

AppellFunctionQ := proc(func)
member (func, [AppellF1])
end proc:

# u is a sum or product. rest(u) returns all but the
# first term or factor of u.
rest := proc(u) local v;
if nops(u)=2 then
op(2,u)
else
apply(op(0,u) ,op(2. .nops(u),u))
end if
end proc:

#leafcount(u) returns the number of nodes in u.
#Nasser 3/23/17 Replaced by build-in leafCount from package in Maple
leafcount := proc(u)
MmaTranslator [Mma] [LeafCount] (u) ;
end proc:
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4.2.3 Sympy grading function

p

#Dec 24, 2019. Nasser M. Abbasi:

# Port of original Maple grading function by

# Albert Rich to use with Sympy/Python

#Dec 27, 2019 Nasser. Added *RootSum . See problem 177, Timofeev file
# added 'exp_polar’

from sympy import x

def leaf count(expr):
#sympy do not have leaf count function. This is approrimation
return round(1.7xcount_ ops(expr))

def is_sqrt(expr):
if isinstance(expr,Pow):
if expr.args[1] == Rational(1,2):
return True
else:
return False
else:
return False

def is elementary function(func):
return func in [exp,log,ln,sin,cos,tan,cot,sec,csc,
asin,acos,atan,acot,asec,acsc,sinh,cosh,tanh,coth,sech,csch,
asinh,acosh,atanh,acoth,asech,acsch

]

def is_special_function(func):
return func in [ erf,erfc,erfi,
fresnels,fresnelc,Fi, Ei,Li,Si,Ci,Shi,Chi,
gamma,loggamma,digamma,zeta,polylog,LambertW,
elliptic_ f,elliptic_ e,elliptic_ pi,exp_ polar

]

def is_ hypergeometric_ function(func):
return func in [hyper]

def is_appell function(func):
return func in [appellfl]

def is_atom(expn):
try:
if expn.isAtom or isinstance(expn,int) or isinstance(expn,float):
return True
else:
return False




def expnType(expn):
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except AttributeError as error:
return False

debug=False
if debug:
print("expn=",expn,"type(expn)=",type(expn))

if is atom(expn):
return 1
elif isinstance(expn,list):
return max(map(expnType, expn)) #apply(maz,map(ExpnType,expn))
elif is_sqrt(expn):
if isinstance(expn.args|0],Rational): #type(op(1,expn),'rational’)
returnl
else:
return max(2,expnType(expn.args(0])) #maz(2,EzpnType(op(1,expn)))
elif isinstance(expn,Pow): #type(expn,' ')
if isinstance(expn.args[l],Integer): #type(op(2,expn),'integer’)
return expnType(expn.args(0]) #EzpnType(op(1,expn))
elif isinstance(expn.args[1],Rational): #type(op(2,expn), rational’)
if isinstance(expn.args[0],Rational): #type(op(1,expn), rational’)
return 1
else:
return max(2,expnType(expn.args|0])) #maz(2,ExpnType(op(1,expn)))
else:
return max(3,expnType(expn.args[0]),expnType(expn.args(l])) #maz(3,ExpnType(op(1
elif isinstance(expn,Add) or isinstance(expn,Mul): #type(expn,' +'') or type(expn,’
ml = expnType(expn.args[0])
m2 = expnType(list(expn.args[l:]))
return max(ml,m2) #maz(EzpnType(op(1,expn)),maz(ExpnType(rest(expn))))
elif is_elementary_function(expn.func): #FElementaryFunctionQ(op(0,expn))
return max(3,expnType(expn.args[0])) #maz(3,ExpnType(op(1,expn)))
elif is_special function(expn.func): #SpecialFunction@Q(op(0,expn))
ml = max(map(expnType, list(expn.args)))
return max(4,ml) #maz(4,apply(maz,map(ExpnType,[op(expn)])))
elif is hypergeometric_function(expn.func): #HypergeometricFunctionQ(op(0,expn))
ml = max(map(expnType, list(expn.args)))
return max(5,ml) #maz(5,apply(maz,map(ExpnType,[op(expn)])))
elif is_appell function(expn.func):
ml = max(map(expnType, list(expn.args)))
return max(6,ml) #maz(5,apply(maz,map(ExpnType,[op(expn)])))
elif isinstance(expn,RootSum):

,expn)), Expn’

x')

ml = max(map(expnType, list(expn.args))) #Apply/Max, Append[Map[ExpnType, Apply[List,expn]],7]],

return max(7,ml)

elif str(expn).find("Integral") != —1:
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ml = max(map(expnType, list(expn.args)))

return max(8,ml) #maz(5,apply(maz,map(ExpnType,[op(expn)])))
else:

return 9

#main function
def grade_ antiderivative(result,optimal):

#print ("Enter grade__antiderivative for sagemath")
#print("Enter grade__antiderivative, result=",result," optimal=",optimal)

leaf count_result = leaf count(result)
leaf count_ optimal = leaf count(optimal)

#print("leaf _count_result=",leaf count_result)
#print("leaf _count_optimal=",leaf _count optimal)

expnType_result = expnType(result)
expnType_optimal = expnType(optimal)

if str(result).find("Integral") != —1:

grade = "F"
grade_ annotation =""
else:

if expnType_result <= expnType_optimal:
if result.has(I):
if optimal.has(I): #both result and optimal complex
if leaf count_result <= 2«leaf count_ optimal:

grade = "A"

grade_ annotation =""
else:

grade = "B’

grade_ annotation ="Both result and optimal contain complex but leaf count of result is larger

else: #result contains complex but optimal is not

grade = "C"

grade_ annotation ="Result contains complex when optimal does not."

else: # result do not contain complex, this assumes optimal do not as well

if leaf count_result <= 2+leaf count_optimal:

grade = "A"

grade_ annotation =
else:

grade = "B'

grade__annotation ="Leaf count of result is larger than twice the leaf count of optimal. "+str(lea

else:
grade = "C"
grade_ annotation ="Result contains higher order function than in optimal. Order "+st

r(ExpnType_ re



#print("Before returning. grade=",grade, " grade__annotation=",grade__annotation)

return grade, grade_annotation
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4.2.4 SageMath grading function

#Dec 24, 2019. Nasser: Ported original Maple grading function by

# Albert Rich to use with Sagemath. This is used to

# grade Fricas, Giac and Mazxima results.

#Dec 24, 2019. Nasser: Added 'exp integral_e' and 'sng', 'sin__integral’
# 'arctan2’, 'floor','abs', 'log__integral’

#June 4, 2022 Made default grade annotation "none" instead of "" due
# issue later when reading the file.

#July 14, 2022. Added ellipticF. This is until they fix sagemath, then remove it.

from sage.all import x
from sage.symbolic.operators import add_ vararg, mul_ vararg

debug=False;

def tree_size(expr):
r" nn
Return the tree size of this expression.
nnn

#print("Enter tree__size, expr is ",expr)

if expr not in SR:
# deal with lists, tuples, vectors
return 1 + sum(tree_size(a) for a in expr)
expr = SR(expr)
X, aa = expr.operator(), expr.operands()
if x is None:
return 1
else:
return 1 + sum(tree_size(a) for a in aa)

def is_sqrt(expr):
if expr.operator() == operator.pow: #isinstance(expr,Pow):
if expr.operands()[1]==1/2: #expr.args[l] == Rational(1,2):
if debug: print ("expr is sqrt")
return True
else:
return False
else:
return False




def is_elementary_ function(func):
#debug=False

m = func.name() in ['exp','log','In',
'sin','cos’,'tan','cot','sec','csc',
'arcsin','arccos','arctan','arccot','arcsec','arccsc’,
'sinh','cosh','tanh’','coth','sech','csch’',

'arcsinh','arccosh','arctanh','arccoth','arcsech','arccsch’,'sgn’,
'arctan2','floor','abs'

]
if debug:
if m:

print ("func ", func , " is elementary_ function")
else:

print ("func ", func , " is NOT elementary_ function")

return m

def is_special function(func):
#debug=False
if debug:

print ("type(func)=", type(func))

m= func.name() in ['erf')'erfc','erfi','fresnel_sin','fresnel cos','Ei',
'Ei','Li",'Si",'sin__integral','Ci','cos__integral','Shi','sinh__ integral'
'Chi','cosh__integral','gamma’,'log_gamma','psi,zeta’,
'polylog','lambert_ w','elliptic_ f','elliptic_ e','ellipticF"',
'elliptic_ pi','exp_integral_e','log_integral]
if debug:
print ("m=",m)
if m:

print ("func ", func ," is special_function")
else:

print ("func ", func ," is NOT special_function")

return m

def is_ hypergeometric_ function(func):

return func.name() in ['hypergeometric','hypergeometric_M','hypergeometric_ U']

def is_appell function(func):
return func.name() in ['hypergeometric']

#[appellfl] can't find this in sagemath
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def is_atom(expn):

#debug=False
if debug:
print ("Enter is_atom, expn=",expn)

if not hasattr(expn, 'parent'):
return False

#thanks to answer at https://ask.sagemath.org/question/49179/what—is—sagemath—equivalent—to—atomic—
try:
if expn.parent() is SR:
return expn.operator() is None
if expn.parent() in (ZZ, QQ, AA, QQbar):
return expn in expn.parent() # Should always return True
if hasattr(expn.parent(),"base_ring") and hasattr(expn.parent(),"gens"):
return expn in expn.parent().base_ring() or expn in expn.parent().gens()

return False

except AttributeError as error:
print("Exception,AttributeError in is_atom")
print ("cought exception' , type(error)._ name )
return False

def expnType(expn):

if debug:
print (">>>>>Enter expnType, expn=", expn)
print (">>>>>is_atom(expn)=", is_atom(expn))

if is atom(expn):
return 1
elif type(expn)==1ist: #isinstance(expn,list):
return max(map(expnType, expn)) #apply(maz,map(ExpnType,expn))
elif is sqrt(expn):
if type(expn.operands()[0])==Rational: #type(isinstance(ezpn.args[0],Rational):

returnl
else:
return max(2,expnType(expn.operands()[0])) #maz(2,expnType(expn.args(0]))
elif expn.operator() == operator.pow: #isinstance(expn,Pow)

if type(expn.operands()[1])==Integer: #isinstance(expn.args[1],Integer)
return expnType(expn.operands()[0]) #expnType(expn.args[0])

elif type(expn.operands()[1])==Rational: #isinstance(ezpn.args[1],Rational)
if type(expn.operands()[0])==Rational: #isinstance(expn.args/0],Rational)
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return 1
else:
return max(2,expnType(expn.operands()[0])) #maz(2,expnType(expn.args(0]))
else:
return max(3,expnType(expn.operands()[0]),expnType(expn.operands()[1])) #maz(3,e
elif expn.operator() == add_ vararg or expn.operator() == mul_ vararg: #isinstance(ezpn,
ml = expnType(expn.operands()[0]) #expnType(expn.args[0])
m?2 = expnType(expn.operands()[1:]) #expnType(list(expn.args[1:]))
return max(ml,m2) #maz(ExpnType(op(1,expn)) max(ExpnType(rest(expn))))
elif is_elementary_function(expn.operator()): #is_elementary_function(expn.func)
return max(3,expnType(expn.operands()[0]))
elif is_special function(expn.operator()): #is_special _function(expn.func)
ml = max(map(expnType, expn.operands())) #maz(map (expnType, list(expn.args)))
return max(4,ml) #maz(4,m1)
elif is_hypergeometric_ function(expn.operator()): #is_hypergeometric_ function(expn.func
ml = max(map(expnType, expn.operands())) #maz(map (expnType, list(expn.args)))
return max(5,ml) #maz(5,m1)
elifis appell function(expn.operator()):
ml = max(map(expnType, expn.operands())) #maz(map (expnType, list(expn.args)))
return max(6,ml) #maz(6,m1)
elif str(expn).find("Integral") != —1: #this will never happen, since it
#1is checked before calling the grading function that is passed.
#but kept it here.
ml = max(map(expnType, expn.operands())) #maz(map(expnType, list(expn.args)))
return max(8,ml) #maz(5,apply(maz,map(ExpnType,[op(expn)])))
else:
return 9

#main function
def grade_ antiderivative(result,optimal):

if debug:
print ("Enter grade_ antiderivative for sagemath")
print("Enter grade_antiderivative, result=",result)
print("Enter grade_antiderivative, optimal=",optimal)
print("type(anti)=",type(result))
print("type(optimal)=",type(optimal))

leaf count_result = tree_size(result) #leaf count(result)
leaf count_ optimal = tree_ size(optimal) #leaf count(optimal)

#if debug: print ("leaf count_result=", leaf count_result, "leaf count optimal=",leaf count

expnType_result = expnType(result)
expnType_optimal = expnType(optimal)

rpn Type(expn. o]
Add) or isinsta

optimal)
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if debug: print ("expnType_result=", expnType_result, "expnType_optimal=",expnType_

if expnType_result <= expnType_ optimal:
if result.has(I):
if optimal.has(I): #both result and optimal complex
if leaf count_result <= 2«leaf count_ optimal:

grade = "A"

grade__annotation ="none'
else:

grade = "B"

grade_ annotation ="Both result and optimal contain complex but leaf count of re
else: #result contains complex but optimal is not
grade = "C"
grade_ annotation ="Result contains complex when optimal does not."
else: # result do not contain complex, this assumes optimal do not as well
if leaf count_result <= 2«leaf count_ optimal:

grade = "A"
grade_ annotation ="none"
else:
grade = "B’
grade_ annotation ="Leaf count of result is larger than twice the leaf count of optims
else:
grade = "C"

grade_annotation ="Result contains higher order function than in optimal. Order "+str(e

print("Before returning. grade=",grade, " grade_annotation=",grade_ annotation)

return grade, grade_ annotation

‘optimal)

ssult is larger t

l. "+str(leaf

xpnType_ rest
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